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Preface 

This book is a revised and greatly expanded version of our book Elements of 
Number Theory published in 1972. As with the first book the primary audience 
we envisage consists of upper level undergraduate mathematics majors and 
graduate students. We have assumed some familiarity with the material in a 
standard undergraduate course in abstract algebra. A large portion of 
Chapters 1-11 can be read even without such background with the aid of a 
small amount of supplementary reading. The later chapters assume some 
knowledge of Galois theory, and in Chapters 16 and 18 an acquaintance with 
the theory of complex variables is necessary. 

Number theory is an ancient subject and its content is vast. Any intro
ductory book must, of necessity, make a very limited selection from the 
fascinat ing array of possible topics. Our focus is on topics which point in the 
direction of algebraic number theory and arithmetic algebraic geometry. By a 
careful selection of subject matter we have found it possible to exposit some 
rather advanced material without requiring very much in the way oftechnical 
background. Most of this material is classical in the sense that is was dis
covered during the nineteenth century and earlier, but it is also modern 
because it is intimately related to important research going on at the present 
time. 

In Chapters 1-5 we discuss prime numbers, unique factorization, arith
metic functions, congruences, and the law of quadratic reciprocity. Very little 
is demanded in the way of background. Nevertheless it is remarkable how a 
modicum of group and ring theory introduces unexpected order into the 
subject. For example, many scattered results turn out to be parts ofthe answer 
to a natural question: What is the structure of the group of units in the ring 
Z/nZ? 

v 
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Reciprocity laws constitute a major theme in the later chapters. The law 
of quadratic reciprocity, beautiful in it self, is the first of a series of reciprocity 
laws which lead ultimately to the Artin reciprocity law, one of the major 
achievements of algebraic number theory. We travel along the road beyond 
quadratic reciprocity by formulating and proving the laws of cubic and 
biquadratic reciprocity. In preparation for this many of the techniques of 
algebraic number theory are introduced; algebraic numbers and algebraic 
integers, finite fields, splitting of primes, etc. Another important tool in this 
investigat ion (and in others!) is the theory of Gauss and Jacobi sums. This 
material is covered in Chapters 6-9. Later in the book we formulate and prove 
the more advanced partial generalizat ion of these results, the Eisenstein 
reciprocity law. 

A second major theme is that of diophantine equations, at first over finite 
fields and later over the rational numbers. The discussion of polynomial 
equations over finite fields is begun in Chapters 8 and 10 and culminates in 
Chapter 11 with an exposition of a portion ofthe paper "Number ofsolutions 
of equations over finite fields" by A. Weil. This paper, published in 1948, has 
been very inftuential in the recent development of both algebraic geometry 
and number theory. In Chapters 17 and 18 we consider diophantine equations 
over the rational numbers. Chapter 17 covers many standard topics from 
sums of squares to Fermat's Last Theorem. However, because of material 
developed earlier we are able to treat a number of these topics from a novel 
point of view. Chapter 18 is about the arithmetic of elliptic curves. It dif
fers from the earlier chapters in that it is primarily an overview with many 
definitions and statements of results but few proofs. Nevertheless, by con
centrating on some important special cases we hope to convey to the re ader 
something ofthe beauty ofthe accomplishments in this are a where much work 
is being done and many mysteries remain. 

The third, and final, major theme is that of zeta functions. In Chapter 11 we 
discuss the congruence zeta function associated to varieties defined over finite 
fields. In Chapter 16 we discuss the Riemann zeta function and the Dirichlet 
L-functions. In Chapter 18 we discuss the zeta function associated to an 
algebraic curve defined over the rational numbers and Hecke L-functions. 
Zeta functions compress a large amount of arithmetic information into a 
single function and make possible the application ofthe powerful methods of 
analysis to number theory. 

Throughout the book we place considera bIe emphasis on the history of 
our subject. In the notes at the end of each chapter we give a brief historical 
sketch and provide references to the literature. The bibliography is extensive 
containing many items both classical and modern. Our aim has been to 
provide the reader with a wealth of material for further study. 

There are many exercises, some routine, some challenging. Some of the 
exercises supplement the text by providing a step by step guide through the 
proofs of important results. In the later chapters a number of exercises have 
been adapted from results which have appeared in the recent literature. We 
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hope that working through the exercises will be a source of enjoyment as well 
as instruction. 

In the writing of this book we have been helped immensely by the interest 
and assistance of many mathematical friends and acquaintances. We thank 
them all. In particular we would like to thank Henry Pohlmann who insisted 
we follow certain themes to their logical conclusion, David Goss for allowing 
us to incorporate some of his work into Chapter 16, and Oisin McGuiness 
for his invaluable assistance in the preparation of Chapter 18. We would 
like to thank Dale Cavanaugh, Janice Phillips, and especially Carol Ferreira, 
for their patience and expertise in typing large portions of the manuscript. 
Finally, the second author wishes to express his gratitude to the Vaughn 
Foundation Fund for financial support during his sabbatical year in 
Berkeley, California (1979/80). 

July 25, 1981 Kenneth Ireland 
Michael Rosen 
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Chapter 1 

U nique Factorization 

The notion of prime number is fundamental in number 
theory. The first part of this chapter is devoted to proving 
that every integer can be written as a product of primes 
in an essentially unique way. 

After that, we shall prove an analogous theorem in the 
ring of polynomials over a field. 

On a more abstract plane, the general idea of unique 
factorization is treatedfor principal ideal domains. 

Finally, returningfrom the abstract to the concrete, the 
general theory is applied tv two special rings that will be 
important later in the book. 

§ 1 Unique Factorization in 7L 

As a first approximation, number theory may be defined as the study of the 
natural numbers 1,2,3,4, .... L. Kronecker once remarked (speaking of 
mathematics generalIy) that God made the natural numbers and alI the rest 
is the work of man. Although the natural numbers constitute, in some sense, 
the most elementary mathematical system, the study of their properties has 
provided generations ofmathematicians with problems ofunending fascina
tion. 

We say that a number a divides a number b if there is a number c such 
that b = ac. If a divides b, we use the notation alb. For example, 218, 3115, 
but 6,./'21. If we are given a number, it is tempting to factor it again and 
again until further factorization is impossible. For example, 180 = 18 x 10 
= 2 x 9 x 2 x 5 = 2 x 3 x 3 x 2 x 5. Numbers that cannot be factored 
further are called primes. To be more precise, we say that a number p is a 
prime if its only divisors are 1 and p. Prime numbers are very important 
because every number can be written as a product of primes. Moreover, 
primes are of great interest because there are many problems about them 
that are easy to state but very hard to prove. Indeed many old problems 
about primes are unsolved to this day. 

The first prime numbers are 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 
43, .... One may ask if there are infinitely many prime numbers. The answer 
is yes. Euclid gave an elegant proof ofthis fact over 2000 years ago. We shall 
give his proof and several others in Chapter 2. One can ask other questions 



2 1 Unique Factorization 

ofthis nature. Let n(x) be the number ofprimes between 1 and x. What can 
be said about the function n(x)? Several mathematicians found byexperiment 
that for large x the function n(x) was approximately equal to x/ln(x). This 
assertion, known as the prime number theorem, was proved toward the end 
of the nineteenth century by J. Hadamard and independently by Ch.-J. de la 
Valle Poussin. More precisely, they proved 

Iim n(x) = 1. 
X-+<Xl x/ln(x) 

Even from a smalllist ofprimes one can notice that they have a tendency 
to occur in pairs, for example, 3 and 5,5 and 7, 11 and 13, 17 and 19. Do 
there exist infinitely many prime pairs? The answer is unknown. 

Another famous unsolved problem is known as the Goldbach conjecture 
(C. H. Goldbach). Can every even number be written as the sum of two 
primes? Goldbach came to this conjecture experimentally. Nowadays 
electronic computers make it possible to experiment with very large numbers. 
No counterexample to Goldbach's conjecture has ever been found. Great 
progress toward a proofhas been given by 1. M. Vinogradov and L. Schnirel
mann. In 1937 Vinogradov was able to show that every sufficient1y large odd 
number is the sum of three odd primes. 

In this book we shall not study in depth the distribution of prime numbers 
or "additive" problems about them (such as the Goldbach conjecture). 
Rather our concern will be about the way primes enter into the multiplicative 
structure of numbers. The main theorem along these lines goes back essen
tially to Euclid. It is the theorem of unique factorization. This theorem is 
sometimes referred to as the fundamental theorem of arithmetic. It deserves 
the title. In one way or another almost alI the results we shall discuss depend 
on it. The theorem states that every number can be factored into a product of 
primes in a unique way. What uniqueness means will be explained be1ow. 

As an illustration consider the number 180. We have seen that 180 = 
2 x 2 x 3 x 3 x 5 = 22 X 32 X 5. Uniqueness in this case means that 
the only primes dividing 180 are 2,3, and 5 and that the exponents 2,2, and 
1 are uniquely determined by 180. 

Z will denote the ring of integers, i.e., the set O, ± 1, ± 2, ± 3, ... , together 
with the usual definition of sum and product. It will be more convenient to 
work with Z rather than restricting ourselves to the positive integers. The 
notion of divisibility carries over with no difficu1ty to Z. If p is a positive 
prime, - p will also be a prime. We shall not consider 1 or - 1 as primes even 
though they fit the definition. This is simply a useful convention. Note that 
1 and - 1 divide everything and that they are the only integers with this 
property. They are called the units of Z. Notice also that every nonzero 
integer divides zero. As is usual we shall exclude division by zero. 

There are a number of simple properties of division that we shall simply 
list. The reader may wish to supply the proofs. 



§l Unique Factorization in Z 

(1) ala, a -=F O. 
(2) If alb and bla, then a = ±b. 
(3) If alb and bie, then ale. 
(4) If alb and ale, then alb + e. 

3 

Let n E 7L and let p be a prime. Then if n is not zero, there is a nonnegative 
integer a such that pa I n but pa + 1 ,f' n. This is easy to see if both p and n are 
positive for then the powers of p get larger and larger and eventually exceed n. 
The other cases are easily reduced to this one. The number a is called the 
order of n at p and is denoted by ordp n. Roughly speaking ordp n is the 
number of times p divides n. If n = O, we set ordp O = 00. Notice that 
ordp n = O if and only if (iff) p ,f'n. 

Lemma 1. Every nonzero integer ean be written as a produet ofprimes. 

PROOF. Assume that there is an integer that cannot be written as a product of 
primes. Let N be the smallest positive integer with this property. Since N 
cannot itself be prime we must have N = mn, where 1 < m, n < N. How
ever, since m and n are positive and smaller than N they must each be a 
product of primes. But then so is N = mn. This is a contradiction. 

The proof can be given in a more positive way by using mathematical 
induction. It is enough to prove the result for aU positive integers. 2 is a 
prime. Suppose that 2 < N and that we have proved the re suit for all 
numbers m such that 2 :s; m < N. We wish to show that N is a product of 
primes. If N is a prime, there is nothing to do. If N is not a prime, then 
N = mn, where 2 :s; m, n < N. By induction both m and n are products of 
primes and thus so is N. O 

By collecting terms we can write n = pi'pi2 ••• p':,,"', where the Pi are 
primes and the ai are nonnegative integers. We shall use the following 
notation: 

n = ( _1)"(n) TI pa(p), 

p 

where e(n) = O or 1 depending on whether n is positive or negative and 
where the product is over all positive primes. The exponents a(p) are non
negative integers and, of course, a(p) = O for aU but finitely many primes. 
For example, ifn = 180, we have e(n) = O, a(2) = 2, a(3) = 2, and a(5) = 1, 
and aU other a(p) = O. 

We can now state the main theorem. 

Theorem 1. For every nonzero integer n there is a prime faetorization 

n = (-1)"(") TI pa(p), 

p 

with the exponents uniquely determined by n. Infaet, we have a(p) = ordp n. 
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The proof ofthis theorem is not as easy as it may seem. We shall postpone 
the proof until we have established a few preliminary results. 

Lemma 2. Jf a, b E 7l and b > O, there exist q, r E 7l such that a = qb + r 
with O :::; r < b. 

PROOF. Consider the set ofall integers ofthe form a - xb with x E 7l. This set 
includes positive elements. Let r = a - qb be the least nonnegative element 
in this set. We claim that O :::; r < b. Ifnot, r = a - qb ;:::: b and so O :::; a -
(q + l)b < r, which contradicts the minimality of r. O 

Definition. If al' az, ... , an E 7l, we define (al' az , ... , an) to be the set of 
all integers of the form alx l + azxz + ... + anXn with Xl' XZ' ... , Xn E 7l. 

Let A = (al' az, ... ,an)' Notice that the sum and difference of two 
elements in A are again in A. Also, if a EA and rE 7l, then ra EA. In ring
theoretic language, A is an ideal in the ring 7l. 

Lemma 3. Jf a, b E 7l, then there is adE 7l such that (a, b) = (d). 

PROOF. We may assume that not both a and b are zero so that there are 
positive elements in (a, b). Let d be the smallest positive element in (a, b). 
Clearly (d) S (a, b). We shall show that the reverse inclusion also holds. 

Suppose that c E (a, b). By Lemma 2 there exist integers q and r such that 
c = qd + r with O :::; r < d. Since both c and d are in (a, b) it follows that 
r = c - qd is also in (a, b). Since O :::; r < d we must have r = O. Thus 
c = qd E(d). D 

Definition. Let a, b E 7l. An integer d is called a greatest common divisor of 
a and b if d is a divisor of both a and b and if every other common divisor of 
a and b divides d. 

Notice that if c is another greatest common divisor of a and b, then we 
must have el d and d le and so c = ± d. Thus the greatest common divisor of 
two numbers, if it exists, is determined up to sign. 

As an example, one may check that 14 is a greatest common divisor of 
42 and 196. The following lemma will establish the existence of the greatest 
common divisor, but it will not give a method for computing it. In the 
Exercises we shall outline an efficient method of computation known as the 
Euclidean algorithm. 

Lemma 4. Let a, b E 7l. Jf(a, b) = (d) then dis a greatest common divisor of 
aand b. 

PROOF. Since a E (d) and b E (d) we see that d is a common divisor of a and b. 
Suppose that c is a common divisor. Then c divides every number ofthe form 
ax + by. In particular cld. O 
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Definition. We say that two integers a and bare relatively prime if the onIy 
common divisors are ± 1, the units. 

It is fairly standard to use the notation (a, b) for the greatest common 
divisor of a and b. The way we have defined things, (a, b) is a set. However, 
since (a, b) = (d) and d is a greatest common divisor (if we require d to be 
positive, we may use the article the) it will not be too confusing to use the 
symboi (a, b) for both meanings. With this convention we can say that a and 
bare relatively prime if (a, b) = 1. 

Proposition 1.1.1. Suppose that albe and that (a, b) = 1. Then ale. 

PROOF. Since (a, b) = 1 there exist integers r and s such that ra + sb = 1. 
Therefore, rac + sbe = e. Since a divides the left-hand side of this equation 
we have ale. O 

This proposition is false if (a, b) =F 1. For example, 6124 but 6,/"3 and 
6,/"8. 

Corollary 1. Jf p is a prime and p I be, then either p I b or pic. 

PROOF. Theonlydivisorsofpare ± 1 and ±p. Thus(p, b) = 10rp;Le.,either 
plb or p and bare relatively prime. Jfplb, we are done. Jfnot, (p, b) = 1 and 
so, by the proposition, pic. O 

We can state the corollary in a slightly different form that is of ten useful: 
Jfp is a prime andp,/"b andp,/"e, thenp-f'be. 

Corollary 2. Suppose that p is a prime and that a, b E 7L. Then ordp ab = ordp a 
+ ordp b. 

PROOF. Let IX = ordp a and f3 = ordp b. Then a = pa.c and b = pfJd, where 
p,/"e andp,/" d. Thenab = p"+fJcdand byCorollary lp,/" cd. Thusordp ah = 
IX + f3 = ordp a + ordp b. O 

We are now in a position to prove the main theorem. 
Apply the function ordq to both sides of the equation 

n = (_l)'(n) npa(p) 
p 

and use the property of ordq given by Corollary 2. The re suit is 

ordq n = e(n) ordi -1) + L a(p) ordq(p). 
p 

Now, from the definition of ordq we have ordi -1) = O and ordip) = O 
if p =F q and 1 if p = q. Thus the right-hand side collapses to the single term 
a(q), Le., ordq n = a(q), which is what we wanted to prove. 
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It is to be emphasized that the key step in the proof is Corollary 1 : namely, 
if p I ab, then p I a or p I b. Whatever difficu1ty there is in the proof is centered 
about this fact. 

§2 Unique Factorization in k[x] 

The theorem of unique factorization can be formulated and proved in more 
general contexts than that of Section 1. In this section we shall consider the 
ring k[x] of polynomials with coefficients in a field k. In Section 3 we shall 
consider principal ideal domains. It will turn out that the analysis of these 
situations will prove useful in the study of the integers. 

If f, g E k[x] , we say that I divides g if there is an h E k[x] such that 
g =Ih. 

If deg I denotes the degree of 1, we have deg Ig = deg I + deg g. Also, 
remember that deg I = O iff fis a nonzero constant. It follows that fi g and 
g II iff I = eg, where e is a nonzero constant. It also follows that the only 
polynomials that divide all the others are the nonzero constants. These are 
the units of k[x]. A nonconstant polynomial p is said to be irreducible if 
qlp implies that q is either a constant or a constant times p. Irreducible 
polynomials are the analog of prime numbers. 

Lemma 1. Every noneonstant polynomial is the produet 01 irreducible poly
nomials. 

PROOF. The proof is by induction on the degree. It is easy to see that poly
nomials of degree 1 are irreducible. Assume that we have proved the re suIt 
for all polynomials of degree less than n and that deg 1= n. If/is irreducible, 
we are done. Otherwise I = gh, where 1 ~ deg g, deg h < n. By the induc
tion assumption both g and h are products of irreducible polynomials. Thus 
so isi = gh. O 

It is convenient to define monie polynomial. A polynomial I is called monic 
if its leading coefficient is 1. For example, x2 + x - 3 and x3 - x2 + 3x + 
17 are monic but 2x3 - 5 and 3x4 + 2x2 - 1 are not. Every polynomial 
( except zero) is a constant times a monic polynomial. 

Let p be a monic irreducible polynomial. We define ordp I to be the 
integer a defined by the property that pa I/but that pa+ 1 % f Such an integer 
must exist since the degree of the powers of p gets larger and larger. Notice 
that ordp 1= O iff p% 1. 

Theorem 2. Let I Ek[x]. Then we ean write 

1= e Opa(p), 
p 
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where the product is over ali monic irreducible polynomials and c is a constant. 
The constant c and the exponents a(p) are uniquely determined by f; infact, 
a(p) = ordp f. 

The existence of such a product follows immediately from Lemma 1. As 
before, the uniqueness is more difficult and the proofwill be postponed until 
we develop a few tools. 

Lemma 2. Let f, 9 E k[x]. If 9 =F O, there exist polynomials h, r E k[x] such 
that f = hg + r, where either r = O or r =F O and deg r < deg g. 

PROOF. If glf, simply set h = f /g and r = O. If g,r f, let r = f - hg be the 
polynomial of least degree among an polynomials of the form f - Ig with 
1 E k[x]. We claim that deg r < deg g. If not, let the leading term of r be 
ax;<l and that of 9 be bxm. Then r - ab - 1 x;<l- mg = f - (h + ab - 1 x;<l- m)g has 
smaller degree than r and is of the given form. This is a contradiction. O 

Definition. If fl' f2' ... , fn E k[x], then (f1' f2' ... , fn) is the set of an 
polynomials of the form f1h1 + f2h2 + ... + fnhn, where h1, h2, ... , hn 

E k[x]. 

In ring-theoretic language (f1'/2"'" J,,) is the ideal generated by 
f1,f2" .. ,fn· 

Lemma 3. Given f, 9 E k[x] there is adE k[x] such that (f, g) = (d). 

PROOF. In the set (f, g) let dbe an element ofleast degree. We have (d) S; (f, g) 
and we want to prove the reverse inclusion. Let c E (f, g). If d,r c, then there 
exist polynomials hand r such that c = hd + r with deg r < deg d. Since 
c and d are in (f, g) we have r = c - hd S; (f, g). Since r has smaller degree 
than d this is a contradiction. Therefore, dl c and CE (d). O 

Definition. Let f, 9 E k[ x]. Then d E k[ x] is said to be a grea test common 
divisor of f and 9 if d divides f and 9 and every common divisor of f and 9 
divides d. 

Notice that the greatest common divisor oftwo polynomials is determined 
up to multiplication by a constant. If we require it to be monic, it is uniquely 
determined and we may speak of the greatest common divisor. 

Lemma 4. Let f, 9 E k[x]. By Lemma 3 there is adE k[x] such thal (f, g) = 
(d). dis a grea test common divisor of f and g. 

PROOF. Since f E (d) and 9 E (d) we have dlfand dig. Suppose that hlfand 
thathlg. Thenhdivideseverypolynomialoftheformfl + gmwith/,m Ek[x]. 
In particular h I d, and we are done. O 
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Definition. Two polynomials I and 9 are said to be relatively prime if the only 
common divisors of I and 9 are constants. In other words, (f, g) = (1). 

Proposition 1.2.1. II I and 9 are relatively prime and I 1 gh, then II h. 

PROOF. If I and 9 are relatively prime, we have (f, g) = (1) so there are poly
nomials 1 and m such that lf + mg = 1. Thus lfh + mgh = h. Since I 
divides the left-hand side of this equation I must divide h. D 

Corollary 1. If p is an irreducible polynomial and p I/g, then p II or p Ig. 

PROOF. Since p is irreducible (p, f) = (p) or (1). In the first case p II and we 
are done. In the second case p and Iare relatively prime and the re suit 
follows from the proposition. D 

Corollary 2. If p is a monic irreducible polynomial and f, 9 E k[xJ, we have 
ordplg = ordpl + ordpg. 

PROOF. The proofis almost word forword the same as the proofto Corollary 
2 to Proposition 1.1.1. D 

The proof ofTheorem 2 is now easy. Apply the function ordq to both si des 
of the relation 

We find that 

ordq I = ordq c + L a(p) ordq p. 
p 

Now, since c is a constant q,r c and ordq c = O. Moreover, ordq p = O if 
q #- p and 1 if q = p. Thus the above reiat ion yields ordql = a(q). This 
shows that the exponents are uniquely determined. It is clear that if the 
exponents are uniquely determined by f, then so is c. This completes the 
~~ D 

§ 3 Unique Factorization in a Principal Ideal Domain 

The reader will not have failed to notice the great similarity in the methods 
of proof in Sections 1 and 2. In this section we shall prove an abstract theorem 
that includes the previous results as special cases. 

Throughout this section R will denote an integral domain. 

Definition 1. R is said to be a Euclidean domain if there is a function ), from the 
nonzero elements of R to the set {O, 1,2,3, ... } such that if a, b E R, b #- 0, 



§3 Unique Factorization in a Principal Ideal Domain 9 

there exists c, d E R with the property a = cb + d and either d = O or 
).(d) < ).(b). 

The rings 7L and k[ x] are both Euclidean domains. In 7L we can take 
ordinary absolute value as the function ).; in the ring k[x] the function that 
assigns to every polynomial its degree will serve the purpose. 

Proposition 1.3.1. If R is a Euclidean domain and 1 !:;;;; R is an ideal, then there 
is an element aER such that 1 = Ra = {ralr ER}. 

PROOF. Consider the set of nonnegative integers {).(b)lb E 1, b i= O). Since 
every set of nonnegative integers has a least element there is an aEI, a i= O, 
such that ).(a) ~ ).(b) for all bEI, b i= O. We claim that 1 = Ra. Clearly, 
Ra !:;;;; l. Suppose that bEI; then we know that there are elements c, d ER 
such that b = ca + d, where either d = O or ).(d) < ).(a). Since d = b -
ca E Iwe cannot have ).(d) < ).(a). Thus d = O and b = ca ERa. Therefore, 
1 !:;;;; Ra and we are done. O 

For elements al> ... , an E R, define (al' a2' ... , an) = Ral + Ra2 + 
... + Ran = {}J'=l ria;!ri ER}. (al' a2"'" an) is an ideal. If an idealI 
is equal to (al' ... , an) for some elements ai EI, we say that 1 is finitely 
generated. If 1 = (a) for some aEI, we say that 1 is a principal ideal. 

Definition 2. R is said to be a principal ideal domain (PID) if every ideal of Ris 
principal. 

Proposition 1.3.1 asserts that every Euclidean domain is a PID. The con
verse of this statement is false, although it is somewhat hard to provide 
examples. 

The remaining discussion in this section is about PID's. The notion of 
Euclidean domain is useful because in practice one can show that many 
rings are PID's by first establishing that they are Euclidean domains. We 
shall give two further examples in Section 4. 

We introduce some more terminology. If a, b E R, b i= O, we say that b 
divides a if a = bc for some cER. Notation: b I a. An element u E R is 
called a unit if u divides 1. Two elements a, b E Rare said to be associates if 
a = bu for some unit u. An element pER is said to be irreducible if alp 
implies that a is either a unit or an associate of p. A nonunit pER is said to be 
prime if p i= O and p I ab implies that p I a or p I b. 

The distinction between irreducible element and prime element is new. 
In general these notions do not coincide. As we have seen they do coincide 
in 7L and k[x], and we shall prove shortly that they coincide in a PID. 

Some of the notions we are discussing can be translated into the language 
of ideals. Thus alb iff (b) !:;;;; (a). u E R is a unit iff (u) = R. a and bare 
associate iff (a) = (b). p is prime iff ab E (p) implies that either a E (p) or 
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b E (p). AH these assertions are easy exercises. The notion of irreducible 
element can be formulated in terms of ideals, but we will not need it. 

Definition. d E R is said to be a greatest common divisor (gcd) of two elements 
a,bERif 

(a) dia and dlb. 
(b) d'la and d'lb implies that d'ld. 

It is easy to see that if both d and d' are gcd's of a and b, then dis associate 
to d'. 

The gcd of two elements need not exist in a general ring. However, 

Proposition 1.3.2. Let R be a PID and a, b E R. Then a and b have a grea test 
common divisor d and (a, b) = (d). 

PROOF. Form the ideal (a, b). Since R is a PID there is an element d such that 
(a, b) = (d). Since (a) ~ (d) and (b) ~ (d) we have dia and dlb. If d'la 
and d'lb, then (a) ~ (d') and (b) ~ (d'). Thus (d) = (a, b) ~ (d') and d'ld. 
We have proved that dis a gcd of a and b and that (a, b) = (d). D 

Two elements a and bare said to be relatively prime if the only common 
divisors are units. 

Corollary 1. If Ris a PID and a, b E Rare relatively prime, then (a, b) = R. 

Corollary 2. If R is a PID and pER is irreducible, then p is prime. 

PROOF. Suppose that p I ab and that p,r a. Since p,r a it foHows that the only 
common divisors are units. By CoroHary 1 (a, p) = R. Thus (ab, pb) = (b). 
Since ab E (P) and pb E (P) we have (b) ~ (P). Thus plb. 

It is easy to see that a prime is irreducible. D 

From now on R will be a PID and we shall use the words prime and 
irreducible interchangeably. 

We want to show that every nonzero element of R is a product of irredu
cible elements. The proof is in two steps. First one shows that if aER, 
a #- 0, there is an irreducible dividing a. Then we show that a is a product of 
irreducibles. 

Lemma 1. Let (al) ~ (a2) ~ (a3) ~ ... be an ascending chain of ideals. Then 
there is an integer k such that (ak) = (ak+l)for 1 = 0, 1,2, .... In other words, 
the chain breaks off in jinitely many steps. 

PROOF. Let 1 = U ~ 1 (aJ It is easy to see that lis an ideal. Thus 1 = (a) for 
some aER. But a E Ui=l(a;) implies that a E (ak) for some k, which shows 
that 1 = (a) ~ (ak)' It follows that 1 = (ak) = (ak+ 1) = . . . . D 
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Proposition 1.3.3. Every nonzero nonunit of R is a product of irreducibles. 

PROOF. Let aER, a # O, a not a unit. We wish to show, to begin with, that a 
is divisible by an irreducible element. If a is irreducible, we are done. Other
wise a = al bl> where al and bl are nonunits. If al is irreducible, we are done. 
Otherwise al = a2 b2, where a2 and b2 are nonunits. If a2 is irreducible, we 
are done. Otherwise continue as before. Notice that (a) c (al) c (a2) c .... 

By Lemma 1 this chain cannot go on indefinitely. Thus for some k, ak is 
irreducible. 

We now show that a is a product of irreducibles. If a is irreducible, we are 
do ne. Otherwise let Pl be an irreducible such that Pli a. Then a = Pl Cl' If 
C 1 is a unit, we are done. Otherwise let P2 be an irreducible such that P21 CI' 

Then a = PtP2 C2 • If C2 is a unit, we are done. Otherwise continue as before. 
Notice that (a) c (CI) c (C2) c .... This chain cannot go on indefinitely 
by Lemma 1. Thus for some k, a = PtP2 ... PkCk, where Ck is a unit. Since 
Pk Ck is irreducible, we are done. D 

We now want to define an ord function as we have done in Sections 1 
and2. 

Lemma 2. Let p be a prime and a # O. Then there is an integer n such that p" I a 
but p"+ 1 ,t a. 

PROOF. If the lemma were false, then for each integer m > O there would be 
an element bm such that a = pmbm. Thenpbm+l = bm so that (b l ) C (b2) C 

(b 3) C ••. would be an infinite ascending chain of ideals that does not 
break off. This contradicts Lemma 1. D 

The integer n, which is defined in Lemma 2, is uniquely determined by 
p and a. We set n = ordp a. 

Lemma 3./f a, b E R with a, b # O, then ordp ab = ordp a + ordp b. 

PROOF. Let oc = ordp a and f3 = ordp b. Then a = pac and b = pPd with 
p,tc and p,td. Thus ab = pdPcd. Since p is prime p,tcd. Consequently, 
ordp ab = oc + f3 = ordp a + ordp b. D 

We are now in a position to formulate and prove the main theorem ofthis 
section. 

Let S be a set of primes in R with the following two properties: 

(a) Every prime in R is associate to a prime in S. 
(b) No two primes in Sare associate. 

To obtain such a set choose one prime out of each c1ass of associate 
primes. There is c1early a great deal of arbitrariness in this choice. In 7L 
and k[x] there were natural ways to make the choice. In 7L we chose S to be 
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the set of positive primes. In k[ x] we chose S to be the set of monic irreducible 
polynomials. In general there is no neat way to make the choice and this 
occasionally leads to complications (see Chapter 9). 

Theorem 3. Let R be a PID and S a set of primes with the properties given above. 
Then if aER, a =F O, we can write 

(1) 

where u is a unit and the product is over ali p E S. The unit u and the exponents 
e(p) are uniquely determined by a. Infact, e(p) = ordp a. 

PROOF. The existence of such a decomposition follows immediately from 
Proposition 1.3.3. 

To prove the uniqueness, let q be a prime in S and apply ordq to both 
sides of Equation (1). Using Lemma 3 we get 

ordq a = ordq u + L e(p) ordq p. 
p 

Now, from the definition of ordq we see that ordq u = O and that ordq p = 
O if q =F p and 1 if q = p. Thus ordq a = e(q). Since the exponents e(q) are 
uniquely determined so is the unit u. This completes the proof. O 

§4 The Rings ZEi] and ZEro] 

As an application of the results in Section 3 we shall consider two examples 
that will be useful to us in later chapters. 

Let i = J=l and consider the set of complex numbers ZEi] defined 
by {a + bila, b E Z}. This set is clearly closed under addition and subtrac
tion. Moreover, if a + bi, c + di E Z[l], then (a + bl)(C + dl) = ac + 
adi + bei + bdi2 = (ac - bd) + (ad + bc)i E Z[l]. Thus Z[l] is closed 
under multiplication and is a ring. Since Z[l] is contained in the complex 
numbers it is an integral domain. 

PropositioD 1.4.1. Z[l] is a Euclidean domain. 

PROOF. For a + bi E Z[l] define ).(a + bz) = a2 + b2 • 

Let rx = a + bi and y = c + di and suppose that y =F O. rx/y = r + si, 
where r and s are real numbers (they are, in fact, rational). Choose integers 
m, n E Z such that Ir - mi ::::;; ! and Is - ni ::::;; !. Set lJ = m + ni. Then 
lJ E Z[l] and )..«rx/y) - lJ) = (r - m)2 + (s - n)2 ::::;; ! + ! =!. Set p = 
rx - ylJ. Then PE Z[l] and either p = O or ).(p) = ).(y«rx/y) - lJ)) = 
).(y)).«rx/y) - lJ) ::::;; !).(y) < )..(y). 

It follows that ). makes Z[l] into a Euclidean domain. O 
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The ring Ze,] is called the ring of Gaussian integers after C. F. Gauss, 
who first studied its arithmetic properties in detail. 

The numbers ± 1, ± iare the roots of x4 = 1 over the complex numbers. 
Consider the equation x 3 = 1. Since x 3 - 1 = (x - l)(x 2 + x + 1) 
the roots ofthis equation are 1, (-1 ± ~)/2. Let w = (-1 + J"=3)/2. 
Then it is easy to check that w 2 = (-1 - ~)/2 and that 1 + w + w2 

=0. 
Consider the set Z[w] = {a + bwla, b E Z}. Z[w] is cIosed under 

addition and subtraction. Moreover, (a + bw)(c + dw) = ac + (ad + bc)w 
+ bdw2 = (ac - bd) + (ad + bc - bd)w. Thus Z[w] is a ring. Again, 
since Z[w] is a sub set ofthe complex numbers it is an integral domain. 

We remark that Z[w] is cIosed under complex conjugation. In fact, since 

~ = ,J3i = -fii = -~ we see that ifJ = w2 . Thus if IX = 
a + bw E Z[w], then cX = a + bifJ = a + bw2 = (a - b) + bw E Z[w]. 

Proposition 1.4.2. Z[w] is a Euclidean domain. 

PROOF. For IX = a + bw E Z[w] define A(IX) = a2 - ab + b2. A simple 
caIculation shows that ).(IX) = IXcX. 

Now, let IX, {3 E Z[w] and suppose that {3 =F O. Then 1X/{3 = IXP/{3P = 
r + sw, where r and s are rational numbers. We have used the fact that 
{3P = ).({3) is a positive integer and that IXP E Z[w] since IX and P E Z[w]. 

Find integers m and n such that Ir - mi ~ t and Is - ni ~ t. Then 
put y = m + nw. ).«IX/{3) - y) = (r - m)2 - (r - m)(s - n) + (s - n)2 

~!+!+!< 1. 
Let p = IX - y{3. Then either p = O or A(p) = A({3«IX/{3) - A)) = 

).({3)A«IX/{3) - y) < ).({3). O 

From the analysis of Section 3 we know that the theorem of unique 
factorization is true in both Ze,] and Z[w]. To go further with the analysis 
ofthese rings we would have to investigate the units and the prime elements. 
There are some resuIts of this nature in the exercises. 

NOTES 

Rings for which the theorem of unique factorization into irreducibles holds 
are called unique factorization domains (UFD). The fact that Z is a UFD 
is already implicit in EucIid, but the first explicit and cIear statement of the 
result seems to be in C. F. Gauss' masterpiece Disquisitiones Arithmeticae 
(available in English translation by A. A. Clark, Yale University Press, 
New Haven, Conn., 1966). Zermelo gave a cIever proof by contradiction, 
which is reproduced in the excellent book of G. H. Hardy and Wright 
[40]. See also Davis and Shisha [120]. 

We have shown that every PID is a UFD. The converse is not true. For 
example, the ring of polynomials over a field in more than one variable is a 
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UFD but not a PID. P. Samuel has an excellent expository artic1e on UFD's 
in [67]. A more elementary introduction may be found in the book of H. 
Rademacher and O. Toeplitz [65]. 

The reader may find it profitable to read the introductory material in 
several books on number theory. Chapter 3 of A. Frankel [32J and the 
introduction to H. Stark [73J are particularly good. There is also an early 
lecture by Hardy [39J that is highly recommended. 

The ring Z[l] was introduced by Gauss in his second memoir on biquad
ratic reciprocity [34]. G. Eisenstein considered the ring Z[wJ in connection 
with his work on cubic reciprocity. He mentions that to investigate the 
properties of this ring one need only consult Gauss' work on Z[l] and 
modify the proofs [28]. A thorough treatment of these two rings is given in 
Chapter 12 of Hardy and Wright [40]. In Chapter 14 they treat a generaliza
tion, namely, rings of integers in quadratic number fields. Stark's Chapter 8 
deals with the same subject [73]. In 1966 Stark resolved a long-outstanding 
problem in the theory of numbers by showing that the ring of integers (see 
Chapter 6 of this book) in the field ilJ(.jd), with d negative, is a UFD when 
d = -1, -2, -3, -7, -11, -19, -43, -67, and -163 and for no other 
values of d. 

The student who is familiar with a little algebra will notice that a "generic" 
non-UFD is given by the ring k[x, y, z, wJ, with xy = zw, where k is a 
field. Another example of a non-UFD is C[x, y, zJ, with x2 + y2 + 
Z2 = 1, where C is the field of complex numbers. To see this notice that 
(x + iy)(x - iy) = (l - z)(1 + z). 

EXERCISES 

1. Let a and b be nonzero integers. We can tind nonzero integers q and r such that 
a = qb + r, where O s r < b. Prove that (a, b) = (b, r). 

2. (continuation) If r =f. O, we can tind ql and r 1 such that b = q1r + r 1 with O S 
r 1 < r. Show that (a, b) = (r, r 1). This process can be repeated. Show that it must end 
in tinitely many steps. Show that the last nonzero remainder must equal (a, b). The 
process looks like 

a = qb + r, Os r < b, 

Then rk+ 1 = (a, b). This process of tind ing (a, b) is known as the Euclidean algorithm. 

3. Calculate (187, 221), (6188, 4709), and (314, 159). 
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4. Let d = (a, b). Show how one can use the EucJidean algorithm to find numbers m 
and n such that am + bn = d. (Hint: In Exercise 2 we have that d = 'k+l. Express 
'k+l in terms ofrk and rk - 1• then in terms Of'k-l and rk - 2 , etc.) 

5. Find m and n for the pairs a and b given in Exercise 3. 

6. Let a, b, CE 7L. Show that the equation ax + by = C has solutions in integers iff 
(a,b)lc. 

7. Let d = (a, b) and a = da' and b = db'. Show that (a', b') = 1. 

8. Let Xo and Yo be a solution to ax + by = c. Show that ali solutions have the form 
x = Xo + t(b/d), y = Yo - t(a/d), where d = (a, b) and tE 7L. 

9. Suppose that u, v E 7L and that (u, v) = 1. If u I n and vin, show that uv I n. Show that this 
is false if (u, v) #- 1. 

10. Suppose that (u, v) = 1. Show that (u + v, u - v) is either 1 or 2. 

11. Show that (a, a + k)lk. 

12. Suppose that we take several copies of a regular polygon and try to fit them evenly 
about a common vertex. Prove that the only possibilities are six equilateral triangles, 
four squares, and three hexagons. 

13. Let nI' nl , ... , ns E 7L. Define the greatest common divisor d of nI> nl , ... , ns and 
prove that there exist integers mI> m2 , ••• , ms such that n1m1 + nlml + ... + 
nsms = d. 

14. Discuss the solvability of alx1 + alxl + ... + a,x, = c in integers. (Hint: Use 
Exercise 13 to extend the reasoning behind Exercise 6.) 

15. Prove that a E 7L is the square of another integer iff ordpa is even for ali primes p. 
Give a generalization. 

16. If(u, v) = 1 and uv = al, show that both u and v are squares. 

17. Prove that the square root of 2 is irrational, i.e., that there is no rational number 
r = alb such that rl = 2. 

18. Prove that fm is irrational if m is not the nth power of an integer. 

19. Define the least common multiple oftwo integers a and b to be an integer m such that 
al m, b I m, and m divides every common multiple of a and b. Show that such an m 
exists. It is determined up to sign. We shall denote it by [a, b]. 

20. Prove the following: 
(a) ordp[a, b] = max(ordpa, ordpb). 
(b) (a, b)[a, b] = ab. 
(c) (a + b, [a, b]) = (a, b). 

21. Prove that ordp(a + b) ~ min(ordpa, ordpb) with equality holding if ordpa #
ordpb. 

22. Almost alI the previous exercises remain valid if instead of the ring 7L we consider 
the ring k[x]. Indeed, in most we can consider any EucJidean domain. Convince 
yourself of this fact. For simplicity we shall continue to work in 7L. 
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23. Suppose that a2 + b2 = c2 with a, b, CE Z. For example, 32 + 42 = 52 and 52 + 
122 = 132. Assume that (a, b) = (b, c) = (c, a) = 1. Prove that there exist integers u 
and v such that c - b = 2u2 and c + b = 2v2 and (u, v) = 1 (there is no loss in 
generality in assuming that b and care odd and that a is even). Consequently a = 2uv, 
b = v2 - u2, and c = v2 + u2. Conversely show that if u and v are given, then the 
three numbers a, b, and c given by these formulas satisfy a2 + b2 = c2. 

24. Prove the identities 
(a) x' - y" = (x - y)(x·- 1 + x"-2y + ... + y"-1). 
(b) For n odd, x' + y" = (x + y)(x·- 1 - x'- 2y + X·- 3y2 _ ... + y"-1). 

25. If a' - 1 is a prime, show that a = 2 and that n is a prime. Primes ofthe form 2P - 1 
are called Mersenne primes. For example, 23 - 1 = 7 and 25 - 1 = 31. It is not 
known if there are infinitely many Mersenne primes. 

26. If a' + 1 is a prime, show that a is even and that n is a power of 2. Primes of the 
form 22' + 1 are called Fermat primes. For example, 221 + 1 = 5 and 222 + 1 = 17. 
It is not known if there are infinitely many Fermat primes. 

27. ForalIoddnshowthat81n2 -1.1f3{n,showthat6In2 -1. 

28. For alI n show that 301 n5 - n and that 421 n 7 - n. 

29. Suppose that a, b, c, d S;; Z and that (a, b) = (c, d) = l.If(a/b) + (c/d) = an integer, 
show that b = ± d. 

30. Prove that t + t + ... + ~ is not an integer. 

31. Show that 2 is divisible by (1 + i)2 in ZEi]. 

32. For cx = a + bi E Zei] we defined A.(cx) = a2 + b2 • From the properties of A. deduce the 
identity (a2 + b2)(C2 + d2) = (ac - bd)2 + (ad + bC)2. 

33. Show that cx E ZEi] is a unit iff l(cx) = 1. Deduce that 1, -1, i, and - iare the only 
units in ZEi]. 

34. Show that 3 is divisible by (1 - ro)2 in Z[ro]. 

35. For cx = a + bro E Z[ro] we defined l(cx) = a2 - ab + b2. Show that cx is a unit iff 
l(cx) = 1. Deduce that 1, -1, ro, -ro, ro2, and _ro2 are the only units in Z[ro]. 

36. Define Z[ J=2] as the set of alI complex numbers of the form a + bJ=2, where 

a, b E Z, Show that Z[J=2] is a ring. Define l(cx) = a2 + 2b2 for cx = a + bJ=2. 

Use l to show that ZER] is a Euclidean domain. 

37. Show that the only units in Z[J=2] are 1 and -1. 

38. Suppose that nE ZEi] and that l(n) = p is a prime in Z. Show that n is a prime in 

ZEi]. Show that the corresponding result holds in Z[ro] and Z[J=2]. 

39. Show that in any integral domain a prime element is irreducible. 



Chapter 2 

Applications of Unique 
Factorization 

The importance of the notion of prime number should be 
evident from the results of Chapter 1. 

In this chapter we shall give several proofs of the fact 
that there are infinilely many primes in 71... We shall also 
consider the analogous questionfor the ring k[x]. 

The theorem of unique prime decomposition is some
times referred to as the fundamental theorem of arith
metic. We shall begin to demonstrate ils usefulness by 
using il to investigate the properties of some natural 
number-theoretic functions. 

§1 Infinitely Many Primes in 7L. 

Theorem 1 (Euc1id). In the ring 71.. there are irifinitely many prime numbers. 

PROOF. Let us consider positive primes. LabeI them in increasing order 
Pl' P2' P3' .... Thus Pl = 2, P2 = 3, P3 = 5, etc. Let N = (PlP2 ... Pn) + 1. 
N is greater than 1 and not divisible by any Pi' i = 1,2, ... , n. On the other 
hand, N is divisible by some prime, p, and P must be greater than Pn. 

We have shown that given any positive prime there is another prime that 
is greater. It folIows that the set of primes is infinite. D 

The analogous theorem for k[x] is that there are infinitely many monic, 
irreducible polynomials. If k is infinite, this is trivial since x - a is monic and 
irreducible for alI a E k. This proof does not work if k is finite, but Euc1id's 
proof may easily be adapted to this case. We leave this as an exercise. 

Recall that in an integral domain two elements are called associate if they 
differ only by multiplication by a unit. We now know that in 71.. and k[x] there 
are infinitely many nonassociate primes. It is instructive to consider a ring 
where alI primes are associate, so that in essence there is only one prime. 

Let P E 71.. be a prime number and let 7I..p be the set of alI rational numbers 
alb, where P ,( b. One easily checks using the remark folIowing CorolIary 1 to 
Proposition 1.1.1 that 7I..p is a ring. alb E 7I.. p is a unit if there is acid E 7I.. p 

such that alb· cld = 1. Then ac = bd, which implies p,( a since p,( b and 
P ,( d. Conversely, any rational number alb is a unit in 7I.. p if P ,( a and P ,( b. 

17 
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If alb E z.p, write a = p'a', where p,r a'. Then alb = p'a'/b. Thus every element 
of z.p is a power of p times a unit. From this it is easy to see that the on1y 
primes in z.p have the form pc/d, where c/d is a unit. Thus ali the primes of 
z.p are associate. 

EXERCISE 

If alb E 7l.p is not a unit, prove that alb + 1 is a unit. This phenomenon shows why Euclid's 
proof breaks down in general for integral domains. 

§ 2 Some Arithmetic Functions 

In the remainder ofthis chapter we shall give some applications ofthe unique 
factorization theorem. 

An integer a E Z. is said to be square-free if it is not divisible by the square 
of any other integer gre ater than 1. 

Proposition 2.2.1. lfn E z., n can be written in theform n = ab2 , where a, b E Z. 
and a is square1ree. 

PROOF. Let n = p~lp~2 ... pf'. One can write ai = 2bi + ri> where ri = O or 1 
depending on whether ai is even or odd. Set a = p~l p~2 ... p? and b = 
p~lp~2 ... p7'. Then n = ab2 and a is dearly square-free. O 

This lemma can be used to give another proof that there are infinitely 
many primes in z.. Assume that there are not, and let Pl' P2"'" P, be a com
plete list of positive primes. Consider the set of positive integers less than or 
equal to N. If n ::s; N, then n = ab2 , where a is square-free and thus equal to 
one of the 2' numbers pîlp~2 ... pf', where ei = O or 1, i = 1, ... , l. Notice 

that b ::s; fo. There are at most 2'fo numbers satisfying these conditions 

and so N ::s; 21fo, or fo ::s; 2/, which is dearly false for N large enough. 
This contradiction proves the result. 

It is possible to give a similar proof that there are infinitely many monic 
irreducibles in k[x], where k is a finite field. 

There are a number of naturally defined functions on the integers. For 
example, given a positive integer n let v(n) be the number ofpositive divisors 
of n and o{n) the sum of the positive divisors of n. For example, v(3) = 2, 
v(6) = 4, and v(12) = 6 and 0'(3) = 4, 0'(6) = 12, and 0(12) = 28. Using 
unique factorization it is possible to obtain rather simple formulas for these 
functions. 
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Proposition 2.2.2. Ii n is a positive integer, let n = p~' p~2 ... pir be its prime 
decomposition. T hen 

(a) v(n) = (al + 1)(a2 + 1) ... (al + 1). 
(b) u(n) = «p~,+l -1)/(pl _1»«p~2+l -1)/(p2 -1» .. · 

«pi,+l - 1)/(pl - 1». 
PROOF. Toprovepart (a) notice that mln iffm = p~'p~2 ... pt'andO ~ bi ~ ai 
for i = 1, 2, ... , 1. Thus the positive divisors of n are one-to-one correspon
dence with the n-tuples (b l , b2, ... , bl) with O ~ bi ~ ai for i = 1, ... ,1, and 
there are exact1y (al + 1)(a2 + 1) ... (al + 1) such n-tuples. 

To prove part (b) notice that u(n) = L p~'p~2 ... pt', where the sum is over 
the above set ofn-tuples. Thus, u(n) = (L~:=o P~l)(L~~=o p~2) ... (D:=o pt,), 
from which the result follows by use of the summation formula for the geo
metric series. O 

There is an interesting and unsolved problem connected with the function 
u(n). A number n is said to be perfect if u(n) = 2n. For example, 6 and 28 are 
perfect. In general, if 2m + 1 - 1 is a prime, then n = 2m(2m + 1 - 1) is perfect, 
as can be seen by applying part (b) ofProposition 2.2.2. This fact is already in 
Euclid. L. Euler showed that any even perfect number has this form. Thus 
the problem of even perfect numbers is reduced to that of finding primes of 
the form 2m + 1 - 1. Such primes are called Mersenne primes. The two out
standing problems involving perfect numbers are the following: Are there 
infinitely many perfect numbers? Are there any odd perfect numbers? 

The multiplicative analog of this problem is trivial. An integer n is called 
multiplicatively perfect if the product of the positive divisors of n is n2• Such 
a number cannot be a prime or a square of a prime. Thus there is a proper 
divisor d such that d =F n/d. The product of the divisors 1, d, n/d, and n is 
already n2 • Thus n is multiplicatively perfect iffthere are exact1y two proper 
divisors. The only such numbers are cubes of primes or products of two 
distinct primes. For example, 27 and 10 are multiplicatively perfect. 

We now introduce a very important arithmetic function, the Mobius Jl. 
function. For n E 7L+, Jl.(I) = 1, Jl.(n) = O if n is not square-free, and Jl.(plP2 ... 
PI) = (-IY, where the Pi are distinct positive primes. 

Proposition 2.2.3. lin> 1, ~In Jl.(d) = O. 

PROOF. If n = P~' p~2 ... pir, then ~In Jl.(d) = Le., ...... ,) Jl.(PÎ' ... PÎ'), where the 
6i are zero or 1. Thus 

L Jl.(d) = 1 - I + (/) - (/) + ... + (-IY = (1 - 1)' = O. O 
din 2 3 

The full significance of the Mobius Jl. function can be understood most 
clearly when its connection with Dirichlet multiplication is brought to light. 
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Letfand g be eomplex valued funetions on 71+. The Diriehlet produet off 
and g is defined by the formulaf o gen) = IJ(d 1)g(d2), where the sum is over 
alI pairs (d 1, d2) of positive integers sueh that d1d2 = n. This produet is 
assoeiative, as one ean see by eheeking that f o (g o h)(n) = (f o g) o hen) = 

Lf(d1)g(d2)h(d3 ), where the sum is over alI 3-tuples (d l' d2, d3 ) of positive 
integers sueh that d1d2d3 = n. 

Define the funetion ~ by ~(1) = 1 and ~(n) = O for n > 1. Then f o ~ = 
~ of = f Define / by /(n) = 1 for alI nE Z+. Then f o /(n) = / o f(n) = 
Ldlnf(d). 

Lemma. /oJl = Jlo/ = L 

PROOF. Jl o /(1) = Jl(l)/(1) = 1. If n > 1, Jl o /(n) = Ldln Jl(d) = O. The same 
proof works for / o Jl. O 

Theorem 2 (M6bius Inversion Theorem). Let F(n) = Ldlnf(d). Thenf(n) = 

Ldln Jl(d)F(n/d). 

PROOF. F = f 0/. Thus F o Jl = (f 0/) o Jl = f o (l o Jl) = f o O = f This shows 
that f(n) = F o Jl(n) = Ldln Jl(d)F(n/d). O 

Remark. We have eonsidered eomplex-valued funetions on the positive 
integers. It is useful to notiee that Theorem 1 is valid whenever the funetions 
take their value in an abelian group. The proof goes through word for word. 

If the group law in the abelian group is written multiplieatively, the 
theorem takes the folIowing form: If F(n) = Ddlnf(d), then f(n) = Ddln 
F(n/d)ll(d). 

The M6bius inversion theorem has many applieations. We shall use it to 
obtain a formula for yet another arithmetie funetion, the Euler ljJ funetion. 
For nE 71+, ljJ(n) is defined to be the number of integers between 1 and n 
relatively prime to n. For example, 1jJ(1) = 1, 1jJ(5) = 4, 1jJ(6) = 2, and 
1jJ(9) = 6. If P is a prime, it is clear that ljJ(p) = P - 1. 

Proposition 2.2.4. Lin ljJ(d) = n. 

PROOF. Consider the n rational numbers l/n, 2/n, 3/n, ... , (n - l)/n, n/n. 
Reduee eaeh to lowest terms; i.e., express eaeh number as a quotient of 
relatively prime integers. The denominators will alI be divisors of n. If din, 
exaetly ljJ(d) of our numbers will have d in the denominator after redueing to 
lowest terms. Thus Ldln ljJ(d) = n. O 

Proposition 2.2.5. /fn = p~lp~2 ... pr l , then 

ljJ(n) = n(l - (1/p1))(1 - (1/p2)) ... (1 - (l/PI))· 

PROOF. Sinee n = Ldln ljJ(d) the Mobius inversion theorem implies that ljJ(n) = 
Ldln Jl(d)n/d = n - Li n/pi + Li;<j n/PiPj· .. = n(l - (l/p1))(1 - (1/p2))· .. 
(1 - (l/PI)). O 
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Later we shall give a more insightful proof of this formula. We shall also 
use the M6bius function to determine the number of monic irreducible 
polynomials of fixed degree in k[x], where k is a finite field. 

§3 I lip Diverges 

We began this chapter by proving that there are infinitely many prime 
numbers in 7L. We shall conclude by proving a somewhat stronger statement. 
The proof will as sume some elementary facts from the theory of infinite series. 

Theorem 3. L lip diverges, where the sum is aver ali pasitive primes in 7L. 

PROOF. Let P1' P2' ... , PI(n) be alI the primes less than n and define A(n) = 
f1l~)l (1 - 11pr 1. Since (1 - 11pr 1 = L~= 1 11pfi we see that 

A(n) = L(P'i'P'22 ···pf,)-l, 

where the sum is over alI l-tuples of non negative integers (al' a2' ... , al). 
In particular, we see that 1 + 1- + 1 + ... + lin < A(n). Thus A(n) ~ 00 as 
n ~ 00. This already gives a new proofthat there are infinitely many primes. 

Next, consider log A(n). We have 
I I 00 

10gA(n) = - Llog(l - Pi- 1) = L L (mp'!')-l 
i= 1 i= 1 m= 1 

I 00 

-1 -1 -1 '" '" ( m)-l = P1 + P2 + .. + PI + L.., L.., mPi . 
i=lm=2 

Now, L~=2 (mp'(')-l < L~=2 Pi- m = Pi- 2(1 - Pi- 1)-1 ~ 2Pi- 2 • Thus log A(n) 
< Pl 1 + pl.1 + ... + PI- 1 + 2(p1 2 + pl.2 + ... + PI- 2). It is well known 
that L:'= 1 n - 2 converges. It folIows that L~ 1 Pi- 2 converges. Thus if 
L p- 1 converged, there would be a constant M such that log A(n) < M, or 
A(n) < eM. This, however, is impossible since A(n) ~ 00 as n ~ 00. Thus 
L P - 1 diverges. O 

It is instructive to try to construct an analog of Theorem 2 for the ring 
k[x], where k is a finite field with q elements. The role of the positive primes 
P is taken by the monic irreducible polynomials p(x). The "size" of a monic 
polynomialf(x) is given by the quantity qdeg!(x). 

This is reasonable because for a positive integer n, n is the number of 
nonnegative integers less than n, i.e., the number of elements in the set 
{O, 1, 2, ... , n - 1}. Analogously, qdeg!(x) is the number of polynomials of 
degree less than degf(x). This is easy to see. Any such polynomial has the 
form aoxm + a1xm-1 + ... + am, where m = degf(x) - 1 and ai E k. There 
are q choices for ai and the choice for each index is independent of the others. 
Thus there are qm+ 1 = qdeg!(x) such polynomials. 
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Theorem 4. L q-degp(X) diverges, where the sum is over ali monie irreducibles 
p(x) in k[x]. 

PROOF. We first show that L q-degf(x) diverges and that L q-2degf(x) con
verges, where both sums are over alI monic polynomialsf(x) in k[x]. Both 
results folIow from the fact that there are exact1y qn monic polynomials of de-

. k[ ] C ·d " -degf(x) Th· . 1 "n m-m greenm x. onSI er L.,degf(x)::<;n q . IssumIsequa to L.,m=O q q 
= n + 1 Thus "q-degf(x) diverges Similarly " q-2degf(x) = . L.. ., L.,degf(x):o; n 

L::'=o qmq-2m < (1 - 1jq)-l. Thus L q-2degf(x) converges. 
The rest of the proof is an exact imitation of the proof of Theorem 2. 

The reader should fill in the details. D 

§4 The Growth of n(x) 

In the introduction to Chapter 1 we defined n(x) as the number of primes p, 
1 < P ::s; x. The study of the behavior of n(x) for large x involves analytic 
techniques. We will prove in this section several results that require a mini
mum of results from analysis. In fact only the simplest properties of the 
logarithmic function are used. 

We begin with the following simple consequence of Euclid's argument 
(Theorem 1) which gives a weak lower bound for n(x). Throughout log x 
denotes the naturallogarithm of x. 

Proposition 2.4.1. n(x) ~ log(log x), x ~ 2. 

PROOF. Let Pn denote the nth prime. Then since any prime dividing PlP2 ... Pn 
+ 1 is distinct from Pl .... ' Pn it follows that Pn+l ::s; Pl'" Pn + 1. Now 
Pl < 2(2 1), P2 < 2(2 2 ) and if Pn < 2(2") then Pn+ 1 ::s; 2(2 1).2(2 2 ) ••• 2(2") + 1 = 

2 2"+1_ 2 + 1 < 2(2"+1). It follows that n(2(2"» ~ n. For x> 2 choose an 
integer n so that e(e"-I) < x ::s; elen). If n > 2 then en - l > 2n so that 

n(x) ~ n(e(en- 1» ~ n(e2") ~ n(22") ~ n ~ log(log x). 

This proves the result for x > ee. If x ::s; ee the inequality is obvious. D 

The method employed in the paragraph following Proposition 2.2.1 to 
show that n(x) --+ 00 can also be used to obtain the following improvement 
of the above proposition. If n is a positive integer let y(n) denote the set of 
primes divid ing n. 

Proposition 2.4.2. n(x) ~ log xj2 log 2. 

PROOF. For any set of primes S define fs(x) to be the number of integers n, 
1 ::s; n ::s; x, with y(n) c S. Suppose that S is a finite set with t elements. 
Writing such an n in the form n = m2s with s square free we see that m ::s; fi 
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while s has at most 2t choices corresponding to the various subsets of S. Thus 
fs(x) ::;; 2tJx. Put n(x) = m so that Pm+ 1 > x. If S = {Pl' ... , Pm} then 
clearly fs(x) = X which implies that X ::;; 2m Jx = 2*) Jx. The result folIows 
immediately. O 

It is interesting to note that the above method can also be used to give 
another proof to Theorem 2. For if L 11Pn converged then there is an n such 
that Lj>n 11pj < t. If S = {Pl' ... , Pn} then X - fix) is the number of 
positive integers m ::;; x with y(m) Cs;: S. That is, there exists a prime Pj,j > n 
such that Pj I m. For such a prime there are [xlpj] multiples of Pj not exceeding 
x. Thus 

x - fs(x)::;; L - ::;; L - < -, [xJ x x 
j>n Pj j>n Pj 2 

so that fix) 2': x12. On the other hand, fix) ::;; 2n Jx. These inequalities 
imply 2n 2': Jxl2 which is false for n fixed and large x. 

A function closely related to n(x) is defined by (}(x) = Lp,;;x log p, the 
sum being over alI primes at most x. We will use (}(x) to bound n(x) from 
above. Put (}(1) = O. 

Proposition 2.4.3. (}(x) < (4 log 2)x. 

PROOF. Consider the binomial coefficient 

( 2n) = (n + 1)··· (2n). 
n 1·2··· n 

Clearly this integer is divisible by alI primes P, n < P < 2n. Furthermore, 
since 

(1 + 1)2n = I (2~), 
j=O ] 

Hence 

22n > > Il P (
2n) p< 2n 

n p>n 

and therefore 
p< 2n 

2n log 2 > L log P = (}(2n) - (}(n). 
p>n 

Summing this relation for n = 1,2,4,8, ... , 2m - 1 gives 

(}(2m) < (log 2)(2m+ 1 - 2) 

< (log 2)2m + 1. 
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If 2m- 1 < x :s; 2m we obtain 

O(x) :s; O(2m) < (log 2)2m+ l = (4 log 2)2m- 1 

< (4 log 2)x. o 

Corollary 1. There is a positive constant CI such that n(x) < clx/log x for 
x ~ 2. 

PROOF. 

Thus 

p'5:x 

O(x) ~ L logp 
p>..;x 

~ (log JX)(n(x) - n(JX» 

~ (log JX)n(x) - JX log JX. 

20(x) 
n(x) :s; -1 - + JX 

ogx 

:s; (8 log 2) -1 x + JX. 
ogx 

The result follows by noting that JX < 2x/log x for x ~ 2. 

Corollary 2. n(x)/x -+ O as x -+ 00. 

o 

To bound n(x) from below we begin by examining further the binomial 
coefficient e""). First of aH 

On the other hand by Exercise 6 at the end of this chapter we have 

ordp(~n) = ordp ~~~;; = i~l ([~~ ] - 2[;i]) 
where tp is the largest integer such that ptp :s; 2n. Thus tp = [log 2n/log p]. 
Now it is easy to see that [2x] - 2[x] is always 1 or O. It foHows that 

d (2n) < log 2n 
or p - 1 . n ogp 

Proposition 2.4.4. There is a positive constant C2 such that n(x) > C2(X/lOg x). 

PROOF. By the above we have 

2" :s; (2n):s; n pt p. 

n p<2n 
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Thus 

n log 2::S; L t p log p = L [l~g 2nJ log p. 
p<.2n p<2n ogp 

If log p > t log 2n, i.e., p > fo, then [log 2njlog pJ = 1. Thus 

[
log 2nJ p<2n 

n log 2::S; L -1 - log p + L log p 
p:5,;2n ogp p>,;2n 

::s; fo log 2n + 8(2n). 

Therefore 8(2n) > n log 2 - fo log 2n. But fo log 2n/n approaches O 
as n --+ 00, so that 8(2n) > Tn for some T > O and all n sufficiently large. 
Writing, for large x, 2n::S; x < 2n + 1 we have 8(x);;::: 8(2n) > Tn > 
T(x - 1)/2 > Cx for a suitable constant C. Thus there is a constant C2 > O 
such that 8(x) > C2 x for all x ;;::: 2. To complete the proof we observe that 

8(x) = L log p ::S; n(x) log x. 
p5,x 

Thus 

8(x) x 
n(x) ;;::: -1 - > C2 -1 -. 

og x og x 
o 

The preceding two propositions were first proven by Tchebychef in 1852. 
These results are subsumed under the famous prime number theorem which 
asserts that in fact n(x)(log x/x) --+ 1 as x --+ 00. It is not difficult to see that 
this is equivalent to 8(x)/x --+ 1 as x --+ 00. The prime number theorem was 
conjectured, in a slightly different form by Gauss at the age of 15 or 16. The 
proof of the conjecture was not achieved until 1896 when J. Hadamard and 
Ch. de la Valle Poussin established the result independently. Their proofs 
utilize complex analytic properties of the Riemann zeta function. In 1948 
Atle Selberg was able to prove the result without the use of complex analysis. 

NOTES 

There are a multitude of unsolved problems in the theory of prime numbers. 
For example, it is not known if there are infinitely many primes of the form 
n2 + 1. On the other hand we will prove in Chapter 16 that the linear poly
nomialan + balwaysrepresentsaninfinitenumberofprimeswhen(a,b) = 1. 
This is the ce1ebrated theorem of Dirichlet on primes in an arithmetic pro
gression. 

It is not known whether there exist infinitely many primes of the form 
2N + 1, the so-called Fermat primes, or if there are infinitely many primes of 
the form 2N - 1, the Mersenne primes. 

Another outstanding problem is to decide whether there are an infinite 
number of primes p such that p + 2 is also prime. It is known that the sum 
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of the reciprocals of the set of such primes converges, a result due to Viggo 
Brun [52]. 

Good discussions of unsolved problems about primes may be found in 
W. Sierpinski [71] and Shanks [70]. Readers with a background in analysis 
should read the paper by P. Erd6s [31] as well as those of Hardy [38] and 
[39]. 

The key idea behind the proof of Theorem 2 is due to L. Euler. A pleasant 
account of this for the beginner is found in Rademacher and Toeplitz [65]. 

Theorem 3 gives a proof in the spirit of Euler that k[x] contains infinitely 
many irreducibles. This already suggests that many ofthe theorems in classical 
number theory have analogs in the ring k[x]. This is indeed the case. An 
interesting reference along these lines is L. Carlitz [10]. 

The theorem of Dirichlet mentioned above has been proved for k[x], k a 
finite field, by H. Kornblum [50]. Kornblum had his promising career cut 
short after he enlisted as Kriegsfreiwilliger in 1914. The prime number 
theorem also has an analog in k[x]. This was proved by E. Artin in his 
doctoral thesis [2]. 

A good introduction to analytic number theory is Chandrasekharan [112]. 
In the last chapter of this very readable text a proof of the prime number 
theorem is given that uses complex analysis. Proofs that are free of complex 
analysis (but not of subtlety) have been given by A. Selberg [215] and 
P. Erd6s [133]. For an interesting account of the history of this theorem see 
L. J. Goldstein [139]. Finally we recommend the remarkable tract Prim
zahlen by E. Trost [229]; this 95 page book contains, in addition to many 
elementary results concerning the distribution of primes, Selberg's proof of 
the prime number theorem as well as an "elementary" proof of Dirichlet's 
theorem mentioned above. See also D. J. Newman [198]. 

EXERCISES 

1. Show that k[xJ, with k a finite field, has infinitely many irreducible polynomials. 

2. Let PI' Pl, ... , p, E Z be primes and consider the set of ali rational numbers r = alb, 
a, b E Z, such that ordp , a ~ ordp , b for i = 1, 2, ... , t. Show that this set is a ring 
and that up to taking associates P l' Pl, ... , p, are the only primes. 

3. Use the formula for cp(n) to give a proof that there are infinitely many primes. 
[Hint: If PI, Pl"'" p, were alI the primes, then cp(n) = 1, where n = PIPl'" p,.J 

4. If a is a nonzero integer, then for n > m show that (al" + 1, a2rn + 1) = 1 or 2 
depending on whether a is odd or even. (Hint: If P is an odd prime and plalrn + 1, 
then pla2" - 1 for n > m.) 

5. U se the result of Exercise 4 to show that there are infinitely many primes. (This proof 
is due to G. Polya.) 

6. For a rational number r let [r J be the largest integer less than or equal to r, e.g., 
m = O, [2J = 2, and [31J = 3. Prove ordpn! = [n/pJ + [n/plJ + [n/p 3J + .... 

7. Deduce from Exercise 6 that ordp n! :o; n/(p - 1) and that fn! :o; TIpln pl/(r l ). 
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8. Use Exercise 7 to show that there are intinitely many primes. [Hint: (n!)2 ;::.: nn.] 
(This proof is due to Eckford Cohen.) 

9. A function on the integers is said to be multiplicative if f(ab) = f(a)f(b) whenever 
(a, b) = 1. Show that a multiplicative function is completely determined by its value 
on prime powers. 

10. If f(n) is a multiplicative function, show that the function gen) = Idln f(d) is also 
multiplicative. 

11. Show that ~(n) = n Idln ţl(d)ld by tirst proving that ţl(d)ld is multiplicative and then 
using Exercises 9 and 10. 

12. Find formulas for Idln ţl(d)~(d), Idln ţl(d)2~(d)2, and Idln ţl(d)N(d). 

13. Let ain) = Idln dk. Show that ak(n) is multiplicative and tind a formula for it. 

14. If f(n) is multiplicative, show that hen) = Idln ţl(nld)f(d) is also multiplicative. 

15. Show that 
(a) Idln ţl(nld)v(d) = 1 for all n. 
(b) ~In ţl(nld)a(d) = n for all n. 

16. Show that v(n) is odd iff n is a square. 

17. Show that a(n) is odd iff n is a square or twice a square. 

18. Prove that ~(n)~(m) = ~«n, m»~([n, m]). 

19. Prove that ~(mn)~«m, n» = (m, n)~(m)~(n). 

20. Prove that TIdln d = nv(n)/2. 

21. Detine i\ (n) = log pifnisa powerofpandzerootherwise. Provethat ~In ţl(nld) log d 
= i\ (n). [Hint: First calculate Idln i\ (d) and then apply the Mobius inversion 
formula.] 

22. Show that the sum of all the integers t such that 1 ::; t ::; n and (t, n) = 1 is tn~(n). 

23. Letf(x) E Z'[x] and let tjJ(n) be the number offU),j = 1,2, ... , n, such that (fU), n) 
= 1. Show that tjJ(n) is multiplicative and that tjJ(p') = p'-ltjJ(p). Condude that 
tjJ(n) = n TIpln tjJ(p)lp· 

24. Supply the details to the proof of Theorem 3. 

25. Consider the function (s) = I.% 1 lins. (s) is called the Riemann zeta function. It 
converges for s > 1. Prove the formal identity (Euler's identity) (s) = TIp (1 -
(l/pS» - 1. Ifwe let s assume complex values, it can be shown that (s) has an analytic 
continuat ion to the whole complex plane. The famous Riemann hypothesis states 
that the only zeros of (s) lying in the strip O ::; Re s ::; Ilie on the line Re s = 1-

26. Verify the formal identities 
(a) (S)-1 = I:~l ţl(n)lns • 
(b) (S)2 = I:~ 1 v(n)lns• 

(c) (s)(s - 1) = I.% 1 a(n)lns. 

27. Show that I' lin, the sum being over squ~re free integers, diverges. Cond ude that 
TIp<N (l + lip) -> 00 as N -> 00. Since eX > 1 + x, condude that Ip<N lip -> 00. 

(This proof is due to 1. Niven.) 



Chapter 3 

Congruence 

Gauss first introduced the notion of congruence in Dis
quisitiones Arithmeticae (see Notes in Chapter 1). It is 
an extremely simple idea. Nevertheless, its importance 
and usefulness in number theory cannot be exaggerated. 

This chapter is devoted to an exposition of the simplest 
properties of congruence. In Chapter 4, we shall go into 
the subject in more depth. 

§ 1 Elementary ObservatÎons 

It is a simple observation that the product of two odd numbers is odd, the 
product of two even numbers is even, and the product of an odd and even 
number is even. AIso, notice that an odd plus an odd is even, an even plus an 
even is even, and an even plus an odd is odd. This information is summarized 
in Tables 1 and 2. Table 1 is like a multiplication table and Table 2 like an 
addition table. 

e 
o 

Table l 

e 

e 
e 

o 

e 
o 

e 
o 

Table 2 

e 

e 
o 

o 

o 
e 

These observations are so elementary one might ask if anything interesting 
can be deduced from them. The answer, surprisingly, is yes. 

Many problems in number theory have the form; ifjis a polynomial in 
one or several variables with integer coefficients, does the equation j = O. 
have integer solutions? Such questions were considered by the Greek 
mathematician Diophantus and are called Diophantine problems in his 
honor. 

Consider the equation x2 - 117x + 31 = O. We claim that there is no 
solution that is an integer. Let n be any integer. n is either even or odd. If n 
is even, so is n2 and 117n. Thus n2 - 117n + 31 is odd. If n is odd, then n2 

28 
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and 117n are both odd. Thus n2 - 117n + 31 is odd in this case also. Since 
every integer is even or odd, this shows that n2 - 117n + 31 is never zero. 

In Chapter 2 we showed that there are infinitely many prime numbers. 
We shall now show that there are infinitely many prime numbers that leave 
a remainder of 3 when divided by 4. Examples of such primes are 3, 7, 19, 
and 59. 

An integer divided by 4 leaves a remainder of O, 1, 2, or 3. Thus odd 
numbers are either ofthe form 4k + lor 41 + 3. The product oftwo numbers 
of the form 4k + 1 is again of that form: (4k + 1)(4k' + 1) = 4(4kk' + k 
+ k') + 1. It follows that an integer of the form 41 + 3 must be divisible by 
a prime of the form 41 + 3. 

Now, suppose that there were only finitely many positive primes of the 
form 41 + 3. This list begins 3, 7, 11, 19,23, .... Let Pl = 7, P2 = 11, P3 = 19, 
etc. Suppose that Pm is the largest prime of this form and set N = 4PIP2 ... 
Pm + 3. N is not divisible by any of the Pi' However, N is of the form 41 + 3 
and so must be divisible by a prime P of the form 41 + 3. We have P > Pm' 
which is a contradiction. 

There is c1early some common principle underlying both arguments. We 
explore this in Section 2. 

§ 2 Congruence in 7L 

Definition. If a, b, m E 7l. and m -# O, we say that a is congruent to b modulo m 
if m divides b - a. This relation is written a == b (m). 

Proposition 3.2.1. 

(a) a == a (m). 
(b) a == b (m) implies that b == a (m). 
(c) lf a == b (m) and b == c (m), then a == c (m). 

PROOF. 

(a) a - a = O and mlO. 
(b) Ifmlb - a, then mia - b. 
(c) Ifmlb - a and mic - b, then mic - a = (c - b) + (b - a). O 

Proposition 3.2.1 shows that congruence modulo m is an equivalence 
relation on the set of integers. If a E 7l., let ii denote the set of integers congruent 
to a modulo m, ii = {n E 7l.1 n == a (m)}. In other words ii is the set of integers 
of the form a + km. 

If m = 2, then O is the set of even integers and 1 is the set of odd integers. 

Definition. A set of the form ii is called a congruence class modulo m. 
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Proposition 3.2.2. 

(a) a = D iff a == b (m). 
(b) a =1= D iffa n D is empty. 
(c) There are precisely m distinct congruence classes modulo m. 

PROOF. 

(a) If D = a, then a E a = D. Thus a == b (m). Conversely, if a == b (m), then 
a E D. If c == a (m), then c == b (m), which shows a S D. Since a == b (m) 
implies that b == a (m), we also have D S a. Therefore ii = D. 

(b) Clearly, ifa n Dis empty, then a =1= D. We shall show that an D not empty 
implies that a = D. Let cEa n D. Then c == a (m) and c == b (m). It 
follows that a == b (m) and so by pact (a) we have a = D. 

(c) We shall show that 0, 1, 2, ... , m - 1 are aU distinct and are a complete 
set of congruence classes modulo m. Suppose that O ::;; k < l < m. " = T 
implies that k == l (m) or that m divides l - k. Since 0< 1- k < m this 
is a contradiction. Therefore " =1= r. Now let a E Z. We can tind integers 
q and r such that a = qm + r, where O ::;; r < m. It follows that a == r (m) 
and that a = r. O 

Definition. The set of congruence classes modulo m is denoted by Z/mZ. 
If ah a2' ... , am are a complete set of congruence classes modulo m, then 

{al' a2' ... ' am} is called a complete set ofresidues modulo m. 
For example, {O, 1,2, 3}, {4,9, 14, -1}, and {O, 1, - 2, -1} are complete 

sets of residues modulo 4. 

The set Z/mZ can be made into a ring by defining in a natural way addition 
and multiplication. This is accomplished by means of the following proposi
tion. 

Proposition 3.2.3. lf a == c (m) and b == d (m), then a + b == c + d (m) and 
ab == cd (m). 

PROOF. If mic - a and mld - b, then ml(c - a) + (d - b) = (c + d) -
(a + b). Thus a + b == c + d (m). 

Notice that cd - ab = c(d - b) + b(c - a). Thus mlcd - ab and ab == 
~~ O 

If a, D E Z/mZ, we detine a + D to be a + b and aD to be ab. 
This detinition seems to depend on a and b. We have to show that they 

depend only on the congruence classes detined by a and b. This is easy. 

Assume that c = a and that a = D. We must show that a + b = C+d and 
that (ib = cd, but this follows immediately from Propositions 3.2.2 and 3.2.3. 

With these detinitions Z/mZ becomes a ring. The veritication of this fact is 
left to the reader. 
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Table 3 Table 4 

Addition Multiplication 

O 2 O 2 

O O 2 O O O O 
1 2 O 1 O 1 2 
2 2 O 2 O 2 1 

Tables 3 and 4 give explicitly the addition and multiplication in 7L/37L. 
(Bars over the numbers are omitted.) The reader should construct similar 
tables for m = 4, 5, and 6. 

In discussing arithmetic problems it is sometimes more convenient to 
work with the ring 7L/m7L than with the notion of congruence modulo m. On 
the other hand, it is sometimes more convenient the other way around. We 
shall switch back and forth between the two viewpoints as the situation 
demands. 

We proved earlier that the polynomial x2 - 117x + 31 has no integer 
roots. It is possible to generalize this result using some of the material we 
have developed. 

If a == b (m), then a2 == b2 (m), a3 == b3 (m), and in general an == bn (m). 
It follows that if p(x) E 7L[x], then p(a) == p(b) (m). All this is a consequence 
of Proposition 3.2.3. 

Take m = 2. Then a is congruent to either O or 1 modulo 2 and we have 
p(a) == p(O) (2) or p(a) == p(1) (2). 

If p(x) = aoxn + alxn - l + ... + an-lx + an, then p(O) = an and p(1) = 
ao + al + ... + an. Our calculations yield the following result: If p(x) E 
7L[x] and p(O) and p(1) are both odd, then p(x) has no integer roots. 

x2 - 117x + 31 has constant term 31, and the sum of the coefficients is 
- 85, both of which are odd. Other examples are 2x2 + 2x + 1 and 3x3 + 
2x2 + x + 3. 

§3 The Congruence ax = b (m) 

The simplest congruence is ax == b (m). In this section we shall develop a 
criterion to test this congruence for solvability, and if it is solvable, give a 
formula for the number of solutions. 

Before beginning we must give a definition ofwhat we mean by the number 
of solutions to a congruence. Quite generally, let f(x l , ... , x n) be a poly
nomial in n variables with integer coefficients and consider the congruence 
f(Xl' ... , xn) == O (m). A solution is an n-tuple of integers (al' ... , an) such 
that f(at. a2' ... , an) == O (m). If (b l , ... , bn) is another n-tuple such that 
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bi == ai (m) for i = 1, ... , n, then it is easy to see thatf(b l , ... ,bn) == O (m). We 
do not want to consider these two solutions as being essentially different. Thus 
two solutions (al' ... , an) and (b l , ... , bn) are called equivalent if ai == bi for 
i = 1, ... , n. The number ofsolutions tof(x l , ... , xn) == O (m) is defined to be 
the number of inequivalent solutions. 

For example, 3, 8, and 13 are solutions to 6x == 3 (15). 18 is also a solution, 
but the solution x = 18 is equivalent to the solution x = 3. 

It is useful to consider the matter from another point of view. The map 
from Z to Z/mZ given by a --+ a is a homomorphism. Iff(at, ... , an) == O (m), 
then f(at, ... , an) = O. Here f(xt,· .. ,xn) E Z/mZ[xt, ... ,xn] is the poly
nomial obtained fromfby putting a bar over each coefficient of! One can 
now see that equivalence classes of solutions to f(xt, ... , x n) = O are in one
to-one correspondence with solutions to f(Xl' ... , xn) = O in the ring 
Z/mZ. This interpretation of the number of solutions arises frequently. 

We now return to the number of solutions of the congruence ax == b (m). 
Let d > O be the greatest common divisor of a and m. Set a' = a/d and 

m' = m/d. Then a' and m' are relatively prime. 

Proposition 3.3.1. The congruence ax == b (m) has solutions ijJ d I b. If d I b, then 
there are exactly d solutions. If Xo is a solution, then the other solutions are 
given by Xo + m', Xo + 2m', ... , Xo + (d - 1)m'. 

PROOF. If Xo is a solution, then axo - b = myo for some integer Yo' Thus 
axo - myo = b. Since d divides axo - myo, we must have d I b. 

Conversely, suppose that d I b. By Lemma 4 on page 4 there exist integers 
x~ and y~ such that ax~ - my~ = d. Let c = b/d and multiply both sides of 
the equation by c. Then a(x~c) - m(y~c) = b. Let Xo = x~c. Then axo == 
b (m). 

We have shown that ax == b (m) has a solution iff dlb. 
Suppose that Xo and Xt are solutions. axo == b (m) and aXt == b (m) imply 

that a(xl - xo) == O (m). Thus mla(xt - xo) and m'Ia'(xl - xo), which 
implies that m' Ix t - Xo or x t = Xo + km' for some integer k. One easily 
checks that any number of the form Xo + km' is a solution and that the solu
tions xo, Xo + m', ... , Xo + (d - 1)m' are inequivalent. Let Xl = Xo + km' 
be another solution. There are integers r and s such that k = rd + s and 
O ~ s < d. Thus Xl = Xo + sm' + rm and Xl is equivalent to Xo + sm'. 
This completes the proof. D 

As an example, let us consider the congruence 6x == 3 (15) once more. We 
first solve 6x - 15y = 3. Dividing by 3, we have 2x - 5y = 1. x = 3, y = 1 
is a solution. Thus Xo = 3 is a solution to 6x == 3 (15). Now, m = 15 and 
d = 3 so that m' = 5. The three inequivalent solutions are 3, 8, and 13. 

We have two important corollaries. 

Corollary 1. If a and mare relatively prime, then ax == b (m) has one and only 
one solution. 
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PROOF. In this case d = 1 so clearly d I b, and there are d = 1 solutions. O 

Corollary 2. lfp is a prime and a =1= O (p), then ax == b (p) has one and only one 
solution. 

PROOF. Immediate [rom Corollary 1. O 

Corollaries 1 and 2 can be interpreted in terms of the ring Z/mZ. The 
congruence ax == b (m) is equivalent to the equation ax = li over the ring 
Z/mZ. 

What are the units of Z/mZ? a E Z/mZ is a unit iffax = I is solvable. 
ax == 1 (m) is solvable iff d11, i.e., iff a and mare relatively prime. Thus a is a 
unit iff (a, m) = 1, and it follows easily that there are exact1y cjJ(m) units in 
Z/mZ [see page 20 for the definition of cjJ(m)]. 

If p is a prime and a "# o is in Z/pZ, then (a, p) = 1. Thus every nonzero 
element of Z/pZ is a unit, which shows that Z/pZ is a field. 

Ifm is not a prime, then m = mIm2, where O < mI' m2 < m. Thus mI "# O, 
m2 "# 0, but m1m2 = mlm2 = m = O. Therefore Z/mZ is not a field. 

Summarizing we have 

Proposition 3.3.2. An element a of Z/mZ is a unit ţtr (a, m) = 1. There are 
exactly cjJ(m) units in Z/mZ. Z/mZ is afield iffm is a prime. 

Corollary 1 (Euler's Theorem). lf(a, m) = 1, then a<p(m) == 1 (m). 

PROOF. The units in Z/mZ form a group of order cjJ(m). If (a, m) = 1, a is a 
unit. Thus a<P(m) = lor a<P(m) == 1 (m). O 

Corollary 2 (Fermat's Little Theorem). lf p is a prime and p,r a, then aP- 1 == 
1 (p). 

PROOF. If p,r a, then (a, p) = 1. Thus a<p(P) == 1 (p). The result follows, since 
for a prime p, cjJ(p) = p - 1. O 

It is possible to generalize many of the results in this sec'lion to principal 
ideal domains. 

The notions of congruence and residue class can be carried over to an 
arbitrary commutative ring. The first part of Proposition 3.3.1 is valid in a 
PID; i.e., ax == b (m) has a solution iff d I b and the solution is unique iff a 
and mare relatively prime. The only difference is that the number of solutions 
need not be finite. In any case, using this result one proves in analogy to part 
of Proposition 3.3.2 that if R is a PID and m E R is not zero or a unit, then 
R/(m) is a field iff m is a prime. 

In particular, if k is a field, then k[x]/(f(x» is a field ifff(x) is irreducible. 
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§ 4 The Chinese Remainder Theorem 

When the modulus m of a congruence is composite it is sometimes possible 
to reduce a congruence modulo m to a system of simpler congruences. The 
main theorem of this type is the so-called Chinese remainder theorem 
(Theorem 1), which we prove be1ow. This theorem is valid for any PID (in 
fact, even more generally). However, we shall continue to work in 7l. and leave 
to the reader the relatively simple exercise of carrying over the proof for 
PID's. 

Lemma 1. lf al' ... ' a, are aU relatively prime to m, then so is a1a2 ... a,. 

PROOF. ai E 7l.1m71. is a unit. Thus so is a1a2 ... a, = a1a2 ... a,. By Proposition 
3.3.2, a1a2 ... a, is re1atively prime to m. O 

Another proof goes as follows. If al az ... at was not prime to m, there 
would be a prime p that divides them both. pla1az ... at implies that plai for 
some i. It follows that (ai' m) =f. 1, which contradicts the hypothesis. 

Lemma 2. Suppose that al' ... , at aU divide n and that (ai' a) = 1 for i =f. j. 
Then al az ... at divides n. 

PROOF. The proof is by induction on t. If t = 1, there is nothing to do. Sup
pose that t> 1 and that the lemma is true for t - 1. Then a1aZ ••• at - 1 

divides n. By Lemma 1, at is prime to al az ... at- 1. Thus there are integers r 
and s such that rat + sa 1aZ ••• at- 1 = 1. Multiply both sides by n. Inspection 
shows that the left-hand side is divisible by a1a2 ... at and the re suIt follows. 

O 

Theorem 1 (Chinese Remainder Theorem). Suppose that m = m1mz ... mt 
and that (mi' m) = 1 for i =f. j. Let b1, bz , ... , bt be integers and consider the 
system of congruences: 

x == b1 (m 1), x == bz (mz), ... , x == bt (mt). 

This system always has solutions and any two solutions differ by a multiple 
ofm. 

PROOF. Let ni = mlmi. By Lemma 1, (mi' n;) = 1. Thus there are integers ri and 
Si such that rimi + Sini = 1. Let ei = Sini· Then ei == 1 (mi) and ei == O (m) 
for j =f. i. 

Set Xo = I:= 1 biei· Then we have Xo == biei (mi) and consequently 
X o == b i (m;). X o is a solution. 

Suppose that Xl is another solution. Then Xl - Xo == O (m;) for i = 

1,2, ... , t. In other words, m1, mz, ... , mt divide Xl - Xo. By Lemma 2, 
m divides Xl - Xo. O 



§4 The Chinese Remainder Theorem 35 

We wish to interpret Theorem 1 from a ring-theoretic point of view. If 
Rl' R2' ... , Rn are rings, then R 1 EB R2 EB ... EB Rn = S, the direct sum of 
the Ri' is defined to be the set of n-tuples (r 1, r2' .. . , rn) with r i ERi. Addition 
and multiplication are defined by (r 1 , r2, ... , rn) + (r~, r~, ... , r~) = (r 1 + 
r~, ... , rn + r~) and (r 1, r2, ... , rn)· (r'l' r~, ... , r~) = (rlr~, r2r~, ... , rnr~). 
The zero element is (O, O, ... , O) and the identity is (1,1, ... ,1). U E S is a unit 
iff there is a VE S such that uv = 1. If U = (U 1, ••• , un) and v = (VI, ... , Vn), 
then uv = 1 implies that UiVi = 1 for i = 1, ... , n. Thus Ui is a unit for each i. 
Conversely, if Ui is a unit for each i, then U = (Ul' U2' ... , un) is a unit. For a 
ring R we denote the group ofunits by U(R). U(R I ) x U(R2) X .•. x U(Rn) 
is the set of n-tuples (Ul' U2' ... , un), where Ui ERi. This is a group under 
component-wise multiplication. We have shown 

Proposition 3.4.1. IfS = R1 EB R2 EB ... EB Rn, then U(S) = U(R 1) X U(R2) 
X U(R 3) X ..• x U(Rn). 

Let mI' m2' ... , mt be pairwise relatively prime integers. t/li will denote the 
natural homomorphism from Z to Z/miZ. We construct a map t/I from Z to 
Z/m1ZEBZ/m2ZEB···EBZ/mt Z as folIows: t/I(n) = (t/ll(n), t/lin), ... , 
t/lt(n» for alI nE Z. It is easy to check that t/I is a ring homomorphism. What 
are the kernel and image of t/I? 

(5" 52 , ••• , 5t) = t/I(n) iff t/I;(n) = 5i for i = 1, ... , t; i.e., n == bi (mi) for 
i = 1, ... , t. The Chinese Remainder Theorem assures us that such an n 
always exists. Thus t/I is onto. 

t/I(n) = O iff n == O (mi), i = 1, ... , t, iff n is divisible by m = mlm2 ... mI" 
This is immediate from Lemma 2. Thus the kernel of t/I is the ideal mZ. 

We have shown 

Theorem 1'. The map t/I induces an isomorphism between Z/mZ and Z/mlZ EB 
Z/m2 Z EB··· EB Z/mtZ. 

CoroDary. U(Z/mZ) ~ U(Z/m 1Z) x U(Z/m2Z) x ... x U(Z/YnrZ). 

PROOF. Immediate from Theorem l' and Proposition 3.4.1. D 

Both sides of the isomorphism in the above corolIary are finite groups. 
The order ofthe left-hand side is <J>(m) and the order ofthe right-hand side is 
<J>(mI )<J>(m2) ... <J>(mt)· Thus <J>(m) = <J>(ml)<J>(m2) ... <J>(mt)· 

Let m = p~lp'? ... p~t be the prime decomposition of m. We have <J>(m) = 
<J>(p~1)<J>(P22) ... <J>(p~t). For a prime power, pa, <J>(pa) = pa - pa-I, because 
the numbers less than pa and prime to pa are prime to p. Since pa/p = pa-l 
numbers less than pa are divisible by p, pa - pa- 1 numbers are prime to p. 
Notice that pa - pa-l = pa(l - lip). It folIows that <J>(m) = m n (1 - lip). 
We proved this formula in Chapter 2 in a different manner. 
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Let us summarize. In treating a number of arithmetical questions, the 
notion of congruence is extremely useful. This notion led us to consider the 
ring 7L/m7L and its group ofunits U(7L/m7L). To go more deeply into the struc
ture of these algebraic objects we write m = p~l p~2 ... p~t and are led, via the 
Chinese Remainder Theorem, to the following isomorphisms: 

7L/m7L ~ 7L/p~'7L Ee 7L/P'î27L Ee ... Ee 7L/p~t7L, 

U(7L/m7L) ~ U(7L/p~'7L) x U(7L/P'î27L) x ... x U(7L(p~t7L). 

For prime powers it is possible to push the investigat ion much further. 
This is the subject of Chapter 4. 

NOTES 

It would be useful for the re ader to consult other treatments of the basic 
material given here. See, for example, the very readable book of Davenport 
[22] and (again) Hardy and Wright [40]. See also Niven and Zuckerman 
[61], T. Nagell [60], E. Landau [52] and Vinogradov [77]. 

An in tere sting discussion of the various possible ways of arranging this 
material can be found in P. Samuel, "Sur l'organization d'un cours 
d'arithmetique," L'Enseignment Math., 13, (1967), 223-231. A more advanced 
discussion of congruences is given in the first chapter of Borevich and 
Shafarevich [9]; this book also shows how the theory of congruences is 
useful in determin ing whether equations can be solved in integers. We 
mention also the beautiful treatment by J. P. Serre [69]. 

Historically the notion of congruences was first introduced and used 
systematically in Gauss' Disquisitiones Arithmeticae. The notion of con
gruence is a wonderful example of the usefulness of employing the "right" 
notation. 

As far as the Chinese Remainder Theorem is concerned we note that 
Hardy and Wright [40] note that R. Bachman [4] notes that Sun Tsu was 
aware of this result in the first century A.D. The theorem is capable of vast 
generalizations. Properly formulated it holds in any ring with identity. 
Surprisingly it is no more difficult to prove in general than in the special 
case we have given (see Proposition 12.3.1). 

EXERCISES 

1. Show that there are infinitely many primes congruent to - 1 modulo 6. 

2. Construct addition and multiplication tab les for lLj5lL, lLj8lL, and lLjlOlL. 

3. Let abc be the decimal representation for an integer between 1 and 1000. Show that 
abc is divisible by 3 iff a + b + c is divisible by 3. Show that the same result is true if 
we replace 3 by 9. Show that abc is divisible by 11 iff a - b + c is divisible by 11. 
Generalize to any number written in decimal notation. 
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4. Show that the equation 3x2 + 2 = l has no solution in integers. 

5. Show that the equation 7x3 + 2 = y3 has no solution in integers. 

6. Let an integer n > O be given. A set of integers al> a2' •.. , al/>(n) is called a reduced 
residue system modulo n if they are pairwise incongruent modulo n and (ai' n) = 1 
for ali i. If(a, n) = 1, prove that aal> aa2' .•. , aal/>(n) is again a reduced residue system 
modulo n. 

7. Use Exercise 6 to give another proof of Euler's theorem, al/>(n) == 1 (n) for (a, n) = 1. 

8. Let p be an odd prime. If k E {1, 2, ... , p - 1}, show that there is a unique bk in this 
set such that kbk == 1 (P). Show that k * bk unless k = 1 or k = p - 1. 

9. Use Exercise 7 to prove that (p - 1)! == -1 (P). This is known as Wilson's theorem. 

10. Ifn is not a prime, show that (n - 1)! == O (n), except when n = 4. 

11. Let al> a2, ... , al/>(n) be a reduced residue system modulo n and let N be the number of 
solutions to x2 == 1 (n). Prove that a l a2 ... al/>(n) == (_1)N/2 (n). 

12. Let (~) = p !j(k!(P - k)!) be a binomial coefficient, and suppose that p is a prime. 

If 1 :;; k :;; p - 1, show that p divides (~). Deduce (a + l)P == aP + 1 (P). 

13. Use Exercise 12 to give another proof of Fermat's theorem, ap-I == 1 (P) if p k a. 

14. Let p and q be distinct odd primes such that p - 1 divides q - 1. If (n, pq) = 1, 
show that nq - I == 1 (pq). 

15. For any prime p show that the numerator of 1 + t + t + ... + lip - 1 is divisible 
by p. (Hint: Make use of Exercises 8 and 9.) 

16. Use the proof of the Chinese Remainder Theorem to solve the system x == 1 (7), 
x == 4 (9), x == 3 (5). 

17. Let f(x) E Z[x] and n = p~lp'i' . .. p~t. Show that f(x) == O (n) has a solution iff 
f(x) == O (Pf') has a solution for i = 1, 2, ... , t. 

18. Let N be the number of solutions to f(x) == O (n) and Ni be the number of solutions 
to f(x) == O (Pf'). Prove that N = N IN 2··· N,. 

19. If p is an odd prime, show that 1 and -1 are the only solutions to x 2 == 1 (p"). 

20. Show that x 2 == 1 (2b) has one solution if b = 1, two solutions if b = 2, and four 
solutions if b ~ 3. 

21. Use Exercises 18-20 to tind the number of solutions to x 2 == 1 (n). 

22. Formulate and prove the Chinese Remainder Theorem in a principal ideal domain. 

23. Extend the notion of congruence to the ring Z[i] and prove that a + bi is always 
congruent to O or 1 modulo 1 + i. 

24. Extend the notion of congruence to the ring Z[w] and prove that a + bw is always 
congruent to either -1, 1, or O modulo 1 - w. 
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25. Let.A. = 1 - ro E Zero]. IfIX E Zero] and IX == 1 (A), prove that 1X 3 == 1 (9). (Hint: Show 
first that 3 = _ro2 A2.) 

26. UseExercise25toshowthatif~,11,'EZ[ro]arenotzeroand~3 + 113 + ,3 = O,then 
A divides at least one of the elements ~, 11, ,. 



Chapter 4 

The Structure of U(7L/n7L) 

Having introduced the notion of congruence and discussed 
some of its properties and applications we shall now go 
more deeply into the subject. The key result is the existence 
of primitive roots modulo a prime. This theorem was used 
by mathematicians before Gauss but he was the jirst to 
give a proof In the terminology introduced in Chapter 3 
the existence of primitive roots is equivalent to the fact 
that U(7L/p7L) is a cyclic group when p is a prime. Using 
this fact we shall jind an explicit description of the group 
U(7L/nZ) for arbitrary n. 

§1 Primitive Roots and the Group Structure 
of U(7L/n7L) 

If n = pîlp~2 ... pi', then, as was shown in Chapter 3, U(Z/n7L) ~ U(7L/pî'Z) 
x ... X U(Z/pi'Z). Thus to determine the structure of U(Z/nZ) it is sufficient 
to consider the case U(Z/paz), where p is a prime. We begin by considering 
the simplest case, U(Z/pZ). 

Since Z/pZ is a field, it will be helpful to have available the following 
simple lemma about fields. 

Lemma 1. Let f(x) E k[x], k afleld. Suppose that deg f(x) = n. Then f has at 
most n distinct roots. 

PROOF. The proof goes by induction on n. For n = 1 the assertion is trivial. 
Assume that the lemma is true for polynomials of degree n - 1. If f(x) 
has no roots in k, we are done. If a is a root, f(x) = q(x)(x - a) + r, where r 
is a constant. Setting x = a we see that r = O. Thus f(x) = q(x)(x - a) 
and deg q(x) = n - 1. If 13 =1 a is another root of f(x), then O = f(f3) = 
(13 - a)q(f3), which implies that q(f3) = O. Since by induction q(x) has at 
most n - 1 distinct roots,J(x) has at most n distinct roots. O 

Corollary. Let f(x), ţ)(x) E k[x] and degf(x) = deg g(x) = n. lf f(a i) = 

g(ai)for n + 1 distinct elements al' a2' ... , an' an+ l' thenf(x) = g(x). 

PROOF. Apply the lemma to the polynomialf(x) - g(x). o 

39 
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Proposition 4.1.1. xp - 1 - 1 == (x - 1)(x - 2)· .. (x - p + 1) (P). 

PROOF. If ti denotes the residue class of an integer a in 7L/p7L, an equivalent 
wayofstatingthepropositionisxP - 1 - T = (x - T)(x - 2)· .. (x - (p - 1» 
in 7L/p7L[x]. Let f(x) = (XP-l - 1) - (x - 1)(x - 2) ... (x - (p - 1). f(x) 
has degree less than p - 1 (the leading terms cancel) and has the p - 1 roots 
T, 2, ... , p - 1 (Fermat's Little Theorem). Thusf(x) is identically zero. O 

Corollary. (p - 1)! == -1 (p). 

PROOF. Set x = O in Proposition 4.1.1. o 

This result is known as Wilson's theorem. It is not hard to prove that if 
n > 4 is not prime, then (n - 1)! == O (n) (see Exercise 10 of Chapter 3). 
Thus the congruence (n - 1)! == -1 (n) is characteristicfor primes. We shall 
make use of Wilson's theorem later when discussing quadratic residues. 

Proposition 4.1.2. lf dlp - 1, then xd == 1 (p) has exactly d solutions. 

PROOF. Let dd' = p - 1. Then 

xP- 1 - 1 (xdl - 1 . . 
d 1 = d 1 =(Xd)d-l+(Xd)d-2+···+ Xd+l=g(x). 

x - x -

Therefore 

x p - 1 - 1 = (xd - l)g(x) 

and 

XP-l - T = (xd - T)g(x). 

If xd - T had less than d roots, then by Lemma 1 the right-hand side would 
have less than p - 1 roots. However, the left-hand side has the p - 1 roots 
T, 2, ... , p=1. Thus xd == 1 (P) has exactly d roots as asserted. O 

Theorem 1. U(7L/p7L) is a cyclic group. 

PROOF. For dlp - Ilet tjJ(d) be the number of elements in U(7L/p7L) of order 
d. By Proposition 4.1.2 we see that the elements of U(7L/p7L) satisfying 
xd == T form a group of order d. Thus Lcld tjJ(c) = d. Applying the Mobius 
inversion theorem we obtain tjJ(d) = Lcld Jl(c)d/c. The right-hand side of this 
equation is equal to </>(d), as was seen in the proof of Proposition 2.2.5. 
In particular, tjJ(p - 1) = </>(p - 1), which is greater than 1 if p> 2. Since 
the case p = 2 is trivial, we have shown in all cases the existence of an element 
[in fact, </>(p - 1) elements] of order p - 1. O 

Theorem 1 is of fundamental importance. It was tirst proved by Gauss. 
After giving some new terminology we shall outline two more proofs. 
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Definition. An integer a is called a primitive root mod p if li generates the 
group U(7L/p7L). Equivalently, a is a primitive root mod p if p - 1 is the 
smallest positive integer such that aP-1 == 1 (P). 

As an example, 2 is a primitive root mod 5, since the least positive residues 
of 2,22,23, and 24 are 2, 4,3, and 1. Thus 4 = 5 - 1 is the smallest positive 
integer such that 2" == 1 (5). 

For p = 7,2 is not a primitive root since 23 == 1 (7), but 3 is since 3, 32, 

33, 3\ 35, and 36 are congruent to 3, 2, 6, 4, 5, and 1 mod 7. 
Although Theorem 1 shows the existence of primitive roots for a given 

prime, there is no simple way offinding one. For small primes trial and error 
is probably as good a method as any. 

A celebrated conjecture of E. Artin states that if a > 1 is not a square, then 
there are infinitely many primes for which a is a primitive root. Some progress 
has been made in recent years, but the conjecture still seems far from resolu
tion. See [35]. 

Because of its importance, we outline two more proofs of Theorem 1. The 
reader is invited to fill in the details. 

Let p - 1 = q11q~2 ... q:' be the prime decomposition of p - 1. Consider 
the congruences 

(1) Xqf,-l == 1 (p). 
(2) xqfi == 1 (p). 

Every solution to congruence 1 is a solution of congruence 2. Moreover, 
congruence 2 has more solutions than congruence 1. Let gi be a solution to 
congruence 2 that is not a solution to congruence 1 and set 9 = glg2 ... gt. 
iii generates a subgroup of U(7L/p7L) of order q'f'. It follows that ii generates a 
subgroup of U(Z/pZ) of order q~lq~2 ... q~t = P - 1. Thus 9 is a primitive 
root and U(7L/p7L) is cyclic. 

Finally, on group-theoretic grounds we can see that I/I(d) ::;; tjJ(d) for 
dlp - 1. BothLdlp-1 I/I(d)and~Ip-1 tjJ(d) are equalto p - 1.Itfollowsthat 
I/I(d) = tjJ(d) for all dlp - 1. In particular, I/I(P - 1) = tjJ(p - 1). For p > 2, 
tjJ(p - 1) > 1, implying that I/I(p - 1) > 1. The result follows. 

The notion of primitive root can be generalized somewhat. 

Definition. Let a, ne 7L. a is said to be a primitive root mod n ifthe residue class 
of a mod n generates U(7L/n7L). It is equivalent to require that a and n be 
relatively prime and that tjJ(n) be the smallest positive integer such that 
a4>(II) == 1 (n). 

In general, it is not true that U(7L/n7L) is cyclic. For example, the elements 
of U(7L/87L) are I, J, 3, 7, and P = I, 32 = I, 32 = I, 72 = I. Thus there is 
no element of order 4 = tjJ(8). It follows that not every integer possesses 
primitive roots. We shall shortly determine those integers that do. 



42 4 The Structure of U(Z/nZ) 

Lemma 2. lf p is a prime and 1 $; k < p, then the binomial coefficient m is 
divisible by p. 

PROOF. We give two proofs. 

(a) By definition 

(~) = k! (:~ k)! so that p! = k! (p - k)! (~). 

Now, p divides p!, but p does not divide k! (p - k)! since this expression 
is a product of integers less than, and thus relatively prime to p. Thus p 

divides m. 
(b) By Fermat's Little Theorem ar1 == 1 (p) if p,r a. It foUows that aP == 

a (p) for aU a. In particular, (1 + a)p == 1 + a == 1 + aP (p) for aU a. 
Thus (1 + x)p - 1 - xP == O (p) has p solutions. Since the polynomial 
has degree less than p it foUows from the coroUary to Lemma 1 that 
(1 + x)p - 1 - x P is identicaUy zero in 1"/p1"[x] 

(1 + x)P - 1 - x P = I P xk• 
p-1 ( ) 
k= 1 k 

Thus (D = O for 1 $; k $; p - 1, implying that pl(D. The only interest 
in this proof is that we do not assume any information on (D. O 

Lemma 3. lf 1 ~ 1 and a == b (pl), then aP == bP (pl + 1). 

PROOF. We may write a = b + Cpl, CE 1". Thus aP = bP + (Dbr1cpl + A, 
where A is an integer divisible by pl+2. The second term is clearly divisible 
by pl+1. ThusaP == bP(pl+1). O 

Corollary 1. lf 1 ~ 2 and p #- 2, then (1 + ap)pl- 2 == 1 + apl-1 (pl) for ali 
a E 1". 

PROOF. The proof is by induction on 1. For 1 = 2 the assertion is trivial. 
Suppose that it is true for some 1 ~ 2. We show that it is then true for 1 + 1. 
Applying Lemma 3 we obtain 

(1 + ap)P'-1 == (1 + apl-1)p (pl+1). 

By the binomial theorem 

(1 + apl-1)p = 1 + (~)apl-1 + B, 

where B is a sum of p - 2 terms. Using Lemma 2 it is easy to see that aU these 
terms are divisible by p1 + 2(1-1) except perhaps for the last term, aPpP(I-l). 
Since 1 ~ 2, 1 + 2(1 - 1) ~ 1 + 1, and since also p ~ 3, p(l - 1) ~ 1 + 1. 
Thuspl+1IBand(1 + ap)pl-I == 1 + apl(pl+1),whichisasrequired. O 



§ 1 Primitive Roots aud the Group Structure of U(7L/n7L) 43 

Before starting a second corollary we need a definition. 

Definition. Let a, n E 7L and (a, n) = 1. We say a has order e mod n if e is the 
smallest positive integer such that ae == 1 (n). This is equivalent to saying 
that Zi has order e in the group U(7L/n7L). 

Corollary 2. If p =f. 2 and p,r a, then pl-l is the order of 1 + ap mod pl. 

PROOF. By Corollary 1, (l + ap)P'-l == 1 + apl (pl+l), implying that (l + 
ap )p'- 1 == 1 (pl) and thus that 1 + ap has order dividing pl- 1. (1 + ap )pl- 2 == 
1 + apl-l (pl) shows that pl- 2 is not the order of 1 + ap (it is here we use the 
hypothesis p,r a). The result follows. D 

We are now in a position to extend Theorem 1. It turns out that we shall 
have to treat the prime 2 separately from the odd primes. The necessity of 
treating 2 different1y from the other primes occurs repeatedly in number 
theory. 

Theorem 2. If p is an odd prime and 1 E 7L +, then U(7L/pl7L) is cyclic; i.e., there 
exist primitive roots mod pl. 

PROOF. By Theorem 1 there exist primitive roots mod p. If 9 E 7L is a primitive 
root mod p, then so is 9 + p. If grI == 1 (p2), then (g + p)r 1 == grI + 
(p - 1)gP-2p == 1 + (p - 1)gP-2p (p2). Since p2 does not divide (p - 1) 
x gr 2p we may assume from the beginning that 9 is a primitive root mod p 
and that gr 1 *- 1 (p2). 

We claim that such a 9 is already a primitive root mod pl. To prove this it 
is sufficient to prove that if g" == 1 (pl), then <p(pl) = pl-l (p - l)ln. 

gr 1 = 1 + ap, where p l' a. By Corollary 2 to Lemma 3, pl- 1 is the order 
of 1 + ap mod pl. Since (1 + ap)" == 1 (pl) we have pl-lln. 

Let n = pl- 1 n'o Then g" = (gpl- ')"' == g"' (p), and therefore g"' == 1 (p). 
Since 9 is a primitive root mod p, p - 11 n'o We have proved that 
pl-l(p _ 1) I n, as required. D 

Theorem 2'. 21 has primitive roots for 1 = 1 or 2 but not for 1 ~ 3. If 1 ~ 3, then 
{( - 1 t5b I a = 0, 1 and ° ~ b < 21- 2} constitutes a reduced residue system 
mod 21• It follows that for 1 ~ 3, U(7L/27L) is the direct product of two cyclic 
groups, one of order 2, the other of order 21- 2. 

PROOF. 1 is a primitive root mod 2, and 3 is a primitive root mod 4. From now 
on let us assume that 1 2 3. 

We claim that (1) 521 - 3 == 1 + 21- 1 (21). This is true for 1 = 3. Assume that 
it is true for 1 ~ 3 and we shall prove it is true for 1 + 1. First notice that 
(l + 21- 1? = 1 + t + 221 - 2 and that 21- 2 ~ 1 + 1 for 1 ~ 3. Applying 
Lemma 3 to congruence (1), we get (2) 521 - 2 == 1 + 21 (21+ 1). Our claim is 
now established by induction. 
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From (2) we see that 521 - 2 = 1 (2'), whereas from (1) we see that 521 - 3 =/;. 
1 (2'). Thus 2'-2 is the order of 5 mod 2'. 

Consider the set {( -1)"5b la = 1, 2 and O ~ b < 2'-2}. We c1aim that 
these 2'-1 numbers are incongruent mod 2'. Since cp(2') = 2'-1 this will 
show that our set is in fact a reduced residue system mod 2'. 

If (_1)"5b = (_1)"'5b' (2'), 1 ~ 3, then (-1)" = (-1)"' (4), implying that 
a = a' (2). Thus a = a'. Going further, a = a' implies that 5b = 5b'(2') or that 
5b - b' = 1 (2'). Therefore, b = b' (2'-2), which yields b = b'. 

Finally, notice that (_1)"5b raised to the 2'-2 power is congruent to 1 
mod 2'. Thus 2' has no primitive roots if 1 ~ 3. O 

Consider the situation mod 8. 1, 3, 5, and 7 constitute a reduced residue 
system. We have 5° = 1,51 = 5, _5° = 7, and _51 = 3. Table 1 represents 
the situation mod 16. The second row contains the least positive residues of 
the powers of 5, and the third row those of the negative powers of 5. 

+ 1 
15 

Table 1 

5 
11 

9 
7 

13 
3 

Theorems 2 and 2' permit us to give a fairly complete description of the 
group U(lL/nlL) for arbitrary n. 

Theorem 3. Let n = 2"p~'p~2 ... pjl be the prime decomposition ofn. Then 

U(7L/n7L) ~ U(7L/2"7L) x U(7L/p~'7L) x ... x U(7L/p7'7L). 

U(Z/pj;7L) is a cyclic group of order pj;-I(Pi - 1). U(Z/2"Z) is cyclic of order 
1 and 2 for a = 1 and 2, respectively. lf a ~ 3, then it is the product of two 
cyclic groups, one of order 2, the other of order 2"- 2. 

PROOF. Theorems 2, 2', and Theorem l' ofChapter 3. o 

We conc1ude this section by giving an answer to the question of which 
integers possess primitive roots. 

Proposition 4.1.3. n possesses primitive roots iffn is oftheform 2, 4, p", or 2p", 
where p is an odd prime. 

PROOF. By Theorem 2' we can assume that n =F 2', 1 ~ 3. Ifn is not ofthe given 
form, it is easy to see that n can be written as a product mi m2' where (mi' m2) 
= 1 and mi' m2 > 2. We then have that cp(md and cp(m2) are both even and 
that U(7L/n7L) ~ U(7L/ml7L) x U(7L/m27L). Both U(7L/ml7L) and U(7L/m27L) 
have elements of order 2, but this shows that U(7L/n7L) is not cyc1ic since a 
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cyclic group contains at most one element of order 2. Thus n does not possess 
primitive roots. 

We already know that 2, 4, and pa possess primitive roots. Since U(7L/2pa7L) 
~ U(7L/27L) x U(7L/pa7L) ~ U(7L/pa7L) it follows that U(7L/2pa7L) is cyclic; 
i.e., 2pa possesses primitive roots. O 

§2 nth Power Residues 

Definition. If m, nE 7L+, a E 7L, and (a, m) = 1, then we say that a is an nth 
power residue mod m if x" == a (m) is solvable. 

Proposition 4.2.1. Ii m E 7L + possesses primitive roots and (a, m) = 1, then a is 
an nth power residue mod m iff a<!>(ml/d == 1 (m), where d = (n, cfJ(m». 

PROOF. Let g be a primitive root mod m and a = l, x = gY. Then the con
gruence x" == a (m) is equivalent to g"Y == gb (m), which in turn is equivalent 
to ny == b (cfJ (m». The latter congruence is solvable iff dlb. Moreover, it is 
useful to notice that if there is one solution, there are exact1y d solutions. 

If dlb, then a<!>(ml/d == l<!>(ml/d == 1 (m). Conversely, if a<!>(ml/d == 1 (m), then 
gb<!>(ml/d == 1 (m), which implies that cfJ(m) divides bcfJ(m)/d or d I b. This proves 
the result. O 

The proof yields the following additional information. If x" == a (m) is 
solvable, there are exactly (n, cfJ(m» solutions. 

Now suppose that m = 2ep11 ••• pir. Then x" == a (m) is solvable iff the 
system of congruences 

x" == a (2e), x" == a (Pi'), ... , x" == a (Pj') 

is solvable. Since odd prime powers possess primitive roots we may apply 
Proposition 4.2.1 to the last 1 congruences. We are reduced to a consideration 
of the congruence x" == a (2e). Since 2 and 4 possess primitive roots we may 
further assume that e ~ 3. 

Proposition 4.2.2. Suppose that a is odd, e ~ 3, and consider the congruence 
x" == a (2e). Ii n is odd, a solution always exists and it is unique. 

lf n is even, a solution exists iff a == 1 (4), a2o - 2
/d == 1 (2e), where d = 

(n, 2e - 2). When a solution exists there are exactly 2d solutions. 

PROOF. We leave the proof as an exercise. One begins by writing a == ( -1)'5' 
(2e) and x == ( - 1 )Y5z (2e). O 

Propositions 4.2.1 and 4:2.2 give a fairly satisfactory answer to the ques
tion; When is an integer a an nth power residue mod m? It is possible to go 
a bit further in some cases. 
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Proposition 4.2.3. 1 f P is an odd prime, p -1' a, and p -1' n, then if xn == a (P) is 
solvable, so is xn == a (pe) for ali e ~ 1. All these congruences have the same 
number of solutions. 

PROOF. If n = 1, the assertion is trivial, so we may assume n ~ 2. Suppose 
that xn == a (pe) is solvable. Let Xo be a solution and set Xl = Xo + bpe. A 
short computation shows xi == xO + nbpex"o-l (pe + 1). We wish to solve 
xi == a (pe+ 1). This is equivalent to finding an integer b such that nx"o-lb == 
«a - x"o)/pe)(p). Notice that (a - x"o)/pe is an integer and that p-l'nx"o-l. 
Thus this congruence is uniquely solvable for b, and with this value of b, 
xi == a (pe + 1). 

If X n == a (P) has no solutions, then xn == a (pe) has no solutions. On the 
other hand, if xn == a (P) has a solution, so do alI the congruences xn == a (pe), 
as we have just seen. By the remark folIowing Proposition 4.2.1 the number 
of solutions to xn == a (pe) is (n, 4> (pe» provided one solution exists. If p -1' n, it 
is easy to see that (n, 4> (P» = (n, 4> (pe» for alI e ~ 1. This concludes the 
~~ O 

As usual the result for the powers of 2 is more complicated. 

Proposition 4.2.4. Let 21 be the highest power of2 dividing n. Suppose that a is 
odd and that x n == a (221 + 1) is solvable. Then xn == a (2e) is solvable for ali 
e ~ 21 + 1 (and consequently for aU e ~ 1). Moreover, ali these congruences 
ha ve the same number of solutions. 

PROOF. We leave the proof as an exercise. One begins by assuming that 
xn == a (2m), m ~ 21 + 1, has a solution Xo. Let Xl = Xo + b2m - l • One shows, 
by an appropriate choice of b, that xi == a (2m + 1). O 

Notice that x 2 == 5 (22) is solvable (for example, x = 1) but that x 2 == 
5 (23) is not. On the other hand, one can prove easily from the proposition 
that if a == 1 (8), then x2 == a (2e) is solvable for all e and conversely. 

NOTES 

Lemma 1 and its important consequence, Proposition 4.1.1, are due to 
J. Lagrange (1768). 

Fermat's theorem [that aP - l == 1 (P) if p -1' a] was first proved by Euler. 
Wilson's theorem was stated by E. Waring and proved by Lagrange. 

The important result on the existence of primitive roots modulo a prime 
was asserted by Euler and, as we have mentioned, was first proved by Gauss. 
The proofs of this result can be modified to prove the more general assertion 
that a finite subgroup of the multiplicative group of a field is cyclic, i.e., is 
generated by one element. 
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There are a number of interesting conjectures related to primitive roots. 
The celebrated conjecture of E. Artin asserts that given an integer a that is 
not a square, and not -1, there are infinitely many primes for which a is a 
primitive root. In the case a = 10 this goes back to Gauss and amounts to 
asserting the existence of infinitely many primes p such that the period of the 
decimal expansion of lip has length p - 1. (See Chapter 4 of Rademacher 
[64] for an introduction to the theory of decimal expansions.) For an excellent 
survey article devoted to the Artin conjecture and related questions, see 
Goldstein [35]. 

Lehmer [54] discovered the following curious result. The fust prime of 
the form 326n2 + 3 for which 326 is not a primitive root must be bigger 
than 10 million. He mentions other results of the same nature. It would be 
interesting to see what is responsible for this strange behavior. 

Given a prime p, what can be said about the size of the smallest positive 
integer that is a primitive root mod p? This problem has given rise to a lot 
of research. One contribution, due to L. K. Hua, is that the number in ques
tion is less than 2m + lpl/2, where m is the number of distinct primes dividing 
p - 1. For a discussion of this problem and a good bibliography, see Erdos 
[31]. For other interesting results and problems see [76] and [12]. 

There exist many invesţigations into the existence of sequences of con
secutive integers each of which is a kth power modulo p. Consider primes of 
the form kt + 1. A basic result due to A. Brauer asserts that if m is a given 
positive integer, then for alI primes p sufficient1y large there are m consecutive 
integers r, r + 1, ... , r + m - 1 alI of which are kth powers modulo p. The 
question of finding the least such r for given p and m is a problem of current 
interest. For this, and a discussion of other open questions in this area, see 
the article by Mills [59]. 

Given a prime p, what can be said about the size of the smallest positive 
integer that is a nonsquare modulo p? An interesting conjecture is the 
following: For a given n the integer in question is smaller than .::/P for all 
sufficiently large p. For more discussion, see P. Erdos [31] and Chapter 3 
of Chowla [18]. 

Finally, we mention that an analog of the Artin conjecture on primitive 
roots has actually been proved in the ring k[x] by H. Bilharz [8]. Bilharz 
proved his theorem under the assumption that the Riemann hypothesis 
holds for the so-called congruence zeta function (see Chapter 11). This was 
actually proved several years later by A. Weil. In recent years C. Hooley was 
able to prove that Artin's orginal conjecture was correct under the assump
tion that the extended Riemann hypothesis holds in algebraic number fields 
[46]. For a discussion of the classical Riemann hypothesis and its conse
quences, see Chowla [18]. No one at present seems to have the slightest idea 
as to how to prove the Riemann hypothesis for number fields so that it seems 
clear that Hooley is not about to have the same good luck that Bilharz 
enjoyed. 
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EXERCISES 

1. Show that 2 is a primitive root modulo 29. 

2. Compute alI primitive roots for p = 11, 13, 17, and 19. 

3. Suppose that a is a primitive root modulo p", p an odd prime. Show that a is a primitive 
root modulo p. 

4. Consider a prime p of the form 4t + 1. Show that a is a primitive root modulo 
p iff - a is a primitive root modulo p. 

5. Consider a prime p of the form 4t + 3. Show that a is a primitive root modulo 
p iff - a has order (p - 1)/2. 

6. If p = 2" + 1 is a Fermat prime, show that 3 is a primitive root modulo p. 

7. Suppose that p is a prime of the form 8t + 3 and that q = (p - 1)/2 is also a prime. 
Show that 2 is a primitive root modulo p. 

8. Let p be an odd prime. Show that a is a primitive root module p iff a(p- l)/q:f= 1 (P) for 
alI prime divisors q of p - 1. 

9. Show that the product of alI the primitive roots modulo p is congruent to ( _l)4>(p-l) 

modulo p. 

10. Show that the sum of alI the primitive roots modulo p is congruent to ţt(p - 1) 
modulo p. 

11. Prove that 1k + 2k + ... + (p - l)k == O (P) if p - Lrk and -1 (P) if p - 11k. 

12. Use the existence of a primitive root to give another proof of Wilson's theorem 
(p - 1)! == -1 (p)' 

13. Let G be a finite cyclic group and g E G a generator. Show that alI the other generators 
are of the form gk, where (k, n) = 1, n being the order of G. 

14. Let A be a finite abelian group and a, bEA elements of order m and n, respectively. 
If (m, n) = 1, prove that ab has order mn. 

15. Let K be a field and G s K* a finite subgroup of the multiplicative group of K. 
Extend the arguments used in the proof of Theorem 1 to show that G is cyclic. 

16. Calculate the solutions to x 3 == 1 (19) and x4 == 1 (17). 

17. Use the fact that 2 is a primitive root modulo 29 to find the seven solutions to 
x 7 == 1 (29). 

18. Solve the congruence 1 + x + x 2 + ... + x 6 == 0(29). 

19. Determine the numbers a such that x 3 == a (p) is solvable for p = 7, 11, and 13. 

20. Let p be a prime and d a divisor of p - 1. Show that the dth powers form a subgroup 
of U(lL/plL) of order (p - 1)/d. Calculate this subgroup for p = 11, d = 5; p = 17, 
d = 4; p = 19, d = 6. 

21. If g is a primitive root modulo p and d I p - 1, show that g(p- l)/d has order d. Show also 
that a is a dth power iff a == ld (p) for some k. Do Exercises 16-20 making use of these 
o bservations. 
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22. If a has order 3 modulo p, show that 1 + a has order 6. 

23. Show that x 2 == -1 (P) has a solution iff p == 1 (4) and that x4 == -1 (P) has a 
solution iff p == 1 (8). 

24. Showthataxm + by" == c(p)hasthesamenumberofsolutionsasaxm' + by"' == c(P), 
where m' = (m, p - 1) and n' = (n, p - 1). 

25. Prove Propositions 4.2.2 and 4.2.4. 



Chapter 5 

Quadratic Reciprocity 

Jfp is a prime, the discussion ofthe congruence x 2 == a (P) 
is fairly easy. It is solvable iff a<P-l)/2 == 1 (p). With this 
fact in hand a complete analysis is a simple matter. 
However, if the question is tumed around, the problem is 
much more dijJicult. Suppose that a is an integer. For 
which primes p is the congruence x 2 == a (p) solvable? 
The answer is provided by the law of quadratic reciprocity. 
This law was formulated by Euler and A. M. Legendre 
but Gauss was the first to provide a complete proof 
Gauss was extremely proud of this result. He called it 
the Theorema Aureum, the golden theorem. 

§1 Quadratic Residues 

If (a, m) = 1, a is called a quadratic residue mod m if the congruence x 2 == 
a (m) has a solution. Otherwise a is called a quadratic nonresidue mod m. 

For example, 2 is a quadratic residue mod 7, but 3 is not. In fact, 12,22, 

32,42,52, and 62 are congruent to 1,4,2,2,4, and 1, respectively. Thus 1,2, 
and 4 are quadratic residues, and 3, 5, and 6 are not. 

Given any fixed positive integer m it is possible to determine the quadratic 
residues by simply listing the positive integers less than and prime to m, 
squaring them, and reducing mod m. This is what we have just done for 
m = 7. 

The following proposition gives a less tedious way of deciding when a 
given integer is a quadratic residue mod m. 

Proposition 5.1.1. Let m = 2ep~' ... pi' be the prime decomposition of m, and 
suppose that (a, m) = 1. Then x 2 == a (m) is solvable iffthefollowing conditions 
are satisfied: 

(a) Ife = 2, then a == 1 (4). 
Ife ~ 3, then a == 1 (8). 

(b) For each i we have a(Pi- 1)/2 == 1 (p;). 

PROOF. By the Chinese Remainder Theorem the congruence x 2 == a (m) is 
equivalent to the system x 2 == a (2e), x 2 == a (p~l), ... , x 2 == a (pf'). 

50 
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Consider x 2 == a (2e ). 1 is the only quadratic residue mod 4, and 1 is the 
only quadratic residue mod 8. Thus we have solvability iff a == 1 (4) if e = 2 
and a == 1 (8) if e = 3. A direct application of Proposition 4.2.4 shows that 
x 2 == a (8) is sol va bIe iff x 2 == a (2e) is solvable for alI e ~ 3. 

Now consider x 2 == a (pii). Since (2, Pi) = 1 it folIows from Proposition 
4.2.3 that this congruence is solvable iff x 2 == a (Pi) is solvable. To this 
congruence apply Proposition 4.2.1 with n = 2, m = p, and d = (n, cp (m)) = 
(2, p - 1) = 2. We obtain that x 2 == a (p;) is solvable iff a(Pi-I)/2 == 1 (p;). 

O 

This result reduces questions about quadratic residues to the correspond
ing questions for prime moduli. In what folIows p will denote an odd prime. 

Definition. The symbol (a/p) will have the value 1 if a is a quadratic residue 
mod p, -1 if a is a quadratic nonresidue mod p, and zero if p I a. (a/p) is called 
the Legendre symbol. 

The Legendre symbol is an extremely convenient device for discussing 
quadratic residues. We shalIlist some of its properties. 

Proposition 5.1.2. 

(a) atP-I)/2 == (a/p) (p). 
(b) (ab/p) = (a/p)(b/p). 
(c) lf a == b (p), then (a/p) = (b/p). 

PROOF. If p divides a or b, alI three assertions are trivial. Assume that p ,r a and 
that p,r b. 

We know that aP-1 == 1 (p); thus (a(P-I)/2 + 1)(a(P-I)/2 - 1) = aP-1 -
1 == O (p). It folIows that a(p-l)/2 == ± 1 (p). By Proposition 5.1.1, a(p-I)/2 == 
1 (p) iff a is a quadratic residue mod p. This proves part (a). 

To prove part (b) we apply part (a). (ab)<P-I)/2 == (ab/p) (p) and (ab)<P-I)/2 
= atp- I)/2b(p-I)/2 == (a/p)(b/p) (p). Thus (ab/p) == (a/p)(b/p) (p), which im
plies that (ab/p) = (a/p)(b/p). 

Part (c) is obvious from the definition. O 

Corollary 1. There are as many residues as nonresidues mod p.* 

PROOF. atP-I)/2 == 1 (p) has (p - 1)/2 solutions. Thus there are (p - 1)/2 
residues and p - 1 - «p - 1)/2) = (p - 1)/2 nonresidues. O 

Corollary 2. The product of two residues is a residue, the product of two 
nonresidues is a residue, and the product of a residue and a nonresidue is a 
nonresidue. 

PROOF. This all follows easily from part (b). o 
* In the remainder ofthis chapter "residues" and "nonresidues" refer to quadratic residues and 
quadratic nonresidues. 
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Corollary 3. (_1)<P-l)/2 = (-l/p). 

PROOF. Substitute a = -1 in part (a). 

5 Quadratic Reciprocity 

o 
Corollary 3 is particularly interesting. Every odd integer has the form 

4k + 1 or 4k + 3. Using this one can restate Corollary 3 as follows: x2 == 
- 1 (p) has a solution iff p is of the form 4k + 1. Thus -1 is a residue of the 
primes 5,13,17,29, ... and a nonresidue ofthe primes 3, 7,11,19, .... The 
reader should check some of these assertions numerically. 

One is led by this result to ask a more general question. If a is an integer, 
for which primes p is a quadratic residue mod p? The answer to this question 
is provided by the law of quadratic reciprocity to whose statement and proof 
we shall soon devote a great deal of attention. 

Corollary 3 enables us to prove that there are infinitely many primes of 
the form 4k + 1. Suppose that Pl' P2' ... ,Pm are a finite set of such primes and 
consider (2PlP2 ... Pm)2 + 1. Suppose that P divides this integer. -1 will 
then be a quadratic residue mod P and thus P will be ofthe form 4k + 1. P is 
not among the Pi since (2PlP2 ... Pm)2 + 1 leaves a remainder of 1 when 
divided by Pi' We have shown that every finite set of primes of the form 
4k + 1 excludes some primes of that form. Thus the set of such primes is 
infinite. 

To return to the theory of quadratic residues, we are now going to intro
duce another characterization of the symbol (a/p) due to Gauss. 

Consider S = { -(p - 1)/2, -(p - 3)/2, ... , -1, 1, 2, ... , (p - 1)/2}. 
This is called the set of least residues mod p. If P ,r a, let Jl. be the number of 
negative least residues ofthe integers a, 2a, 3a, ... , «p - 1)/2)a. For example, 
let P = 7 and a = 4. Then (p - 1)/2 = 3, and 1·4,2·4, and 3·4 are con
gruent to - 3, 1, and - 2, respectively. Thus in this case Jl. = 2. 

Lemma (Gauss' Lemma). (a/p) = (-1)1'. 

PROOF. Let ±ml be the least residue of la, where mi is positive. As 1 ranges 
between 1 and (p - 1)/2, Jl. is clearly the number of minus signs that occur in 
this way. We claim that mi =F mk if 1 =F k and 1 ~ 1, k ~ (p - 1)/2. For, if 
mi = mk' then la == ± ka (p), and since P ,r a this implies that 1 ± k == O (p). 
The latter congruence is impossible since 1 =F k and Il ± k I ~ 111 + I k I ~ 
P - 1. It follows that the sets {1, 2, ... , (p - 1)/2} and {ml' m2' ... , mi} 
coincide. Multiply the congruences 1· a == ±ml (p), 2· a == ±m2 (p), ... , 
«p - 1)/2)a == ±m(p-l)/2 (p). We obtain 

(p; 1)! a(p-l)/2 == (-l)1'(P ; 1)! (p). 

This yields alp- 1)/2 == ( -1)1' (p). By Proposition 5.1.2, a(P-l)/2 == (a/p) (p). 
The result follows. O 

Gauss's lemma is an extremely powerful too1. We shall base our first 
proof of the quadratic reciprocity law on it. Before getting to that, however, 
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we can use it immediately to get a characterization of those primes for which 
2 is a quadratic residue. 

Proposition 5.1.3. 2 is a quadratic residue of primes of the form 8k + 1 and 
8k + 7. 2 is a quadratic nonresidue of primes of the form 8k + 3 and 8k + 5. 
This information is summarized in the formula 

G) = ( _lypLl)/B. 

PROOF. We leave to the reader the task of showing that the formula is equiva
lent to the first two assertions. 

Let p be an odd prime (as usual) and notice that the number J,l is equal to 
the number of elements of the set 2· 1, 2·2, ... , 2· (p - 1)/2 that exceed 
(p - 1 )/2. Let m be determined by the two conditions 2m ~ (p - 1 )/2 and 
2(m + 1) > (p - 1)/2. Then J,l = ((p - 1)/2) - m. 

If p = 8k + 1, then (p - 1)/2 = 4k and m = 2k. Thus J,l = 4k - 2k = 2k 
is even and (2Ip) = 1. 

If p = 8k + 7, then (p - 1)/2 = 4k + 3, m = 2k + 1, and J,l = 4k + 3 -
(2k + 1) = 2k + 2 is even. Thus (2Ip) = 1 in this case as well. 

If p = 8k + 3, then (p - 1)/2 = 4k + 1, m = 2k, and J,l = 4k + 1 - 2k = 
2k + 1 is odd. Thus (2Ip) = -1. 

Finally, if p = 8k + 5, then (p - 1)/2 = 4k + 2, m = 2k + 1, and 
J,l = 4k + 2 - (2k + 1) = 2k + 1 is odd. Thus (2Ip) = -1 and we are done. 

O 

As an example, consider p = 7 and p = 17. These primes are congruent 
to 7 and 1, respectively, mod 8, and indeed 32 == 2 (7) and 62 == 2 (17). On 
the other hand, p = 19 and p = 5 are congruent to 3 and 5, respectively, and 
it is easily checked numerically that 2 is a quadratic nonresidue for both 
pnmes. 

One can use Proposition 5.1.3 to prove that there are infinitely many 
primes of the form 8k + 7. Let Pl' ... ,Pm be a finite collection of such primes, 
and consider (4P1P2 ... Pm)2 - 2. The odd prime divisors of this number 
have the form 8k + 1 or 8k + 7, since for such prime divisors 2 is a quadratic 
residue. Not alI the odd prime divisors can have the form 8k + 1 (prove it). 
Let p be a prime divisor ofthe form 8k + 7. Then p is not in the set {Pl' P2' . .. , 
Pn} and we are done. 

§2 Law of Quadratic Reciprocity 

Theorem 1 (Law of Quadratic Reciprocity). Let P and q be odd primes. Then 

(a) (-lip) = ( _lYP-l)/2. 

(b) (2Ip) = ( _l)<pL l)/B. 

(c) (plq)(qlp) = ( _1)«P-l)/2)(Q-l)/2). 
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We are going to postpone the proofuntil Section 3. In Chapter 6 we shall 
prove the theorem once again from a different standpoint, and also indicate 
something of its history. It is among the deepest and most beautiful results of 
elementary number theory and the beginning of a line of reciprocity theorems 
that culminate in the very general Artin reciprocity law, perhaps the most 
impressive theorem in alI number theory. It would take us far outside the 
compass ofthis book to even state the Artin reciprocity law, but in Chapter 9 
we shall state and prove the laws of cubic and biquadratic reciprocity. 

Parts (a) and (b) of Theorem 1 have already been proven and some of 
their consequences discussed. Let us turn our attention to part (c). 

If either p or q are of theform 4k + 1, then «P - 1 )/2)«q - 1)/2) == 0(2). 
If both p and q are of the form 4k + 3, then «p - 1)/2)«q - 1)/2) == 1 (2). 
This permits us to restate part (c) as folIows: 

(1) If either p or q is of the form 4k + 1, then p is a quadratic residue mod q 
iff q is a quadratic residue mod p. 

(2) If both p and q are of the form 4k + 3, then p is a quadratic residue mod q 
iff q is a quadratic nonresidue mod p. 

As a first application of quadratic reciprocity we show how, in conjunction 
with Proposition 5.1.2, it can be used in numerical computations of the 
Legendre symbol. A single example should suffice to illustrate the method. 

We propose to calculate (79/101). Since 101 == 1 (4) we have (79/101) = 
(101/79) = (22/79). The last step follows from 101 = 22 (79). Further, 
(22/79) = (2/79)(11/79). Now 79 == 7 (8). Thus (2/79) = 1. Since both 11 
and 79 are congruent to 3 mod 4 we have (11/79) = -(79/11) = -(2/11). 
FinalIy 11 == 3 (8) implies that (2/11) = -1. Therefore (79/101) = 1; i.e., 79 
is a quadratic residue mod 101. Indeed, 332 == 79 (101). 

The next application is perhaps more significant. We noticed earlier that 
-1 is a quadratic residue of primes of the form 4k + 1 and that 2 is a quad
ratic residue of primes that are either of the form 8k + 1 or 8k + 7. If a is an 
arbitrary integer, for what primes p is a a quadratic residue mod p? We are 
now in a position to give an answer. To begin with, we consider the case 
where a = q, an odd prime. 

Theorem 2. Let q be an odd prime. 

(a) Ii q == 1 (4), then q is a quadratic residue mod p i.ffp == r (q), where ris a 
quadratic residue mod q. 

(b) Ii q == 3 (4), then q is a quadratic residue mod p i.ff p == ± b2 (4q), where b 
is an odd integer prime to q. 

PROOF. If q == 1 (4), then by Theorem 1 we have (q/p) = (P/q). Part (a) is thus 
clear. 

If q == 3 (4), Theorem 1 yields (q/p) = ( _1)(p-l)/2(p/q). Assume first that 
p == ±b2 (4q), where b is odd. Ifwe take the plus sign, we get p == b2 == 1 (4) 
and p == b2 (q). Thus (_1)(P-l)/2 = 1 and (p/q) = 1, giving (q/p) = 1. If we 
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take the minus sign, then p == _b2 == -1 == 3 (4) and p == _b2 (q). The 
firstcongruenceshowsthat( _1)<P-l)/2 = -1. The second showsthat (pjq) = 
(_b2jq) = (-1jq)(bjq)2 = (-1jq) = -1 since q == 3 (4). Once again we 
have (qjp) = 1. 

To go the other way, assume that (qjp) = 1. We have two cases to deal 
with: 

(1) (_1)<P-l)/2 = -1 and (pjq) = -1. 
(2) (_1)(P-l)/2 = 1 and (pjq) = 1. 

In case 2 we have p == b2 (q) and p == 1 (4). b can be assumed to be odd 
since if it is even we can use b' = b + q instead. If b is odd, then b2 == 1 (4) 
and p == b2 (4) and thus p == b2 (4q), as required. 

In case 1 we have p == 3 (4) and p == _b2 (q). The last congruence follows 
since q == 3 (4) implies that every nonresidue is the negative of a residue 
(prove it). Again, we may assume that b is odd. In that case _b2 == 3 (4) so 
p == - b2 (4) and p == - b2 (4q). This concludes the proof. O 

Take q = 3 as a first illustration. By part (b) of Theorem 2 we must find 
the residues mod 12 ofthe squares of odd integers prime to 3. 12,52, 72, and 
11 2 are alI congruent to 1. Thus 3 is a quadratic residue of primes p congruent 
to ± 1 (12) and a quadratic nonresidue of primes congruent to ± 5 (12). 

Next consider q = 5. Since 5 == 1 (4) we are in the simpler part (a) of 
Theorem 2. 1 and 4 are the residues mod 5, and 2 and 3 the nonresidues. Thus 
5 is a residue of primes congruent to 1 or 4 mod 5 and a nonresidue of primes 
congruent to 2 or 3 mod 5. 

"Numbers congruent to b mod m" and "oombers ofthe form mk + b" are 
shorthand expressions describing the set {b, b ± m, b ± 2m, ... }. This set is 
an arithmetic progression with initial term b and difference m. In our in
vestigations so far we have seen that the answer to the question for which 
primes p is a a quadratic residue' has been for those primes p that occur in a 
certain fixed, finite number of arithmetic progressions. This situation is 
entirely general. Instead of stating this result as a theorem (the statement 
would be very complicated) we shall work out a few numerical examples. 

For a = - 3, (- 3jp) = (-ljp)(3jp). Thus - 3 is a quadratic residue 
mod p if either ( -ljp) = 1 and (3jp) == 1 or (-ljp) = -1 and (3jp) = -1. 

By our previous results the first case obtains when p == 1 (4) and p == 
± 1 (12). If p == -1 (12), then p == -1 (4). The only primes that satisfy 
both congruences are == 1 (12). 

In the Sţ!cond case p == 3 (4) and p == ± 5 (12). If p == 5 (12), then p == 1 (4). 
Thus the only primes that satisfy both these congruences are == - 5 (12). 

Summarizing, - 3 is a quadratic residue mod p iff p is congruent to 1 or 
-5 mod 12. 

Now consider a = 6. Since (6jp) = (2jp)(3jp) we again have two cases: 
(2jp) = 1 and (3jp) = 1 or (2jp) = -1 and (3jp) = -1. The first case holds 
if p == 1, 7 (8) and p == 1, 11 (12). The only two pairs of congruences that are 
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compatible are P == 1 (8) and P == 1 (12), and P == 7 (8) and P = 11 (12). By 
standard techniques (see Chapter 3) the primes satisfying these congruences 
are congruent to 1 or 23 mod 24. 

In the second case we have to consider p == 3, 5 (8) and p == 5, 7 (12). 
Separating these into four pairs of congruences we see that the only solutions 
are congruent to 5 and 19 mod 24. 

Summarizing, 6 is a quadratic residue mod p iff p == 1, 5, 19, 23 (24). 
As a numerical check we see for the primes 73, 5, 19, and 23 that 152 == 

6 (73), 12 == 6 (5), 52 == 6 (19), and 11 2 == 6 (23). 
As a final application of the quadratic reciprocity law we investigate the 

question; if a is a quadratic residue mod all primes p not dividing a, what 
can be said about a? If a is a square, it is a residue for aH primes not dividing a. 
It turns out that the con verse of this statement is true as well. In fact, we shall 
soon prove an even stronger result. First, however, it is necessary to define 
and investigate briefly a new symbol. 

Definition. Let b be an odd, positive integer and a any integer. Let b = 
PIP2 ... Pm, where the Pi are (not necessarily distinct) primes. The symbol 
(a/b) defined by 

(~) = (:J(:J ... (:J 
is called the J acobi symbol. 

The Jacobi symbol has properties that are remarkably similar to the 
Legendre symbol, which it generalizes. A word of caution is useful. (a/b) may 
equal 1 without a being a quadratic residue mod b. For example, (2/15) = 
(2/3)(2/5) = (-1)( -1) = 1, but 2 is not a quadratic residue mod 15. It is 
true, however, that if (a/b) = -1, then a is a quadratic nonresidue mod b. 

Proposition 5.2.1. 

(a) (al/b) = (a2/b) if al == a2 (b). 
(b) (ala2/b) = (adb)(a2/b). 
(c) (a/b l b2) = (a/b l )(a/b2). 

PROOF. Parts (a) and (b) are immediate from the corresponding properties 
ofthe Legendre symbol. Part (c) is obvious from the definition. O 

Lemma. Let r and s be odd integers. Then 

(a) (rs - 1)/2 == «r - 1)/2) + «s - 1)/2) (2). 
(b) (r2s2 - 1)/8 == «r2 - 1)/8) + «S2 - 1)/8) (2). 

PROOF. Since (r - 1)(s - 1) == 0(4) we have rs - 1 == (r - 1) + (s - 1) (4). 
Part (a) follows by dividing by 2. 
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r2 - 1 and S2 - 1 are both divisible by 4. Thus (r2 - 1)(s2 - 1) == 0(16) 
and r2s2 - 1 == (r2 - 1) + (S2 - 1) (16). Part (b) follows upon dividing by 8. 

Corollary. Let r1, r2' ... ' rm be odd integers. Then 

(a) L::"=1 (ri - 1)/2 == (r 1r2 ··· rm - 1)/2 (2). 
(b) L::"= 1 (r? - 1)/8 == (rid· .. r;' - 1)/8 (2). 

D 

PROOF. The proof is a simple induction on m, using the lemma. D 

Proposition 5.2.2. 

(a) (-l/b) = ( _1)(b-1)/2. 
(b) (2/b) = ( _1)(b2- 1)/8. 

(c) lf a is odd and positive as well as b, then 

(~)(~) = (_1)«a-1)/2)«b-l)/2). 

PROOF. 

( -1/b) = (-1/P1)( -1/P2) ... ( -1/Pm) = ( _1)(PI-1)/2 ... ( _1)<Pm- 1)/2 
= (_1)E(Pi- 1)/2. 

By the lemma L: (Pi - 1)/2 == (P1P2 ... Pm - 1)/2 == (b - 1)/2 (2). This 
proves part (a). 

Part (b) is proved in exact1y the same way. 
Now if a = q1q2 ... q" then 

(~)(~) = I]If (;:)(~J = (_l)E,Ej«Q,-1)/2)«pr 1)/2). 

The product and sum range over 1 :5; i :5; 1 and 1 :5; j :5; m. Again using the 
lemma we ha ve 

This proves part (c). D 

The Jacobi symbol has many uses. For one thing, it is a convenient aid for 
computing the Legendre symbol. We now use it to prove the following 
theorem. 

Theorem 3. Let a be a nonsquare integer. Then there are infinitely many 
primes P for which a is a quadratic nonresidue. 
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PROOEIt iseasily seen that wemay assumethat ais square-free. Let a = 2eqlq2 
... qn, where the qi are distinct odd primes and e = O or 1. The case a = 2 
has to be dealt with separate1y. We shall as sume to begin with that n 2 1, i.e., 
that a is divisible by an odd prime. 

Let 11, 12"", Ik be a finite set of odd primes not inc1uding any qi' Let s be 
any nonresidue mod qn' and find a simultaneous solution to the congruences 

x == 1 (1;), i = 1, ... , k, 

x == 1 (8), 

x == 1 (qi), 

x == s (qn), 

i = 1, 2, ... , n - 1. 

Call the solution b. b is odd. Suppose that b = PlP2 ... Pm is its prime 
decomposition. Since b == 1 (8) we have (2/b) = 1 and (qi/b) = (b/qi) by 
Proposition 5.2.2. Thus (a/b) = (2/by(qtfb)··· (qn- tfb)(qn/b) = (b/ql)'" 
(b/qn-l)(b/qn) = (1/ql) ... (l/qn-l)(S/qn) = -1. 

On the other hand, by the definition of (a/b), we have (a/b) = (a/pl)(a/p2) 
... (a/Pm)' It folIows that (a/pi) = - 1 for some i. 

Notice that Ij does not divide b. Thus Pir/; {Il' 12"", Ik}' 
To summarize, if a is a nonsquare, divisible by an odd prime, we have 

found a prime p, outside a given finite set of primes {2, 11, 12 , .•• , It}, such 
that (a/p) = -1. This proves Theorem 3 in this case. 

It remains to consider the case a = 2. Let 11,"" Ik be a finite set ofprimes, 
exc1uding 3, for which (2/li) = -1. Let b = 8/ 1 / 2 " ·Ik + 3. b is not divisible 
by 3 or any li' Since b == 3 (8) we have (2/b) = ( _1)(b2 -l)/8 = -1. Suppose 
that b = PlP2 ... Pm is the prime decomposition of b. Then, as before, we see 
that (2/p;) = -1 for some i. Pi r/; {3, 11, 12 , ••• , Ik}' This proves Theorem 3 
for a = 2. D 

§3 A Proof of the Law of Quadratic Reciprocity 

Gauss found eight separate proofs for the law of quadratic reciprocity. There 
are over a hundred now in existence. Of course, they are not alI essentialIy 
different. Many just differ in small details from others. We shall present an 
ingenious proof due to Eisenstein. For a somewhat more elementary and 
standard proof, see [61]. 

A complex number' is called an nth root of unity if (n = 1 for some integer 
n > O. If n is the least integer with this property, then ( is called a primitive 
nth root of unity. 

The nth roots of unity are 1, e21Ci/n, e(21Ci/n)2, ... , e(21Ci/n)(n-l). Among these 
the primitive nth roots of unity are e(21Ci/n)\ where (k, n) = 1. 

If ( is an nth root of unity and m == I (n), then (m = (/. If ( is a primitive 
nth root of unity and (m = (/, then m == I (n). 
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These elementary properties are easy to prove. 
Consider the function f(z) = e27tiz - e- 27tiz = 2i sin 2nz. This function 

satisfies f(z + 1) = f(z) and f( -z) = -f(z). AIso, its only real zeros are 
the halfintegers. In other words, ifr is a real number and 2r rf: 71, thenf(r) "# O. 

We wish to prove an important identity involvingf(z), but first we need 
an algebraic lemma. 

Lemma. lfn > O is odd, we have 
n-1 

xn - yn = n (,kX - Cky), where' = e27tiln. 
k=O 

PROOF. 1," ,2, ... , ,n-1 are alI roots ofthe polynomial Zn - 1. Since there are 
n of them and they are alI distinct we have zn - 1 = n;::A (z - ,k). Let 
z = x/y and multiply both sides by yn. We get xn - yn = n;::A (x _ ,ky). 

Since n is odd as k runs over a complete system of residues mod n, so does 
-2k. Thus 

n-1 
xn _ yn = n(x _ C 2ky) 

k=O 
n-1 

= C(1+2+"'+n-1)nwx - Cky) 
k=O 

n-1 
= nwx - Cky). 

k=O 

In the last step we have used the fact that 1 + 2 + 3 + ... + (n - 1) = 
n«n - 1)/2) is divisible by n. O 

Proposition 5.3.1. lfn is a positive odd integer andf(z) = e27tiz - e- 27tiZ, then 

f(nz) = (nn/2 f(Z + ~)f(Z _ ~). 
f(z) k=1 n n 

PROOF. In the lemma, substitute x = e27tiz and y = e- 27tiz. We see that 

f(nz) = n f z + - . n-1 ( k) 
k=O n 

Notice that f(z + k/n) = f(z + k/n - 1) = f(z - (n - k)/n). As k goes 
from (n + 1)/2 to n - 1, n - k goes from (n - 1)/2 to 1. Thus 

f(nz) (n-1)/2 ( k) n-1 ( k) 
-= n fz+- n fz+
f(z) k= 1 n k=(n+ 1)/2 n 

= n f z+- n f z---
(n- 1)/2 ( k) n- 1 ( n - k) 

k= 1 n k=(n+ 1)/2 n 

= n fz+-fz--. (n-1)/2 ( k) ( k) 
k=1 n n 

o 
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Proposition 5.3.2. lf P is an odd prime, a E lL, and p .r a, then 

(Pn/
2 f('a) = (~) (Pn)/2 f(~). 

,= 1 P P ,= 1 P 

PROOF. As in the lemma of Section 1, la == ± m, (p), where 1 ~ m, ~ (p - 1)/2. 

Thus la/pand ±m,/pdifferbyaninteger. Thisimpliesthatf(la/p) = f(±m,/p) 
= ±J(m,/p). 

The result now follows by taking the product of both sides as 1 goes from 
1 to (p - 1)/2 and applying Gauss' lemma. O 

We are now in a position to prove the law of quadratic reciprocity. Let p 
and q be odd primes. Then by Proposition 5.3.2 

nf--- nf-· (p-l)/2 (,q) _ (q) (p-l)/2 (') 

,= 1 P P ,= 1 P 

By Proposition 5.3.1 

f(ql/p) = (qn/
2 f(~ + ~)f(~ - ~). 

f(l/p) m=l P q P q 

Putting these two equations together we have 

(q) _ (q-l)/2(p-l)/2 (' m) (' m) - - n n f-+-f---· 
P m= 1 ,= 1 P q P q 

In the same way we tind 

(!!.) = (qn/
2 

(Pn/
2 f(~ + ~) f(~ - ~). 

q m= 1 ,= 1 q P q P 

Sincef(m/q - 'ip) = -f(l/p - m/q) we see that 

(_1)«P-l)/2)«q-l)/2)(~) = (~) 

and therefore that 

(~)(~) = (_1)«P-l)/2)«q-l)/2). 

The proof is complete. O 

We conc1ude this chapter by giving an equivalent formulation of the law 
of quadratic reciprocity. 

Proposition 5.3.3. Let p and q be distinct odd primes and a ~ 1 an integer. 
Then thefollowing assertions are equivalent: 
(a) (P/q)(q/p) = ( _1)«p-l)/2)«Q-l)/2). 

(b) lfp == ±q (4a), p.r a, then (a/p) = (a/q). 
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PROOF. In order to show (a) implies (b) it is enough, by multiplicativity, to 
show that (b) holds when a is prime. For a = 2 the result folIows from Propo
sition 5.1.3. If a is an odd prime then by (a) (a/p) = ( _1)«P-l)/2)((a-l)/2)(p/a). 
If p == q (4a) then (p/a) = (q/a) so that 

(~) = ( -l)((P- 1)/2)((a-l)/2)(~) = ( _1)«p-l)/2)((a-l)/2)( _1)((q-l)/2)((a-l)/2)(~) 

= (_1)«a-l)/2)((p+q-2)/2)(~). 

But p == q (4a) implies p + q - 2 == 0(4) and the result folIows. If, on the 
other hand p == -q (4a), a similar calculation shows 

(~) = ( _1)«a-l)/2)((p+q)/2)(~). 

Since p + q == 0(4) the result also holds in this case. 
To show that (b) implies (a) suppose first of alI that p > q and p == q (4). 

The p = q + 4a, a ~ 1. Thus 

(~) = (q ~ 4a) = (~) = (~) = (:a) = (p ~ q) = (-;q) 

= (_1)<P-l)/2(~). 

If p == 1 (4) then (p/q) = (q/p) which gives (a). If p == 3 (4) then q == 3 (4) 
and we obtain (p/q) = -(q/p) which is part (a) in that case. FinalIy if p == 
-q (4) then, p + q = 4a and 

Thus (p/q) = (q/p) which is the assertion ofpart (a) since in this case at least 
one of p or q must be congruent to 1 modulo 4. The proof is complete. O 

Note that by part (b) of the above proposition we see that if (r, 4a) = 1 
the quadratic character of a is the same for ali primes in the arithmetic 
progression r + 4at, tE 7L. In Chapter 16 we will see that infinitely many 
such primes exist. Note also that the quadratic character of a prime of the 
form r + 4at is the same as that for a prime of the form - r + 4at. It was in 
this form that Euler first discovered this most remarkable law. 

NOTES 

Kronecker has pointed out that the law of quadratic reciprocity folIows 
immediately from a conjecture of Euler contained in the paper "Theoremata 
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circa divisores numerorum in hac forma pa2 ± qb2 contentorum" (1744-
1746). It also appears explicitly in a later paper of Euler entitled "Observa
tiones circa divisionem quadratorum per numeros primos." Using sufficient 
conditions for the solvability of the equation ax2 + by2 + cz2 = O (see 
Proposition 17.3.2). Legendre (1785) was able to prove the result in special 
cases. For example, the consideration of x 2 + py2 = qz2 where p == 1 (4) 
and q == 3 (4) leads to the conclusion that if q is a square modulo p then p 
is a square modulo q. The first complete proof ofthe theorem is due to Gauss 
who recorded the date of the proof in his diary on April 8, 1796. During his 
lifetime Gauss published six proofs of this remarkable law. The proof we 
have given in this chapter is taken from Eisenstein's paper" Applications de 
l'Algebre a l'Arithmetique transcendante." Kummer in an historical study 
of the laws of reciprocity, refers to this proof as one of the most beautiful of 
all the proofs (" ... einen der schonsten Beweise dieses von den ausgezeich
netsten Mathematikern vieI bewiesenen Theorems ... "). Replacing the 
trigonometric function by certain elliptic functions Eisenstein was able, 
without much more difficulty, to prove the laws of cubic and biquadratic 
reciprocity as well. 

Throughout the nineteenth century various mathematicians including 
Cauchy, Eisenstein, Dirichlet, Dedekind, and Kronecker gave new proofs 
to the law of quadratic reciprocity. By 1921 there were, according to P. 
Bachman, 56 known proofs. Even in recent times new proofs continue to 
appear. See, for example, the papers by M. Gerstenhaber [128] and R. Swan 
[75]. On the other hand, the first proof of Gauss has been reconsidered 
recently by E. Brown [99]. 

The Jacobi symbol is one generalization of the Legendre symbol. For an 
interesting generalization in another direction, see the paper of P. Cartier 
[14]. 

Quadratic reciprocity can be formulated in rings other than 7L. Dirichlet 
proved such a theorem for the ring of Gaussian integers 7L[i]. D. Hilbert was 
able to prove that quadratic reciprocity held for any algebraic number field, 
a result that was an important stepping stone to class field theory. In another 
direction it can be shown that reciprocity holds for the ring k[x], where k is a 
finite field. See Artin [2] and Carlitz [10]. This result had already been stated 
(though not proved) by Dedekind in 1857. 

The generalization of Theorem 3 to higher powers was discovered first by 
E. Trost in 1934.* Later it was stated as a conjecture by S. Chowla and sub
sequently proven by N. C. Ankeny and C. A. Rogers.t They proved that if 
xn == a (P) has a solution for all but a finite number of primes p, then either 
a = bn or n 18 and a = 2n/8bn• When n is square-free and (a, n) = 1, the result 
can be shown to follow from the Eisenstein reciprocity law as was done by 
J. Kraft and M. Rosen [211]. Their proof will be given in Chapter 14. See 

'" Zur Theorie der Potenzreste. Nieuw Arch. Wiskunde, 18, (1934), 15-61. 

tA conjecture of Chowla. Ann. Math., 53, No. 3 (1951), 541-550. 
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also H. Flanders [134] where the result is generalized to the case of algebraic 
number fields and algebraic function fields of one variable over a finite field. 

EXERCISES 

1. Use Gauss' lemma to determine (t), U,), (,63), and (-l/p). 

2. Show that the number of solutions to x2 == a (p) is given by 1 + (a/p). 

3. Suppose that p,( a. Show that the number of solutions to ax2 + bx + c == O (p) is 
given by 1 + «b2 - 4ac)/p). 

4. Prove that n:} (a/p) = O. 

5. Prove that D=l «ax + b)/p) = O provided that p,(a. 

6. Show that the number of solutions to x2 - y2 == a (p) is given by 

p-I 

I (1 + «y2 + a)/p». 

7. By ca1culating directly show that the number of solutions to x2 -l == a (P) is 
p - 1 if p,(a and 2p - 1 if pla. (Hint: Use the change of variables u = x + y, 

v = x - y.) 

8. Combining the results of Exercises 6 and 7 show that 

PII (y2 + a) = 5 -1, ~fp,(a, 
y=O p lP - 1, lf pla. 

9. Prove that 123252 ••• (p - 2)2 == (-1)<P+ 1)/2 (P) by using Wilson's theorem. 

10. Let, l' '2' ... ,r(p-')/2 be the quadratic residues between 1 and p. Show that their 
product is congruent to 1 (P) if p == 3 (4) and congruent to -1 (p) if p == 1 (4). 

11. Suppose that p = 3 (4) and that q == 2p + 1 is also prime. Prove that 2P - 1 is not 
prime. (Hint: Use the quadratic character of 2 to show that ql2P - 1.) One must 
assume that p > 3. 

12. Let f(x) E Z[x]. We say that a prime p divides f(x) ifthere is an integer n such that 
p I f(n). Describe the prime divisors of x2 + 1 and x2 - 2. 

13. Show that any prime divisor of x4 - x2 + 1 is congruent to 1 modulo 12. 

14. Use the fact that U(Z/pZ) is cyclic to give a direct proof that (- 3/p) = 1 when 
p == 1 (3). [Hint: There is a p in U(Z/pZ) of order 3. Show that (2p + 1)2 = - 3.] 

15. If p == 1 (5), show directly that (5/p) = 1 by the method of Exercise 14. [Hint: Let p 
be an element of U(Z/pZ) or order 5. Show that (p + p4)2 + (p + p4) - 1 = 0, 
etc.] 

16. Using quadratic reciprocity find the primes for which 7 is a quadratic residue. Do the 
same for 15. 

17. Supply the details to the proofofProposition 5.2.1 and to the corollary to the lemma 
following it. 
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18. Let D be a square-free integer that is also odd and positive. Show that there is an 
integer b prime to D such that (b/D) = -1. 

19. Let D be as in Exercise 18. Show that L (a/D) = O, where the sum is over a reduced 
residue system modulo D (see Exercise 6 of Chapter 3). Cond ude that exactly one 
half of the elements in U(?L/D?L) satisfy (a/D) = 1. 

20. (continuat ion) Let al' a2, ... , a</>(DJ/2 be integers between 1 and D such that 
(a;, D) = 1 and (a)D) = 1. Prove that D is aquadratic residue modulo a prime p,t D, 
p == 1 (4) iff p == ai (D) for some i. 

21. Apply the method of Exercises 19 and 20 to tind those primes for which 21 is a 
quadratic residue. [Answer: Those p == 1,4,5, 16, 17, and 20 (21).] 

22. Use the Jacobi symbol to determine (113/997), (215/761), (514/1093), and (401/757). 

23. Suppose that p == 1 (4). Show that there exist integers s and t such that pt = 1 + S2. 

Condude that p is not a prime in ?L[i]. Remember that ?L[i] has unique factorization. 

24. If p == 1 (4), show that p is the sum of two squares; i.e., p = a2 + b2 with a, b E?L. 
(Hint: p = rt.f3 with rt. and f3 being nonunits in ?L[i]. Take the absolute value of both 
sides and square the result.) This important result was discovered by Fermat. 

25. An integer is called a biquadratic residue modulo p if it is congruent to a fourth 
power. Using the identity x4 + 4 = «x + 1)2 + 1)«x - 1)2 + 1) show that -4 is a 
biquadratic residue modulo p iff p == 1 (4). 

26. This exercise and Exercises 27 and 28 give Dirichlet's beautiful proof that 2 is a 
biquadratic residue modulo p iff p can be written in the form A 2 + 64B2 , where 
A, B E?L. Suppose that p == 1 (4). Then p = a2 + b2 by Exercise 24. Take a to be odd. 
Prove the following statements: 
(a) (a/p) = 1. 
(b) «a + b)/p) = (_I)((a+W- 1J/8. 

(c) (a + W == 2ab (P). 
(d) (a + b)(P-1J/2 == (2ab)fp-1 J/4 (p). 

[Hint: 2p = (a + W + (a - W.] 
27. Suppose that f is such that b == af (p). Show that P == -1 (P) and that 2(p-1J/4 == 

j"b/2 (p). 

28. Show that x4 == 2 (p) has a solution iff p is of the form A 2 + 64B2• 

29. Let (RR) be the number ofpairs (n, n + 1) in the set 1,2,3, ... , p - 1 such that n and 
n + 1 are both quadratic residues modulo p. Let (NR) be the number of pairs 
(n, n + 1) in the set 1,2,3, ... , p - 1 such that n is a quadratic nonresidue and n + 1 
is a quadratic residue. Similarly, detine (RN) and (NN). Determine the sums 
(RR) + (RN), (NR) + (NN), (RR) + (NR), and (RN) + (NN). 

30. Show that (RR) + (NN) - (RN) - (NR) = D= t(n(n + 1))/p. Evaluate this sum 
and show that it is equal to -1. (Hint: The result of Exercise 8 is useful.) 

31. Use the results of Exercises 29 and 30 to show that (RR) = i(p - 4 - e), where 
e = (_1)(p-l)/2. 

32. If p is an odd prime show that (2/p) = ITjP=~ 1J/2 2 cos(2njjp). Use this result to give 
another proof to Proposition 5.1.3. 
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33. Use Proposition 5.3.2 to derive the quadratic character of -l. 

34. If p is an odd prime distinct from 3 show that (3/p) = f1Y;,-/)/2 (3 - 4 sin2(2nj/p)). 

35. Use the preced ing exercise to show that 3 is a square modulo p iff p is congruent to 1 
or - 1 modulo 12. 

36. Show that part (c) of Proposition 5.2.2 is true if a is negative and b is positive (both 
stil! odd). 

37. Show that if a is negative then p == q (4a), p'!-a implies (a/p) = (a/q). 

38. Let p be an odd prime. Derive the quadratic character of 2 modulo p by verifying the 
fol!owing steps, involving the Jacobi symbol: 

(~) = (8 ~ p) = (p ~ 8) = (p ~ 8) = (p = 8)' 
Generalize the argument to show that 

a > O, pi-a. 



Chapter 6 

Quadratic Gauss Sums 

The method by which we proved the quadratic reciprocity 
in Chapter 5 is ingenious but is not easy to use in more 
general situations. We shall give a new proof in this chapter 
that is based on methods that can be used to prove higher 
reciprocity laws. In particular, we shall introduce the 
notion of a Gauss sum, which will play an important role 
in the latter part of this book. 

Section 1 introduces algebraic numbers and algebraic 
integers. The proofs are somewhat technical. The reader 
may wish to simply skim this section on afirst reading. 

§1 Algebraic Numbers and Algebraic Integers 

Definition. An algebraic number is a complex number Q( that is a root of a 
polynomial aoxn + alxn - l + a2Xn-2 + ... + an = O, where ao, al' a2' ... , 
an E Q, and ao =!- o. 

An algebraic integer ro is a complex number that is a root of a polynomial 
xn + blxn - l + ... + bn = O, where bl , b2, ... , bn E 7L. . 

Clearly every algebraic integer is an algebraic number. The converse is 
false, as we shall see. 

Proposition 6.1.1. A rational number rE Q is an algebraic integer iffr E 7L. 

PROOF. If rE 7L, then ris a root of x - r = O. Thus ris an algebraic integer. 
Suppose that r E Q and that r is an algebraic integer; i.e., r satisfies an 

equation xn + blxn - l + ... + bn = O with bh ..• , bn E 7L. r = c/d, where 
c, d E 7L and we may assume that c and dare relatively prime. Substituting c/d 
into the equation and multiplying both sides by dn yields 

cn + blcn-ld + ... + bn dn = O. 

It follows that d divides cn and, since (d, c) = 1, that dlc. Again, since 
(d, c) = 1 it follows that d = ± 1, and so r = c/d is in 7L. 

It follows, for example, that ~ is not an algebraic integer. O 

The main results of this section are that the set of algebraic numbers forms 
a field and that the set of algebraic integers forms a ring. We need some 
preliminary work. 

66 
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Definition. A sub set V c C of the complex numbers is called a Q module if 

(a) Yl' Y2 E V implies that Yl ± Y2 E V. 
(b) Y E V and rE Q implies that ry E V. 
(c) There exist elements Yl' Y2' ... , y, E V such that every Y E V has the form 

I:= 1 riYi with ri E Q. 

More briefly, V c C is a Q module if it is a finite dimensional vector 
space over Q. 

If Yl' Y2' ... , y, E C, the set of alI expressions Il= 1 riYi' r l , r2, ... , r, E Q 

is easily seen to be a Q module. We denote this Q module by [Yl' Y2' ... , Yt]. 

Proposition 6.1.2. Let V = [Yl' Y2' ... , y,], and suppose that IX E C has the 
property that IXY E V for ali Y E V. Then IX is an algebraic number. 

PROOF. IXYi E V for i = 1, 2, ... , 1. Thus IXYi = I)= 1 aijYj, where aij E Q. It 
folIows that O = I}= 1 (aij - c5ijlX)Yj' where c5ij = O if i i= j and c5ij = 1 if 
i = j. By standard linear algebra we have that det(aij - c5ijlX) = O. Writing 
out the determinant we see that IX satisfies a polynomial of degree 1 with 
rational coefficients. Thus IX is an algebraic number. O 

Proposition 6.1.3. The set of algebraic numbersforms afleld. 

PROOF. Suppose that 1X 1 and 1X 2 are algebraic numbers. We shall show that 
1X 11X2 and 1X 1 + 1X 2 are algebraic numbers. 

Suppose that IX~ + rllX~-l + r21X~-2 + ... + rn = O and that IXT + 
SlIXT- l + S21XT-2 + ... + Sm = O, where ri' Sj EQ. Let V be the Q module 
obtained by forming alI Q linear combinations of the elements IX~ IX~, where 
O :s; i < n and O :s; j < m. For Y E V we have 1X 1 Y E V and 1X2 Y E V (prove it). 
Thus we also have (1X 1 + 1(2)Y E V and (1X11X2)Y E V. By Proposition 6.1.2 it 
folIows that both 1X 1 + 1X2 and 1X 11X2 are algebraic numbers. 

FinalIy, if IX is an algebraic number, not zero, we must show that IX- l is 
an algebraic number. Suppose that ao IXn + a llXn - 1 + ... + an = O, where 
the ai E Q. Then anlX- n + an_11X-(n-1) + ... + ao = O. The result folIows. 

O 

To prove that the set of algebraic integers form a ring it is necessary only to 
alter the above proofs slightly. 

Definition. A subset W c C is called a 7l. module if 

(a) Yl' Y2 E W implies that Yl ± Y2 E W. 
(b) There exist elements Y 1> Y2' ... , y, E W such that every Y E W is ofthe form 

L:= 1 biYi with bi E 7l.. 

Proposition 6.1.4. Let W be a 7l. module and suppose that ro E C is such that 
roy E W for ali Y E w. Then ro is an algebraic integer. 
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PROOF. The proof proceeds exactly as in Proposition 6.1.2, except that now 
the aij E 7L. The equation det(aij - ()ijw) = O when written out shows that 
W satisfies a monic equation of degree 1 with integer coefficients. Thus W is an 
algebraic integer. O 

Proposition 6.1.5. The set of algebraie integersforms a ring. 

PROOF. The prooffollows from Proposition 6.1.4 in exactly the same way in 
which Proposition 6.1.3 follows from Proposition 6.1.2. We leave the details 
to the re ader. O 

Let n denote the ring of algebraic integers. If W I , W 2 , Y E n, we say that 
W I = W 2 (y) (WI is congruent to W 2 modulo y) if W I - W2 = ya with a E n. 
This notion of congruence satisfies all the formal properties of congruence 
in 7L. 

If a, b, CE 7L, e "# O, then a = b (e) is ambiguous since it denotes congruence 
in 7L and in n. The ambiguity is only apparent, however. If a - b = ca with 
a E n, then a is both a rational number and an algebraic integer. Thus a is an 
ordinary integer by Proposition 6.1.1. 

The following proposition will be useful. 

Proposition 6.1.6. lf W I , W2 E n and p E 7L is a prime, then 

(WI + w 2)P = w~ + w~ (p). 

PROOF. (w I + w 2 )P = B=o mw~w~-k. By Lemma 2, Chapter 4, we have 
p I m for 1 :-:;; k :-:;; p - 1. The result follows from this and the fact that n 
is a ring. O 

A root of unity is a solution to an equation of the form x ft - 1 = O. Thus 
roots of unity are algebraic integers, and so are 7L linear combinations of roots 
of unity. 

We conclude this section by presenting several important properties of 
algebraic numbers. If a is an algebraic number then clearly any nonzero 
polynomial f(x) in Q[x] of smallest degree for which f(a) = O must be 
irreducible. 

Proposition 6.1.7. lf a is an algebraie number then a is the root of a unique 
monie irreducible f(x) in Q[x]. Furthermore if g(x) E Q[x], g(a) = O then 
f(x)lg(x). 

PROOF. Let f(x) be any monic irreducible with f(a) = O. We prove the 
second assertion first. If f(x) i g(x) then (f(x), g(x» = 1. By Lemma 4, 
Section 2, Chapter 1 we may writef(x)h(x) + g(x)t(x) = 1 for polynomials 
h(x), t(x) E Q[x]. Putting x = a gives a contradiction. Uniqueness now fol
lows immediately. O 
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The polynomial defined in Proposition 6.1.7 depends therefore only 
upon IX. It is called the minimal polynomial of IX. If the degree of the minimal 
polynomial is n, then IX is called an algebraic number of degree n. Iff(x) is 
irreducible of degree n, then, using the fundamental theorem of algebra and 
Exercise 16 we see thatf(x) is the minimal polynomial for each of its n roots. 
If IX, pare roots off(x) then IX and pare said to be conjugate. 

The set of complex numbers g(IX)lh(lX) where g(x), h(x) E Q[x], h(lX) =1= O 
forms a field denoted by Q(IX). Denote by Q[IX] the ring of polynomials in IX 
with rational coefficients. Then one has the following important result. 

Proposition 6.1.8. lf IX E n then Q(IX) = Q[IX]. 

PROOF. Clearly Q[IX] c Q(IX). If h(lX) E Q[IX], h(lX) =1= O, then by Proposition 
6.1.7, f(x) i h(x), , where f(x) is the minimal polynomial of IX. Thus (f(x), 
h(x» = 1 so that by Lemma 4, Section 2, Chapter 1, s(x)f(x) + t(x)h(x) = 1 
for elements s(x), t(x) E Q[x]. Put x = IX so that t(lX)h(lX) = 1. Thus h(IX)-l E 

Q[IX]. If PE Q(IX) then p = g(lX)h(rxr 1 for g(x), h(x) E Q[x] and the above 
shows that PE Q[IX]. O 

Corollary. lf IX is an algebraic number of degree n then [Q(IX) : Q] = n. 

PROOF. By the proposition it is enough to show [Q[IX]: Q] = n. Since 
f(lX) = O it is easily seen that 1, ... , IXn- l span Q[IX]. If on the other hand 
ao + allX + ... + an_llXn- l = O, ai E Q, then g(lX) = O for g(x) = ao + 
alx + ... + an_lXn - l. Then, by Proposition 6.1.7,f(x) Ig(x). Butdeg(g(x» < 
deg(f(x» which implies that ao = al = a2 = ... = an-l = O. Therefore 
1, IX, ... , IXn- l are linearly independent over Q. O 

§2 The Quadratic Character of 2 

Let' = e2fti/8 • Then' is a primitive eighth root ofunity. Thus 0= ,8 - 1 = 
(,4 _ 1)(,4 + 1). Since ,4 =1= 1 we have ,4 = -1. Multiplying by e 2 and 
then adding e 2 to both sides yields ,2 + e 2 = O. This equation is also 
easily derived from the observation that ,2 = ei(ft/2) = i. 

The quadratic character of 2 will now be derived from the relation 

(, + e l)2 = ,2 + 2 + e 2 = 2. 

Let r = , + el and notice that , and rare algebraic integers. We may 
thus work with congruences in the ring of algebraic integers. 

Let p be an odd prime in Z and notice that 

rP-l = (r2)<p-l)/2 = 2(p-l)/2 == (2Ip) (p). 

It follows that rP == (2Ip)r (p). By Proposition 6.1.6, rP = (, + e l)p == ,P + ep (p). 
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Remembering that (S = 1 we have (P + C P = ( + C 1 for p == ± 1 (8) 
and (P + C P = (3 + C 3 for p == ± 3 (8). The result in the latter case may 
be simplified by observing that (4 = -1 implies that (3 = - C 1. Thus 
(P + CP = -«( + C 1) if p == ±3 (8). Summarizing, 

(P + C P = {-r, ~ p ~ ± 1 (8), 
--r, if p = ±3 (8). 

Substituting this result into the relation -rP == (2Ip)-r (p) yields 

(2) p2 - 1 
(-1)'-r == p -r (p), where Il == -8- (2). 

Multiply both sides of the congruence by -r. Then 

( -1)'2 == (~)2 (p), 

implying that 

( -1)' == (~) (p). 

This last congruence implies that (2Ip) = (-1)', which is the desired 
result. 

Euler (1707-1783), in an early paper, proved that 2 is a quadratic residue 
modulo primes p == 1 (8). His method contains the key idea of the above 
proof. 

Euler assumed that U(7Llp7L) is a cyclic group. Gauss was the first to give a 
rigorous proof of this fact (see Theorem 1, Chapter 4). Let A. be a generator of 
U(7Llp7L) and set y = A.(p- 1l/S. Then y has order 8, so that y4 = -1 and y2 + 
y-2 = O. Therefore, (y + y-l)2 = y2 + 2 + y-2 = 2. This shows that 2 is a 
square in U(7Llp7L), which is equivalent to 2 being a quadratic residue 
modulo p. 

If p =1= 1 (8), this proof cannot get started. However, the theory of finite 
fields enables us to carry through to a complete proof of quadratic reciprocity 
using Euler's idea. We shall develop the theory of finite fields in Chapter 7. 

§3 Quadratic Gauss Sums 

Given the relation «( + C 1)2 = 2 of Section 2, one might ask if there is a 
similar relation when 2 is replaced by an odd prime p. The answer is yes, and, 
moreover, the fulllaw of quadratic reciprocity follows from this new relation 
by using the method of Section 2. 

Throughout this section ( will denote e211.i/p, a primitive pth root of unity. 
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Lemma 1. Lr~J (al is equal to p if a == O (p). Otherwise it is zero. 

PROOF. If a == O (p), then (a = 1, and so Lr~J (al = p. If a =1= O (p), then 
(a -:/= 1 aud Lr~J (al = WP - 1)/W - 1) = O. O 

Corollary. p-1 Lr~J ('(X-Y) = <5(x, y), where <5(x, y) = 1 if X == Y (p) and 
<5(x, y) = O if X =1= y (p). 

PROOF. The proof is immediate from Lemma 1. o 

AU summations for the remainder of this section will be over the range zero 
to p - 1. It will simplify notation to avoid writing out this fact each time. 

Lemma 2. Lt (t/p) = O, where (t/p) is the Legendre symbol. 

PROOF. By definition (O/p) = O. Of the remaining p - 1 terms in the sum
mation, half are + 1 and half are - 1, since by CoroUary 1 to Proposition 
5.1.2, there are as many quadratic residues as quadratic nonresidues mod p. 

O 

We are now in a position to introduce the notion of Gauss sum. 

DefinitioD. ga = Lt (t/p)(at is caUed a quadratic Gauss sum. 

PropositioD 6.3.1. ga = (a/p)gl. 

PROOF. If a == O (p), then (al = 1 for aU t, aud ga = L (t/p) = O by Lemma 2. 
This gives the result in the case that a == O (p). 

Now suppose that a =1= O (p). Then 

We have used the fact that at runs over a complete residue system mod p 
when t does and that (x/p) aud (X depend only on the residue class of X 

modulo p. 
Since (a/p)2 = 1 when a =1= O (p) our result follows by multiplying the 

equation (a/p)ga = gl on both sides by (a/p). O 

From now on we shall denote gl by g. It follows from Proposition 6.3.1 
that g~ = g2 if a =1= O (p). We shall now deduce this common value. 

PropositioD 6.3.2. g2 = (_1)<P-1)/2p. 

PROOF. The idea ofthe proofis to evaluate the sum La gag-a in two ways. 
If a =1= O (p), then gag-a = (a/p)( _a/p)g2 = (_1/p)g2. Iffollows that 

~ gag-a = (~1)(p _ 1)g2. 
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Now, notice that 

Summing both sides over a and using the corollary to Lemma 1 yields 

L gag-a = L L (~)(~)t5(X' y)p = (p - 1)p. 
a x y P P 

Putting these results together we obtain ( -1jp)(p - 1)g2 = (p - 1)p. There
fore, g2 = ( -1jp)p. O 

Let p* = (_1)(p-1)/2 p. The equation g2 = p* is the desired analog of the 
equation r 2 = 2. Let q # p be another odd prime. We proceed to prove the 
law of quadratic reciprocity by working with congruences mod q in the ring 
of algebraic integers: 

gq-1 = (g2)(q- 1)/2 = p*(q-1)/2 == (~*) (q). 

Thus 

Using Proposition 6.1.6 we see that 

It follows that gq == gq == (qjp)g (q) and so 

(~)g == (~*)g (q). 

Multiply both sides by g, and use g2 = p*: 

which implies that 

(~) == (p;) (q) 

and finally 

(~) = (~*). 
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To see that this result is what we want simply notice that 

(~*) = (~1) (p-l)/2 (~) = ( _1)«q-l)/2)«P-1)f2)(~). 

The notion of quadratic Gauss sum that we have used can be considerably 
generalized. We shall present some of these generalizations after developing 
the theory of finite fields. Cubic Gauss sums will be used to prove the law 
of cubic reciprocity, and quartic Gauss sums will be used to prove biquad
ratie reciprocity. 

§4 The Sign ofthe Quadratic Gauss Sum* 

According to Proposition 6.3.2, the quadratic Gauss sum has value ±,JP if 
p == 1 (4) and ± iJp if p == 3 (4). Thus the value of g(X) is determined up to 
sign. The determination of the sign is a much more difficult problem. The 
conjecture that the plus sign holds in each case was made by Gauss and re
corded in his diary in May 1801. It was not untiI four years later that he found 
a proof. On August 30, 1805 Gauss recorded in his diary that a proof the 
"very elegant theorem mentioned in 1801" had finally been achieved. He 
wrote to his friend W. Olbers on September 3, 1805 that seldom had a week 
passed for four years that he had not tried in vain to prove his conjecture. 
Finally according to Gauss "Wie der Blitz einschlăgt, hat sich das Răthsel 
gelost ... " (as lightning strikes was the puzzle solved). 

Subsequently proofs were found by Diriehlet, Cauchy, Kronecker, 
Mertens, Schur, and others. In this section we present one of Kronecker's 
proofs. 

As in the previous section , = e27ti/p. Then 1, " ... , ,p- 1 are the roots of 
x P - 1. 

Proposition 6.4.1. The polynomial 1 + x + ... + XP-l is irreducible in 
Q[x]. 

PROOF. By Exercise 4 at the end of this chapter (" Gauss' lemma") it is enough 
to show that 1 + x + ... + XP-l has no nontrivial faetorization in Z[x]. 
Suppose, on the contrary, that 1 + x + x2 + ... + XP-l = f(x)g(x) where 
f(x), g(x) E Z[x] and each has degree greater than one. Putting x = 1 gives 
p = f(1)g(1). Therefore we may assume g(1) = 1. Using a bar to denote 
reduction modulo p we eonclude that g(I) i= O. On the other hand since 
p I (~), j = 1, ... , p - 1, we have xP - 1 == (x - 1)P (p) and division of both 
sides by x - 1 shows that 1 + x + ... + XP-l == (x - 1)p-l (p). By 
Theorem 2, Chapter 1 and Proposition 3.3.2 itfollows thatg(x) == (x - 1)' (p) 
for some positive integer s. However1 this contradicts the fact that g(I) i= (O), 
and the proof is complete. O 

* In this section the Gauss sum g will be denoted by g(X) with X(t) = (tip) by definition. 
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'Combining the above proposition with Proposition 6.1.7 we see that if 
gm = O for g(x) E Q[x] then 1 + x + ... + xP-llg(x). This observation 
will be usefullater. 

Proposition 6.4.2. niP~-Il)/2 ((2k-l - C(2k-l)2 = (_1)(p-l)/2 p. 

PROOF. One has xP - 1 = (x - 1) nf': f (x - (i). Divide by x - 1 and put 
x = 1 to obtain p = nr (1 - ('), where the product is over any complete set 
of representative of the nonzero cosets modulo p. The integers ± (4k - 2), 
k = 1,2, ., . , (p - 1)/2 are easily seen to be such a system of residues. Thus 

p = n (1 - (4k-2) n (1 - C(4k-2» 

= n (C(2k-l) - (2k-l) n ((2k-l - C(2k-l) 

= (_1)(P-l)/2 n ((2k-l _ C(2k-l»2, 

all the products being over k = 1,2, ... , (p - 1)/2. 

Proposition 6.4.3. 

n ((2k-l - C (2k- 1» = '! p, 
(p-l)/2 { l-

k~1 zJp, 
ifp == 1 (4), 

ifp == 3 (4). 

o 

PROOF. By Proposition 6.4.2 we have only to compute the sign ofthe product. 
The product is 

(p- 1)/2 (4k 2) 
'(p- 1)/2 n 2' - n 1 SIn . 

k~1 P 

But sin((4k - 2)/p)n < O if (p + 2)/4 < k ::; (p - 1)/2. It follows that the 
product has (p - 1)/2 - [(p + 2)/4] negative terms and this is easily seen 
to be (p - 1)/4 or (p - 3)/4 according as p == 1 (4) or p == 3 (4), respectively. 
The result follows immediately. O 

By Proposition 6.3.2 and Proposition 6.4.2 we know that 

(p-l)/2 
g(x) = e n ((2k-l - C(2k-l», (1) 

k~ 1 

where e = ± 1. The evaluation ofthe Gauss sum is completed by Proposition 
6.4.3 if we can show that e = + 1. The following argument of Kronecker 
shows that this is the case. See also Exercise 22. 

Proposition 6.4.4. e = + 1. 

PROOF. Consider the polynomial 

p-l (p-l)/2 
f(x) = I XU)x i - e n (X 2k - 1 - Xp-(2k-l». 

j~ 1 k~ 1 

(2) 
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Thenf(O = O by (1) andf(l) = O by Lemma 2. By the comment preceding 
Proposition 6.4.2 and the fact that 1 + x + ... + x P - 1 and X - 1 are rela
tively prime we conclude that xP - 1\ f(x). Write f(x) = (xP - l)h(x) and 
replace x by eZ to obtain 

P- 1 (p- 1)/2 
I xU)ejZ - 8 n (e(2k-1)z - eZ(P-(2k-1))) = (ePZ - l)h(eZ). (3) 
j= 1 k= 1 

The coefficient of Z(p-l)/2 on the left-hand side of (3) is easily seen to be 

Ij,:-l xU)P- 1)/2 (P-n1)/2(4k 2) 
«p-1)/2)! -8 k =1 -p-. 

On the other hand by Exercise 21 the coefficient of Z(p-1)/2 on the right-hand 
side of (3) is pAIB where p,r B, A and B being integers. Equating coefficients, 
multiplying by B«p - 1)/2)! and reducing modulo p shows that 

P- 1 (p 1) (p-1)/2 J1 XU)P-1)/2 == 8 T ! JI (4k - 2) (p) 

(p-1)/2 
== 8(2·4·6···(p - 1)) n (2k - 1) 

== 8 (p - 1)! 

== -8 (p) 

k=1 

using Wilson's theorem (corollary to Proposition 4.1.1). 
By Proposition 5.1.2j<p-l)/2 == xU) (p) so one has 

and therefore 

p-1 

I XU)2 == (p - 1) == -8 (p) 
j= 1 

8 == 1 (p). 

Since 8 = ± 1 we conclude finally that 8 = 1. This concludes the proof. O 

The re suit may be stated as 

Theorem 1. The value ofthe quadratic Gauss sum g(x) is given by 

( ) _ {Jp, if p == 1 (4), 
g X - iJp, if p == 3 (4). 

NOTES 

In the famous eleventh supplement to L. Dirichlet's Vorlesungen aber Zahlen
theorie [127] (1893) R. Dedekind introduced the concept of an algebraic 
number (§164) as well as that of an algebraic integer (§173). However the use 
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of certain algebraic integers such as Gauss sums to prove the law of quadratic 
reciprocity occurs much earlier with Eisenstein, Jacobi, and others. Among 
the various proofs ofthis theorem given by Gauss, the fourth (1811) and the 
sixth (1818) are of central importance. The fourth proof is a corollary to 
Gauss' remarkable calculation of the value of the classical Gauss sum. 
While, as we mentioned in Section 6 he proved this result in 1805, it was not 
untiI 1811 that he published the proof in his famous paper "Summierung 
gewisser Reihen von besonderer Art" [34]. In this paper he shows more 
generally that if n is any positive integer then L~;J (t 2 has the value Jn 
or iJn according as n == 1 (4) or n == 3 (4). Here ( = e2ni/n• The argument 
is quite ingenious. The proof can be found in English in Nagell [60J, pp. 
174-180. It is not difficult to derive quadratic reciprocity from this result 
(see, for example, Dirichlet [125J, pp. 253-256). 

The sixth and last of Gauss' published proofs of the law of quadratic 
reciprocity was published in 1818 under the title "Neue Beweise und Er
weiterungen des Fundamentalsatzes in der Lehre von den Quadratischen 
Resten" [34J, pp. 496-510. He mentions in the introduction to this paper that 
for years he had searched for a method that would generalize to the cubic and 
biquadratic case and that finally his untiring efforts were crowned with success 
(" . .. die unermiidliche Arbeit wurde endlich von gliicklichem Erfolge 
gekront."). The purpose ofpublishing this sixth proof, he states, was to bring 
to a close that part of the higher arithmetic dealing with quadratic residues 
and to say, in a sense, farewell (" ... und so diesem Teile der hoheren Arith
metik gewissermassen Lebewohl zu sagen.") In this proof Gauss considers 
the polynomial f,.(x) = I,f,;ti x(t)xkt and proves, without using roots of 
unity, that 1 + x + ... + XP-l divides fi (X)2 - (_1)(p-l)/2 p as well as 
h(x) - (q/p)fl(x). Reciprocity follows by noting thath(x) ==fl(x)q (q). The 
proofwe have given in Section 3 amounts to putting x = (p in the above and 
working with congruences in the ring of algebraic integers. This observation 
was made (at least) by Cauchy, Eisenstein, and Jacobi (in alphabetical order) 
and represents the stepping stone to the study of the higher reciprocity laws 
via Gauss sums. 

The beginning student will do well to study several of the classical intro
ductions to the theory of algebraic numbers. Aside from Dirichlet and 
Dedekind mentioned above, we cite E. Landau [165J and E. Hecke [44]. In 
recent times there have appeared many texts of varying levels of difficulty. 
We mention here W. Adams and L. Goldstein [84J, LeVeque [180J, and 
H. Pollard and H. Diamond [63]. Hecke's book hasjust appeared in English 
(Algebraic Number Theory, Springer-Verlag, 1981). 

EXERCISES 

1. Show that fi + fi is an algebraic integer. 

2. Let IX be an algebraic number. Show that there is an integer n such that mx is an 
algebraic integer. 
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3. If ar; and f3 are algebraic integers, prove that any solution to x 2 + ar;x + f3 = O is an 
algebraic integer. Generalize this result. 

4. A polynomialf(x) E Z[x] is said to be primitive ifthe greatest common divisor ofits 
coefficients is 1. Prove that the product of primitive polynomials is again primitive. 
[Hint:Letf(x) = aox' + a,x'-' + ... + a.andg(x) = boxm + b,xm-' + ... + bm 

be primitive.1f p is a prime, let ai and bj be the coefficients with the smallest subscripts 
such that p{ ai and p{bj • Show that the coefficient ofxi+ j inf(x)g(x) is not divisible 
by p.] This is one of the many results known as Gauss' lemma. 

5. Let ar; be an algebraic integer andf(x) E O[x] bethemonicpolynomial ofleastdegree 
such that f(ar;) = O. Use Exercise 4 to show that f(x) E Z[x]. 

6. Let x 2 + mx + nE Z[x] be irreducible and ar; be a root. Show that O[ar;] = 
{r + sar; I r, SE O} is a ring (in fact, it is a field). Let m2 - 4n = D6 D, where D is 

square-free. Show that O[ar;] = O[JD]. 

7. (continuation) If D == 2,3(4), show that ali the algebraic integers in O[JD] 

have the form a + bJD' where a, b E Z. If D == 1 (4), show that ali the algebraic 

integers in O[JD] havetheform a + b« -1 + JD)/2), wherea, b E Z. [Hint: Show 

that r + sJD satisfies x2 - 2rx + (r2 - DS2) = O. Thus by Exercise 5, r + sJD is 
an algebraic integer iff 2r and r2 - DS2 are in Z]. 

8. Let ro = e2ni/3• ro satisfies x3 - 1 = o. Show that (2ro + 1)2 = -3 and use this to 
determine ( - 3/p) by the method of Section 2. 

9. Verify Proposition 6.3.2 explicitly for p = 3 and p = 5; i.e., write out the Gauss sum 
longhand and square. 

10. What is I~:} ga? 

11. By evaluating I, (1 + (t/p)K' in two ways prove that g = I, ,,2. 
12. Write t/!a(t) = ,a'. Show that 

(a) t/!.(t) = t/!a( -t) = t/!-.(t). 
(b) (l/p) La t/!.(t - s) = o(t, s). 

13. Let f be a function from Z to the complex numbers. Suppose that p is a prime and that 
f(n + p) = f(n) for aU nE Z. Let !(a) = p-' Lt f(t)t/!-a(t). Prove that f(t) = 

La !(a)t/!a(t). This result is directly analogous to a result in the theory of Fourier 
series. 

14. In Exercise 13 take f to be the Legendre symbol and show that !(a) = p-lg_a. 

15. Showthat II~=m (t/p) I < JP log p. Theinequalityholdsforthesumoveranyrange. 
This remarkable inequality is associated with the names of Polya and Vinogradov. 
[Hint: Use the relation (t/p)g = g, and sum. The inequality sin x :2: (2/n)x for any 
acute angle x will be useful.] 

16. Let ar; be an algebraic number with minimal polynomial f(x). Show that f(x) does 
not have repeated roots in C. 

17. Show that the minimal polynomial for 12 is x 3 - 2. 

18. Show that there exist algebraic numbers of arbitrarily high degree. 
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19. Find the conjugates of cos 2n/5. 

20. Let F be a subfield of IC which is a finite dimensional vector space over (Il of degree n. 
Show that every element of Fis algebraic of degree at most n. [ Note: That an element 
exists with degree exact1y n is more difficult to prove (see Exercise 17, Chapter 12).] 

21. Letf(x) = I:,=o an/n!andg(x) = I:'=o bn/n!bepowerserieswithanandbnintegers. 
If p is a prime such that plai for i = O, ... , p - 1 show that each coefficient CI of the 
product f(x)g(x) = I:,=o cnxn for t = O, ... , p - 1 may be written in the form 
p(A/B), p i-B. 

22. Show that the relation /; == 1 (P) in Proposition 6.4.4 can also be achieved by replac
ing x by 1 + t instead of eZ • 

23. If f(x) = xn + a1xn- 1 + ... + an, aiEZ and p is a prime such that plai, i = 

1, ... , n, p2 i- an show that f(x) is irreducible over (Il (Eisenstein's irreducibility 
criterion). 



Chapter 7 

Finite Fields 

We have already met with examples of finite fie/ds, 
namely, the fields 7L/p7L, where p is a prime number. 
In this chapter we shall prove that there are many more 
finite fields and shall investigate their properties. This 
theory is beautiful and interesting in itself and, moreover, 
is a very useful tool in number-theoretic investigations. 
As an illustration of the latler point, we shall supply yet 
another proof of the law of quadratic reciprocity. Other 
applications will come later. 

One more comment. Up to now the great majority 
of our proofs have used very few results from abstract 
algebra. Although nowhere in this book will we use very 
sophisticated results from algebra, from now on we shall 
assume that the reader has some familiarity with the 
material in a standard undergraduate course in the subject. 

§l Basic Properties of Finite Fields 

In this section we shall discuss properties of finite fields without worrying 
about questions of existence. The construction of finite fields will be taken 
up in Section 2. 

Let F be a finite field with q elements. The multiplicative group F* of F 
has q - 1 elements. Thus every element cx E F* satisfies the equation xq - 1 = 1 
(in this context 1 stands for the multiplicative identity of F and not the integer 
1), and every element in F satisfies xq = x. 

Proposition 7.1.1. 

x q - x = TI (x - cx). 
aEF 

PROOF. Both polynomials are to be considered as elements of F[x]. 
Every element cx E F is a root of xq - x. Since F has q elements and since 

the degree of x q - x is q, the result follows. O 

Corollary 1. Let F c K, where K is afield. An element cx E K is in F iffcxq = CX. 

PROOF. cxq = cx iff cx is a root of x q - x. By Proposition 7.1.1, the roots of 
x q - x are precisely the elements of F. O 

79 
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Corollary 2. lff(x) divides x q - x, thenf(x) has d distinct roots, where d is the 
degree off(x). 

PROOF. Letf(x)g(x) = x q - x. g(x) has degree q - d. Iff(x) has fewer than 
d distinct roots, then by Lemma 1 of Chapter 4,f(x)g(x) would have fewer 
than d + (q - d) = q distinct roots, which is not the case. O 

Theorem 1. The multiplicative group of a finite field is cyclic. 

PROOF. This theorem is a generalization of Theorem 1 in Chapter 4. The proof 
is almost identica!. 

If d I q - 1, then xd - 1 divides xq - 1 - 1 and it follows from Corollary 2 
that xd - 1 had d distinct roots. Thus the subgroup of F* consisting of e1e
ments satisfying xd = 1 has order d. 

Let !/I(d) be the number of elements in F* of order d. Then Lld !/I(c) = d. 
By the M6bius inversion formula 

d 
!/I(d) = I J1(c) - = cjJ(d). 

cld c 

In particular, !/I(q - 1) = cjJ(q - 1) > 1, unless we are in the trivial case 
q = 2. This conc1udes the proof. O 

The fact that F* is cyc1ic when F is finite allows us to give the following 
partial generalization of Proposition 4.2.1. 

Proposition 7.1.2. Let rJ. E F*. Then xn = rJ. has solutions iffrJ.(q-l)/d = 1, where 
d = (n, q - 1). lfthere are solutions, then there are exactly d solutions. 

PROOF. Let y be a generator of F* and set rJ. = ya and x = yY. Then xn = rJ. is 
equivalent to the congruence ny == a (q - 1). The result now follows by 
applying Proposition 3.3.1. O 

It is worthwhile to examine what happens in the extreme cases ni q - 1 
and (n, q - 1) = 1. 

If ni q - 1, then there are exact1y (q - l)/n elements of F* that are nth 
powers, and if rJ. is an nth power, then xn = rJ. has n solutions. 

If (n, q - 1) = 1, then every element is an nth power in a unique way; 
i.e., for rJ. E F*, xn = rJ. has one and only one solution. 

We have investigated the structure of F*. Now we turn our attention to 
the additive group of F. 

Lemma 1. Let F be a finite field. The integer multiples of the identity form a 
subfield of F isomorphic to lL/plLfor some prime number p. 

PROOF. To avoid confusion, let us temporarily call e the identity of F* instead 
of 1. Map lL to F by taking n to ne. This is easily seen to be a ring homo-
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morphism. The image is a finite subring of F, and so in particular it is an 
integral domain. The kernel is a nonzero prime ideal. Therefore, the image is 
isomorphic to 7L/p7L for some prime p. O 

We shall identify 7L/p7L with its image in F and think of F as a finite 
dimensional vector space over 7L/p7L. Let n denote that dimension and let 
Wl' W2' .•• , W n be a basis. Then every element W E F can be expressed uniquely 
in the form alwl + a2w2 + ... + anwn, where aiE7L/p7L. It follows that F 
has pn elements. We have proved 

Proposition 7.1.3. The number of elements in a finite field is a power of a prime. 

If e is the identity ofthe finite field F, let p be the smallest integer such that 
pe = O. We have seen that p must be a prime number. It is called the charac
teristic of F. For IX E F we have PIX = p(elX) = (pe)1X = O· IX = O. This observa
tion leads to the following very useful proposition. 

Proposition 7.1.4. lf F has characteristic p, then (IX + f3)pd = IXPd + f3pd for ali 
IX; f3 E F and aU positive integers d. 

PROOF. The proof is by induction on d. For d = 1, we have 

(IX + f3)P = IXP + Pf (P)IXP-kf3k + f3P = IXP + f3P. 
k=l k 

All the intermediate terms vanish because p I m for 1 S;; k s;; p - 1 by Lemma 
2 of Chapter 4. 

Topassfromdtod + 1justraisebothsidesof(1X + f3)pd = IXPd + f3pd tothe 
pth power. O 

Suppose that F is a finite field of dimension n over 7L/p7L. We want to find 
out which fields E lie between 7L/p7L and F. If d is the dimension of E over 
7L/p7L, then it follows by general field theory that din. We shall give another 
proof below. It turns out that there is one and only one intermediate field 
corresponding to every divisor d of n. 

Lemma 2. Let F be afield. Then x' - 1 divides xm - 1 in F[x] iffl divides m. 

PROOF. Let m = ql + r, where Os;; r < 1. Then we have 

xm -1 xq'-l xr -1 
-, --1 = xr -'--1 + -'--1' x- x- x-

Since (xq, - l)/(x' - 1) = (X,)q-l + (x')q- 2 + ... + x' + 1, the right
hand side of the above equation is a polynomial iff (x r - l)/(x' - 1) is a 
polynomial. This is easily seen to be the case iff r = O. The result follows. 



82 7 Finite Fields 

Lemma 3. lf a is a positive integer, then al - 1 divides am - 1 iff 1 divides m. 

PROOF. The proofis analogous to that of Lemma 2 with the number a playing 
the role of x. We leave the details to the reader. D 

Proposition 7.1.5. Let F be a .finite .field of dimension n over 7L/p7L. T he sub.fields 
of F are in one-to-one correspondence with the divisors of n. 

PROOF. Suppose that E is a subfield of F and let d be its dimension over 7L/p7L. 
We shall show that din. 

Since E* has pd - 1 elements all satisfying x pd- 1 - 1, we have that 
xpd - 1 _ 1 divides xpn- 1 - 1. By Lemma 2, pd - 1 divides p" - 1 and con
sequently, by Lemma 3, d divides n. 

Now suppose that din. Let E = {aEFlapd = a}. We claim that E is a 
field. For if a, 13 E E, then 

(a) (a + f3)pd = aPd + f3Pd = a + 13. 
(b) (af3)pd = aPdf3Pd = af3. 
(c) (a- 1)pd = (aPd)-l = a-l fora"# O. 

In step (a) we made use of Proposition 7.1.4. 
Now E is the set ofsolutions to xPd - x. Since din, we have pd - lip" - 1 

and x Pd - 1 - 11 x pn- 1 - 1 by Lemmas 2 and 3. Thus x Pd - x divides x pn - x, 
and by Corollary 2 to Proposition 7.1.1, it follows that E has pd elements and 
so has dimension d over 7L/p7L. 

Finally, if E' is another subfield of F of dimension d over 7L/p7L, then the 
elements of E' must satisfy x Pd - x = O; i.e., E' must coincide with E. D 

Let Fq denote a finite field with q elements. To illustrate Proposition 7.1.5, 
consider F 4096 (we shall show in Section 2 the existence of such a field). 
Since 4096 = 212 we have the following lattice diagram: 
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§2 The Existence of Finite Fields 

In Section 1 we proved that the number of elements in a finite field has the 
form pn, where p is a prime. We shall now show that given a number p" there 
exists a finite field with pn elements. To do this we shall need some results 
from the theory of fields that connect OUT problem with the existence of 
irreducible polynomials. Then we shall prove a theorem going back to 
Gauss (again!) that shows that Z/pZ[x] contains irreducible polynomials 
of every degree. 

Let k be an arbitrary field andf(x) be an irreducible polynomial in k[x]. 
We then have 

Proposition 7.2.1. There exists afield K containing k and an element ac E K such 
that f(ac) = O. 

PROOF. We proved in Chapter 1 that k[x] is a principal ideal domain. It 
follows that (f(x» is a maximal ideal and thus k[x]/(f(x» is a field. Let 
K' = k[x]/(f(x» and let cfJ be the homomorphism that maps k[x] onto K' 
by taking an element to its coset modulo (f(x». We have the diagram 

k[x] ~ K' 

t t 
k ~ cfJ(k) 

cfJ(k) is a subfield of K'. We claim that it is isomorphic to k. It is enough to 
show that cfJ restricted to k is one to one. Let a E k. If cfJ(a) = 0, then a E (f(x». 
If a =j; 0, it is a unit and cannot be an element of a proper ideal. Thus a = 0, 
as was to be shown. 

Since cfJ is an isomorphism of k we may identify k with cfJ(k). When this is 
done we relabel K' as K. 

Let ac be the coset of x in K. Then ° = cfJ(f(x» = f(cfJ(x» = f(ac); i.e., ac 
is a root off(x) in K. D 

We denote the field K constructed in the proposition by k(ac). The following 
proposition about k(ac) will be useful. 

Proposition 7.2.2. The elements 1, ac, ac2, ••• , ac"-l are a vector space hasis for 
k(ac) over k, where n is the degree off(x). 

The proof of this proposition is the same as that of Proposition 6.1.8 and 
its corollary. One replaces Q by k and the complex number ac ofthat proposi
tion by the above ac. 

To turn the matter around, the proposition shows that if we want to find 
a field extension K of k of degree n, then it is enough to produce an irreducible 
polynomialf(x) E k[x] of degree n. 
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In ZjpZ[x] there are finitely many polynomials of a given degree. Let Fix) 
be the produet of the monie irredueible polynomials in ZjpZ[x] of degree d. 

Theorem 2 

x pn - X = TI Fix). 
din 

PROOF. First notiee that if f(x) divides Xpn - X, then f(X)2 does not divide 
x pn - x. This follows sinee if x pn - x = f(X)2g(X) we obtain 

-1 = 2f(x)f'(x)g(x) + f(X)2g'(X) 

by formal differentiation. This is impossible sinee it implies thatf(x) divides 1. 
It remains to prove that iff(x) is a monie irredueible polynomial of degree 

d, thenf(x)lxpn - x iff din. 
Consider K = ZjpZ((I.), where (1. is a root off(x), as in Proposition 7.2.2. 

It has dimension d over ZjpZ and thus pd elements. The elements of K satisfy 
xPd - x = o. 

Assume that x pn - x =f(x)g(x). Then (l.pn = (1.. If b1(l.d-l + b2(1.d-2 + 
... + bd is an arbitrary element of K, then 

(b1(l.d-l + ... + bdyn = b1((l.pn)d-l + ... + bd = b1(l.d-l + ... + bd· 

Henee the elements of K satisfy x pn - x = o. It follows that xPd - x divides 
x pn - x, and by Lemmas 2 and 3 of Seetion 1 d divides n. 

Assume now that din. Sinee (l.pd = (1. andf(x) is the monie irredueible 
polynomial for (1., we havef(x)lxPd - x. Sinee din we have xPd - xlxpn - x 
again by Lemmas 2 and 3 ofSeetion 1. Thusf(x)lxpn - x. O 

Let N d be the number of monie irredueible polynomials of degree d in 
ZjpZ[x]. Equating the degrees on both sides of the identity in the theorem 
yields 

Corollary 1. pn = Ldln dN d. 

Corollary 2. Nn = n- 1 Ldln J1(njd)pd. 

PROOF. Apply the M6bius inversion formula (Theorem 1 ofChapter 2) to the 
equation in Corollary 1. O 

Corollary 3. For each integer n ~ 1, there exists an irreducible polynomial of 
degree n in ZjpZ[x]. 

PROOF. Nn = n-1(pn - ... + pţJ.(n» by Corollary 2. The term in parentheses 
eannot be zero sinee it is the sum of distinct powers of p with eoeffieients 1 
and -1. O 

Summarizing, we have 

Theorem3. Let n ~ 1 be an integer and p be a prime. Then there exists afinite 
field with pn elements. 
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§3 An Application to Quadratic Residues 

In Chapter 6 we proved the law of quadratic reciprocity using Gauss sums 
and the elements of the theory of algebraic numbers. We shall now give an 
exceptionally short proof along the same lines using the theory of finite fields. 

Let p and q be distinct odd primes. Since (p, q) = 1 there is an integer 
n (for example, p - 1) such that qn == 1 (p). Let F be a finite field of dimension 
n over 7L/q7L. Then F* is cyclic of order qn - 1. Let y be a generator of F* 
and set ...l. = y(qn- 1l/p. Then ...l. has order p. Define 1:a = 'Lf,:J (t/p)...l.at, where 
a E 7L. The element 1:a of F is an analog of the quadratic Gauss sums intro
duced in Chapter 6. Set 1:1 = 1:. Then the proofs of Propositions 6.3.1 and 
6.3.2 can be used to show that 

(1) 1:a = (a/p)1:. 
(2) 1:2 = ( _1)(P-l l/2p. 

In relation 2, p is the coset of p in 7L/q7L. Let p* = (_1)<P-l l/2p. Then 
relation 2 can be written as i 2 = p*. This relation implies that (p*/q) = 1 
iff 1: E 7L/q7L. By Corollary 1 to Proposition 7.1.1, this is true iff 1:q = 1:. Now, 

By relation 1 we have 1:q = (q/p)1:. Thus 1:q = 1: iff (q/p) = 1. 
We have proved that 

This is the law of quadratic reciprocity. 
A proof that (2/q) = (_1)<q2- 1l/ 8 can be given using the same technique. 

In Chapter 6 we gave Euler's proof that (2/q) = 1 if q == 1 (8). If q =1= 1 (8), it 
is nevertheless true that q2 == 1 (8). In this case one can carry through the 
proofworking in a finite field F of dimension 2 over 7L/q7L. We leave the details 
to the reader. 

NOTES 

The first systematic account of the theory of finite fields is found in Dickson 
[25], although E. Galois had axiomatically developed a number of their 
properties much earlier in his note "Sur la theorie des nombres" [33]. As 
the existence of a finite field with pn elements is equivalent to the existence of 
an irreducible polynomial of degree n in the ring F[x] we must include Gauss 
once again as a founder. In his paper "Die Lehre von den Reste" he derives 
the formula we have given for the number of irreducibles of degree n (see 
[34]). 
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The use of finite fields to give a proof of quadratic reciprocity has been 
observed by a number of mathematicians, e.g., Hausner [43] and Holzer 
[45, pp. 76-78]. 

Our treatment of finite fields throughout this book is much more elemen
tary than is usual in modern times. Most treatments first develop the full 
Galois theory of fields and apply the general results of that theory to the 
special case of finite fields. This is done in A. Albert's compact book [1]. 
The advantage of Albert's book for those readers already familiar with the 
theory of fields is that he discusses finite fields extensively in his last chapter 
and provides a very long bibliography on the subject. Many interesting 
references are provided. 

EXERCISES 

1. U se the method of Theorem 1 to show that a finite subgroup of the multiplicative 
group of a field is cyclic. 

2. Let R and C be the real and complex numbers, respectively. Find the finite subgroups 
of R* and C* and show directiy that they are cyclic. 

3. Let F be a field with q e1ements and suppose that q == 1 (n). Show that for cx E F* 
the equation x· = cx has either no solutions or n solutions. 

4. (continuation) Show that the set of cx E F* such that x· = cx is solvable is a sub
group with (q - l)jn elements. 

5. (continuation) Let K be a field containing F such that [K: F] = n. For ali cx E F* 
show that the equation x· = cx has n solutions in K. [Hint: Show that q. - 1 is 
divisible by n(q - 1) and use the fact that cxq - 1 = 1.] 

6. Let K ::::> F be finite fields with [K : F] = 3. Show that if cx E F is not a square in F, it is 
not a square in K. 

7. Generalize Exericse 6 by showing that if cx is not a square in F, it is not a square in 
any extension of odd degree and is a square iri every extension of even degree. 

8. In a field with 2· e1ements what is the subgroup of squares? 

9. If K ::::> F are finite fields, IFI = q, cx E F, q == 1 (n), and x· = cx is not solvable in F, 
show that x· = cx is not solvable in K if (n, [K : F]) = 1. 

10. Let K ::::> F be finite fields and [K: F] = 2. For f3 E K show that f31 +q E F and more
over that every element in F is ofthe form f31 +q for some f3 E K. 

11. With the situation being that ofExercise 10suppose that cx E F has order q - 1. Show 
that there is a f3 E K with order q2 - 1 such that f31 +q = cx. 

12. Use Proposition 7.2.1 to show that given a field k and a polynomialf(x) E k[x] there 
is a field K ::::> k such that [K: k] is finite and f(x) = (x - c( 1)(x - C(2)'" (x - cx.) 
in K[x]. 

13. Apply Exercise 12 to k = "Zjp"Z and f(x) = xP" - x to obtain another proof of 
Theorem 2. 
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14. Let F be a field with q elements and n a positive integer. Show that there exist 
irredueible polynomials in F[x] of degree n. 

15. Let x" - 1 E F[x], where F is a finite field with q elements. Suppose that (q, n) = 1. 
Show that x" - 1 splits into linear faetors in some extension field and that the least 
degree of sueh a field is the smallest integer f sueh that qf == 1 (n). 

16. Calculate the monie irredueible polynomials of degree 4 in Zj2Z[x]. 

17. Let q and p be distinct odd primes. Show that the number of monie irredueibles of 
degree q in ZjpZ[x] is q-l(pQ - p). 

18. Letp bea prime with p == 3 (4). Showthatthe residueclasses modulo pinZEi] forma 
field with p2 elements. 

19. Let F be a finite field with q elements. Iff(x) E F[x] has degree t, put 1 f 1 = q'. Verify 
theformalidentityIf Ifl- s = (1 - ql-S)-l.Thesumisoverallmoniepolynomials. 

20. With the notation of Exereise 19 let d(f) be the number of monie divisors of f and 
(J(f) = Iglf 1 9 1, where the sum is over the monie divisors of f. Verify the following 
identities: 
(a) If d(f)lfl- S = (1 _ ql-S)-2. 
(b) L (J(f)lfl- S = (l - ql-S)-l(l _ q2-s)-1. 

21. Let F be a field with q = p" elements. For rx E F set f(x) = (x - rx)(x - rxP) x 
(x - rx p2 ) ... (x - rxpn-1).Showthatf(x) E ZjpZ[x].Inpartieular,rx + rxP + ... + rxpn - 1 

and rxrxprx p2 ... rx pn - 1 are in ZjpZ. 

22. (eontinuation) Set tr(rx) = rx + rxP + ... + rx pn - 1. Prove that 
(a) tr(rx) + tr(fJ) = tr(rx + fJ). 
(b) tr(arx) = a tr(rx) for a E ZjpZ. 
(e) There is an rx E F sueh that tr(rx) =1- o. 

23. (continuat ion) For rx E F consider the polynomial xP - x - rx E F[x]. Show that 
this polynomial is either irreducible or the product of linear factors. Prove that the 
latter alternative holds iff tr(rx) = O. 

24. Suppose that f(x) E ZjpZ[x] has the property that f(x + y) = f(x) + 
f(y) E ZjpZ[x, y]. Show that f(x) must be of the form aox + a1xP + a2x P2 + 
... + amxpm. 



Chapter 8 

Gauss and Jacobi Sums 

In Chapter 6 we introduced the notion of a quadratic 
Gauss sum. In this chapter a more general notion of 
Gauss sum will be introduced. These sums have many 
applications. They will be used in Chapter 9 as a tool 
in the proofs of the laws of cubic and biquadratic reci
procity. Here we shall consider the problem of counting 
the number of solutions of equations with coefficients in a 
finite field. In this connection, the notion of a Jacobi sum 
arises in a natural way. Jacobi sums are interesting in their 
own right, and we shall develop some oftheir properties. 

To keep matters as simple as possible, we shall confine 
our attention to the finite field 7L/p7L = Fp and come back 
later to the question of associating Gauss sums with an 
arbitrary finite field. 

§l Multiplicative Characters 

A multiplicative character on F p is a map X from F; to the nonzero complex 
numbers that satisfies 

x(ab) = x(a)x(b) for aH a, b E F;. 
The Legendre symbol, (a/p), is an example of such a character if it is 

regarded as a function of the coset of a modulo p. 
Another example is the trivial multiplicative character defined by the 

relation 6(a) = 1 for aH a E F;. 
It is of ten useful to extend to domain of definition of a multiplicative 

character to aH of F P' If X =1= 6, we do this by defining X(O) = O. For 6 we 
define 6(0) = 1. The usefulness of these definitions will soon become ap
parent. 

Proposition 8.1.1. Let X be a multiplicative character and a E F;. Then 

(a) X(l) = 1. 
(b) x(a) is a (p - l)st root ofunity. 
(c) x(a- 1) = x(a)-l = x(a). 

88 
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[In part (a) the 1 on the left-hand side is the unit of F p' whereas the 1 on 
the right-hand side is the complex number 1. The bar in part (c) is complex 
conjugation.] 

PROOF. X(1) = x(l· 1) = x(l)x(l). Thus x(l) = 1, since x(l) =1 O. 
To provepart(b), noticethatap-l = 1 impliesthat 1 = x(l) = x(ap-I) = 

x(a)P-I. 
To prove part (c), notice that 1 = x(l) = x(a-1a) = x(a-l)x(a). This 

shows that x(a- l ) = x(a)-l. The fact that x(a)-l = x(a) follows from the 
fact that x(a) is a complex number of absolute value 1 by part (b). O 

Proposition 8.1.2. Let X be a multiplicative character. Ifx =1 e, then 'it X(t) = 0, 
where the sum is over ali tE F p. Ifx = e, the value ofthe sum is p. 

PROOF. The last assertion is obvious, so we may assume that X =1 e. In this 
case there is an a E F; such that x(a) =1 1. Let T = LI x(t). Then 

x(a)T = L x(a)x(t) = I x(at) = T. 
I I 

The last equality follows since at runs over all elements of F p as t does. 
Since x(a)T = T and x(a) =1 1 it follows that T = o. O 

The multiplicative characters form a group by means of the following 
definitions. (We shall drop the use of the word multiplicative for the re
mainder of this chapter.) 

(1) If X and A are characters, then XA is the map that takes a E F; to x(a)A(a). 
(2) If X is a character, [1 is the map that takes a E F; to x(a)-l. 

We leave it to the reader to verify that XA and X- l are characters and 
that these definitions make the set of characters into a group. The identity 
of this group is, of course, the trivial character e. 

Proposition 8.1.3. The group of characters is a cyclic group of order p - 1. 
If a E F; and a =1 1, then there is a character X such that x(a) =1 1. 

PROOF. We know that F; is cyclic (see Theorem 1 of Chapter 4). Let g E F; 
be a generator. Then every a E F; is equal to a power of g. If a = gl and X 
is a character, then x(a) = X(g)'. This shows that X is completely determined 
by the value X(g). Since X(g) is a (p - 1)st root of unity, and since there are 
exactly p - 1 of these, it follows that the character group has order at most 
p-1. 

Now define a function A by the equation A(l) = e21Ci(k/(p-I)). It is easy 
to check that A is well defined and is a character. We claim that p - 1 is the 
smallest integer n such that An = e. If An = e, then An(g) = e(g) = 1. However, 
An(g) = A(gt = e21Ci(n/(p-l). It follows that p - 1 divides n. Since AP-I(a) = 

A(a)P-I = A(ap-I) = A(1) = 1 we have AP-l = e. We have established that 
the characters e, A, A2, ••• , AP - 2 are all distinct. Since by the first part of the 
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proofthere are at most p - 1 characters, we now have that there are exactly 
p - 1 characters and that the group is cyc1ic with A as a generator. 

If a E F; and a ::f;. 1, then a = gl with p - 1,r 1. Let us compute A(a). 
A(a) = A(gY = e2"i(I/(p-l)) ::f;. 1. This conc1udes the proof. O 

Corollary. lf a E F; and a::f;. 1, then Lxx(a) = O, where the summation is 
over ali characters. 

PROOF. Let S = Lx x(a). Since a ::f;. 1 there is, by the theorem, a character A 
such that A(a) ::f;. 1. Then 

A(a)S = L A(a)x(a) = L Ax(a) = S. 
x x 

The final equality holds since AX runs over all characters as X does. It follows 
that (A(a) - 1)S = O and thus S = O. O 

Characters are useful in the study of equations. To illustrate this, con
sider the equation x" = a for a E F;. By Proposition 4.2.1 we know that 
solutions exist iff alP-l)/d = 1, where d = (n, p - 1), and that if a solution 
exists, then there are exactly d solutions. For simplicity, we shall assume that 
n divides p - 1. In this case d = (n, p - 1) = n. 

We shall now derive a criterion for the solution of x" = a using characters. 

Proposition 8.1.4. lf a E F;, ni p - 1, and x" = a is not solvable, then there is a 
character X such that 

(a) x" = 8. 

(b) x(a) ::f;. 1. 

PROOF. Let g and A be as in Proposition 8.1.3 and set X = A(p-l)/". Then 
X(g) = A(P-l)/"(g) = A(g)<p-l)/" = e2"i/". Now a = gl for some 1, and since 
x" = a is not solvable, we must have n,r 1. Then x(a) = X(gY = e2"i(I/") ::f;. 1. 
Finally, x" = AP- 1 = 8. O 

For a E F P' let N(x" = a) denote the number of solutions of the equation 
x" = a. Ifnlp - 1, we have 

Proposition 8.1.5. N(x" = a) = Lxn=t x(a) where the sum is over ali characters 
of order divid ing n. 

PROOF. We c1aim first that there are exactly n characters of order dividing n. 
Since the value of X(g) for such a character must be an nth root ofunity, there 
are at most n such characters. In Proposition 8.1.4, we found a character 
X such that X(g) = e2"i/". It follows that 8, X, X2, ••• , X"-l are n distinct 
characters of order dividing n. 

To prove the formula, notice that x" = O has one solution, namely, 
x = O. Now LXn=f X(O) = 1, since 8(0) = 1 and X(O) = O for X ::f;. 8. 
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Now suppose that a =F O and that x" = a is solvable; i.e., there is an 
element b such that b" = a. If X" = e, then x(a) = X(b") = X(b)" = X"(b) = 
e(b) = 1. Thus Lx"=e x(a) = n, which is N(x" = a) in this case. 

Finally, suppose that a =F O and that x" = a is not solvable. We must 
show that Lx"=r. x(a) = O. Call the sum T. By Proposition 8.1.4, there is a 
character p such that p(a) =F 1 and p" = e. A simple calculation shows that 
p(a)T = T (one uses the obvious fact that the characters of order dividing n 
form a group). Thus (p(a) - l)T = O and T = O, as required. O 

As a special case, suppose that p is odd and that n = 2. Then the theorem 
says that N(x2 = a) = 1 + (alp), where (alp) is the Legendre symbol. This 
equation is easy to check directly. 

In Section 3 we shall retum to equations over the field F p' 

§2 Gauss Sums 

In Chapter 6 we introduced quadratic Gauss sums. The following definition 
generalizes that notion. 

Definition. Let X be a character on F p and a E F p' Set gix) = LI x(tW', where 
the sum is over all t in F p' and , = e2ttilP. ga(X) is called a Gauss sum on F p 

belonging to the character X. 

Proposition 8.2.1. Ii a =F O and X =F e, we have gix) = x(a - l)g 1 (X). Ii a =F O 
and X = e we have ga(e) = O. Ii a = O and X =F e, we have go(x) = O. Ii a = O 
and X = e, we have go(e) = p. 

PROOF. Suppose that a =F O and that X =F e. Then 

x(a)ga(X) = x(a) L x(tKal = L x(atWt = gl(X)· 
I I 

This proves the first assertion. 
If a =F O, then 

ga(e) = L e(tWt = L ,al = O. 
I t 

We have used Lemma 1 of Chapter 6. 
To finish the proof notice that go(X) = Lt x(tKOt = LI x(t). If X = e, 

the result is p; if X =F e, the result is zero by Proposition 8.1.2. O 

From now on we shall'denote gl(X) by g(X). We wish to determine the 
absolute value of g(X). This can be done fairly easily by imitating the proof 
of Proposition 6.3.2. 
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Proposition 8.2.2. Ii X ~ e, then I g(X) I = JP. 
PROOF. The idea is to evaluate the sum La gix)"9li'5 in two ways. 

If a ~ O, then by Proposition 8.2.1, ga(X) = x(a l)g(X) = x(a)g(x) and 

ga(X) = x(a- 1)g(x)· Thus ga(X)ga(X) = x(a- 1)x(a)g(x)g(X) = Ig(xW. Since 
go(X) = O our sum has the value (p - 1)lg(xW. . 

On the other hand, 

giX)ga(X) = L L X(x)x(yKax-ay• 
x y 

Summing both sides over a and using the corolIary to Lemma 1 of 
Chapter 6 yields 

L ga(X)ga(x) = L L X(x)X(y)b(x, y)p = (p - l)p. 
a x y 

Thus (p - 1)lg(x)12 = (p - l)p and the result folIows. o 

The relation of the above result to Proposition 6.3.2 is made clearer by the 
folIowing considerations. 

What is the relation between g(X) and g(i) (i is the character that takes a 
to x(a); i.e., it coincide with the character X- 1)? 

g(x) = LX(t)C t = X(-I) LX(-t)C t = X(-I)g(i)· 
t t 

We have used the fact that X( -1) = X( -1), which is obvious since X( -1) = 
± 1. Thus the fact that I g(x) 12 = p can be written as g(x)g(i) = x( - 1 )p. 
If X is the Legendre symbol, this relation is precisely the result in Proposition 
6.3.2. 

§3 Jacobi Sums 

Consider the equation x 2 + y2 = 1 over the field F p' Since F p is finite, 
the equation has only finitely many solutions. Let N(x2 + y2 = 1) be that 
number. We would like to determine this value explicitly. 

Notice that 

N(x2 + y2 = 1) = L N(x2 = a)N(y2 = b), 
a+b=l 

where the sum is over alI pairs a, b E F p such that a + b = 1. Since N(x2 = a) 
= 1 + (a/p), we obtain by substitution that 

N(x2 + y2 = 1) = p + L (~) + L (~) + L (~) (~). 
II P b P lI+b= 1 P P 
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The first two sums are zero, so we are left with the task of evaluating the 
last sum. We shall see shortly that its value is -( _1)(P-l l/2. Thus 
N(x 2 + y2 = 1) is p - 1 if p == 1 (4) and p + 1 if p == 3 (4). The reader is 
invited to check this result numerically for the first few primes. 

Let us go a step further and try to evaluate N(x 3 + y3 = 1). As before 
we have 

N(x 3 + y3 = 1) = L N(x3 = a)N(y3 = b). 
a+b=l 

If p == 2 (3), then N(x 3 = a) = 1 for all a since (3, p - 1) = 1. It follows 
that N(x 3 + y3 = 1) = p in this case. Assume now that p == 1 (3). Let 
X =1- /:: be a character of order 3. Then X2 is a character of order 3 and X2 =1- /::. 
Thus /::, X, and X2 are all the characters of order 3, henceforth called cubic 
characters. By Proposition 8.1.5 we have N(x 3 = a) = 1 + x(a) + x2(a). 
Thus 

2 2 

N(x 3 + y3 = 1) = L L xi(a) L Xi(b) 
a+b=l i=O i=O 

The inner sums are similar to the sum that occurred in the analysis of 
N(x 2 + y2 = 1). 

Definition. Let X and A. be characters of F p and set J(X, A.) = La+b= 1 x(a)A.(b). 
J(X, A.) is called a Jacobi sum. 

To complete the analysis of N(x 2 + y2 = 1) and N(x 3 + y3 = 1) we 
need to obtain information on the value of Jacobi sums. The following 
theorem not only supplies this information, but shows as well a surprising 
connection between Jacobi sums and Gauss sums. 

Theorem 1. Let X and A. be nontrivial characters. Then 

(a) J(/::, /::) = p. 
(b) J(/::, X) = o. 
(c) J(X, X- 1 ) = - X( -1). 
(d) II XA. =1- /::, then 

J( A.) = g(X)g(A.) 
X, g(XA.) . 

PROOF. Part (a) is immediate, and part (b) is an immediate consequence of 
Proposition 8.1.2. 
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To prove part (c), notice that 

J(x, X- 1)= L x(a)x-1(b) = L X(-ba) = L X(l ~ ). 
a+b=l a+b=1 a*1 a 

b*O 

Set a/(l - a) = c. If c =F -1, then a = c/(l + c). It follows that as a 
varies over F p' less the element 1, that c varies over F p' less the element -l. 
Thus 

J(x,x- 1)= L x(c) = -X(-l). 
c* -1 

To prove part (d), notice that 

g(X)g(A) = (~X(X)C)(~ A(YW) 

= L X(X)A(Y)(x+y 
x,y 

= ~ C+~=/(X)A(Y) )c. (1) 

If t = 0, then Lx+y=o X(X)A(Y) = Lx X(X)A( -x) = A( -1) Lx XA(X) = 0, 
since XA =F c by assumption. 

If t =F 0, define x' and y' by x = tx' and Y = ty'. If x + Y = t, then 
x' + y' = 1. It follows that 

L X(X)A(Y) = L X(tXI)A(ty') = XA(t)J(X, A). 
x+y=t x'+y'=1 

Substituting into Equation (1) yields 

g(X)g(A) = L XA(t)J(X, A)(t = J(X, A)g(XA). o 

Corollary. lf X, A, and XA are not equal to c, then I J(X, A) I = Jv. 
PROOF. Take the absolute value of both sides of the equation in part (d) and 
use Proposition 8.2.2. O 

We now return to the analysis of N(X2 + y2 = 1) and N(x3 + y3 = 1). 
In the former case, it was necessary to evaluate the sum La+b= 1 (a/p) x 
(b/p). Case (c) of Theorem 1 is applicable and gives the result -( -l/p) = 
-( _1)(P-1 J/2, as was stated earlier. 

In the case of N(x3 + y3 = 1) we had to evaluate the sums 
La+b= 1 xi(a)xj(b), where X is a cubic character. Applying the theorem leads 
to the result 
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Since -1 = (- 1)3 we have X( -1) = X3 ( -1) = 1. AIso notice that 
X2 = X- 1 = X. Thus 

N(x 3 + y3 = 1) = p - 2 + 2 Re J(X, X). 

This result is not as nice as the result for N(x2 + y2 = 1), since we do 
not know J(X, X) explicitly. Nevertheless, by the corollary to Theorem 1 

we know that I J(X, X) I = JP so we have the estimate 

IN(x3 + y3 = 1) - p + 21 ~ 2JP. 

If we write N p for the number of solutions to x3 + y3 = 1 in the field 
F p' then the estimate says that N p is approximately equal to p - 2 with 
an "error term" 2JP. This shows that for large primes p there are always 
many solutions. 

If p == 1 (3), there are always at least six solutions since x3 = 1 and 
y3 = 1 have three solutions each and we can write 1 + O = 1 and O + 1 = 1. 
For p = 7 and 13 these are the only solutions. For p = 19 other solutions 
exist; e.g., 33 + 103 == 1 (19). These "nontrivial" solutions exist for all 
primes p ~ 19 since it follows from the estimate that N p ~ p - 2 - 2JP > 6 
for p ~ 19. 

Using Jacobi sums we can easily extend our analysis to equations of the 
form axn + byn = 1, but we shall not go more deeply into this matter now. 

The corollary to Theorem 1 has two immediate consequences of con
siderable interest. 

Proposition 8.3.1. Ii p == 1 (4), then there exist integers a and b such that 
a2 + b2 = p. 

Ii p == 1 (3), then there exist integers a and b such that a2 - ab + b2 = p. 

PROOF. If P == 1 (4), there is a character X of order 4 (if A has order p - 1,let 
X = A(P-IJ/4). The values of X are in the set {1, -1, i, -i}, where i = J=1. 
Thus J(X, X) = Ls+t= 1 X(s)x(t) E ZEi] (see Chapter 1, Section 4). It follows 
that J(X, X) = a + bi, where a, b E Z; thus p = IJ(x, x)1 2 = a2 + V 

If p == 1 (3), there is a character X of order 3. The values of X are in the 
set {1, w, w2}, where w = e21ti/3 = (-1 + F'3)/2. Thus J(X, X) E Z[w]. 
As above, we have J(X, X) = a + bw, where a, b E Z and p = IJ(x, xW = 
la + bwl2 = a2 - ab + b2. . O 

The fact that primes p == 1 (4) can be written as the sum of two squares 
was discovered by Fermat. It is not hard to prove that if a, b > O, a is odd and 
b is even, then the representation p = a2 + b2 is unique. 

If p == 1 (3), the representation p = a2 - ab + b2 is not unique even if we 
as sume that a, b > O. This can be seen from the equations 

a2 - ab + b2 = (b - a)2 - (b - a)b + b2 = a2 - a(a - b) + (a - b)2. 

However, we can reformulate things so that the result is unique. If p = a2 -

ab + b2, then 4p = (2a - b)2 + 3b2 = (2b - a)2 + 3a2 = (a + b)2 + 3(a - b)2. 
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We claim that 3 divides either a, b, or a - b. Suppose that 3,ra and that 
3,r b. If a == 1 (3) and b == 2 (3), or a == 2 (3) and b == 1 (3), then a2 - ab + 
b2 == O (3), which implies that 31 p, a contradiction. Thus 31 a - b, and we 
have 

Proposition 8.3.2. lf P == 1 (3), then there are integers A and B such that 
4p = A 2 + 27 B2. In this representation of 4p, A and Bare uniquely determined 
up to sign. 

PROOF. The proof of the uniqueness is left to the Exercises. O 

Theorem 1 together with a simple argument leads to a further interesting 
relation between Gauss sums and Jacobi sums. 

Proposition 8.3.3. Suppose that p == 1 (n) and that X is a character of order n. 
Then 

g(x)" = x( -l)pJ(x, x)J(x, x2) ... J(x, x"-2). 
PROOF. Using part (d) of Theorem 1 we have g(X)2 = J(X, X)g(X2). Multiply 
both sides by g(x) and we get g(X)3 = J(X, X)J(X, X2)g(X3). Continuing in this 
way shows that 

g(X)n-l = J(X, X)J(X, X2) ... J(X, x"- 2)g(x"-1). (2) 

Now x"-l = X- 1 = i. Thus, as we have seen, g(X)g(Xn- 1) = g(x)g(i) = 
X( -l)p. The result follows upon multiplying both sides of Equation (2) 
~~ O 

Corollary. lf X is a cubic character, then 

g(X)3 = pJ(X, X). 

PROOF. This is simply a special case of the proposition and the fact that 
X( -1) = X« _1)3) = 1. O 

Using this corollary, we are in a position to analyze more fully the complex 
number J(X, X) that occurred in the discussion of N(x3 + y3 = 1). We 
have seen that J(X, X) = a + bro, where a, b E Z and ro = e2"'i/3 = 
(-1 +~)/2. 

Proposition 8.3.4. Suppose that p == 1 (3) and that X is a cubic character. Set 
J(X, X) = a + bro as above. Then 

(a) b == 0(3). 
(b) a == - 1 (3). 

PROOF. We shall work with congruences in the ring of algebraic integers as in 
Chapter 6: 
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Since X(O) = O and X(t)3 = 1 for t #- O we have Lt X(t)3et = Lt"o e t 
= -1. Thus 

g(X)3 = pJ(X, X) == a + bw == -1 (3). 

Working with X instead of X and remembering that g(X) = g(j) we find that 

g(X)3 = pJ(X, X) == a + b05 == -1 (3). 

Subtracting yields b(w - (5) == 0(3), or b~ == 0(3). Thus -3b2 == 
0(9) and it follows that 31 b. Since 31 b and a + bw == -1 (3), we must have 
a == -1 (3), which completes the proof. O 

Corollary. Let A = 2a - b and B = b/3. Then A == 1 (3) and 

4p = A2 + 27B2. 

PRooF.SinceJ(x,X) = a + bwandIJ(x,xW = pwehavep = a2 - ab + b2. 
Thus 4p = (2a - b)2 + 3b2 and 4p = A 2 + 27B2. 

By Proposition 8.3.4, 31 b and a == - 1 (3). Therefore, A = 2a - b == 1 (3). 
D 

We are now ready to prove the following beautiful theorem due to Gauss. 

Theorem 2. Suppose that p == 1 (3). Then there are integers A and B such that 
4p = A 2 + 27B2. If we require that A == 1 (3), A is uniquely determined, 
and 

N(x3 + y3 = 1) = p - 2 + A. 

PROOF. WehavealreadyshownthatN(x3 + y3 = 1) = p - 2 + 2 Re J(X, X). 
Since J(X, X) = a + bw as above, we have Re J(X, X) = (2a - b)/2. Thus 
2 Re J(X, X) = 2a - b = A == 1 (3). Uniqueness is left as an exercise. O 

Let us illustrate this result with two examples, p = 61 and p = 67. 
4·61 = 12 + 27.32 . Thus the number of solutions to x 3 + y3 = 1 in F 61 

is 61 - 2 + 1 = 60. 
Now, 4·67 = 52 + 27.32• We must be careful here; since 5 ;ţ. 1 (3) 

we must choose A = - 5. The answer is thus 67 - 2 - 5 = 60, which by 
coincidence (?) is the same as for p = 61. 

§4 The Equation X n + yn = 1 in Fp 

We shall assume that p == 1 (n) and investigate the number of solutions to 
the equation x" + y" = 1 over the field F p. The methods of Section 3 are 
directly applicable. 
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We have 

N(xn + y" = 1) = L N(xn = a)N(xn = b). 
a+b= 1 

Let X be a character of order n. By Proposition 8.1.5 
n-l 

N(xn = a) = L xi(a). 
i=O 

Combining these results yields 
n-1 n-l 

N(xn + yn = 1) = L L J(xi , Xi). 
i=O i=O 

Theorem 1 can be used to estimate this sum. When i = j = O we have 
J(XO, XO) = J(8,8) = p. When j + i = n, xi = (Xi)-l so that J(Xi, Xi) = 
- Xi( -1). The sum of these terms is - Li: 1 xi( -1). Li:~ Xi( -1) is n when 
-1 is an nth power and zero otherwise. Thus the contribution of these terms 
is 1 - bi -1)n, where bn( -1) has the obvious meaning. Finally, if i = O and 
j i= O or i i= O andj = O, then J(Xi, Xi) = O. Thus 

N(xn + y" = 1) = p + 1 - bn( -1)n + L J(l, Xi). 
i.i 

The sum is over indices i and j between 1 and n - 1 subject to the con
dition that i + j i= n. There are (n - 1)2 - (n - 1) = (n - 1)(n - 2) such 
terms and they ali have absolute value JP. Thus 

Proposition 8.4.1. 

IN(xn + yn = 1) + bn(-1)n - (p + 1)1 ~ (n - 1)(n - 2)JP. 

The term bn( -1)n will be interpreted later as the number of points "at 
infinity" on the curve xn + yn = 1. 

For large p the above estimate shows the existence of many non trivial 
solutions. 

§5 More on Jacobi Sums 

Theorem 1 can be generalized in a very fruitful manner. First we need a 
definition. 

Definition. Let Xl' X2" •. ,X, be characters on F p' A Jacobi sum is defined by 
the formula 

tl+ .. ·+ t ,=1 
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Notiee that when I = 2 this reduees to our former detinition of Jaeobi 
sum. 

It is usefui to detine another sum, whieh will be Ieft unnamed: 

JO(Xl,"" X,) = L Xl(tl)xit2)··· X,(t,). 
t,+···+t,=o 

Proposition 8.5.1. 

(a) Jo(e, e, ... , e) = J(e, e, ... , e) = p'-l. 
(b) lf som.e but not all of the Xi are trivial, then JO(Xl, X2"'" X,) = J(Xl, 

X2""'X,) = O. 
(e) Assume that X, =F e. Then 

ifXlX2'" X,=F e, ( {O, 
J o Xl' X2,'" ,X,) = 

X,(-l)(P - 1)J(Xl,X2"",X'-1), otherwise. 

PROOF. If tI' t2, ... ,t'-1 e.re ehosen (arbitrariIy) in Fp , then t, is uniqueIy 
determined by the eondition tI + t2 + ... +t'-l + t,=O. Thus J o(e, e, ... , e)= 
p'-l. Similarly for J(e, e, . .. , e). 

To prove part (b), assume that Xl' X2""'X, are nontrivial and that 
X.+l = X.+2 = ... = X, = e. Then 

L Xl(t l )X2(t2)· .. X,(t,) 
t,+···+t,=o 

We have used Proposition 8.1.2. Thus J O(Xl, X2,' .. , X,) = O. Similarly for 
J(X1, ... , XI)' 

To prove part (e), notiee that 

JO(Xl, X2," ., XI) = ~ C + ... +~_, = _/l(t l )·· . X,-l(t,-l) )XI(S) 

Sinee X, =F e, XI(O) = 0, so we may assume that s =F ° in the above sum. 
If s =F 0, define ti by ti = -sti. Then 

L Xl(tl)"'XI-l(t,- l ) 
t,+···+t,_,=-. 

= X1X2'" XI-1( -s) 
t,+···+t,-,=l 

= XlX2'" X,-le -S)J(Xl"" ,X,-l)' 

Combining these results yieIds 

JO(X1, X2,'" ,XI) = X1X2'" XI-l( -l)J(Xl"" ,X,-l) L XlX2'" x,(s) . 
... 0 
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The main result follows since the sum is zero if X1X2 ... X, =1= Il and p - 1 
if X1X2 ... X, = Il. O 

Parts (a) and (b) of Proposition 8.5.1 generalize parts (a) and (b) of 
Theorem 1. Part (d) of Theorem 1 can be generalized as follows. 

Theorem 3. Assume that Xl' X2,' .. , X, are nontrivial and also that X1X2' .. X, is 
nontrivial. Then 

g(Xl)g(X2) ... g(X,) = J(Xlo X2, ... , X,)g(X1X2 ... X,)· 

PROOF. Let 1/1: F p -+ C be defined by I/I(t) = ('. Then I/I(t1 + t2) = I/I(t1)I/I(t2), 
and g(x) = L X(t)I/I(t). The introduction of 1/1 is for notational convenience. 

g(xl)g(X2) ... g(X,) 

= (t Xl(t1)I/I(t1») ... (~ X,(t,)I/I(t,») 

= ~ C +'2+~+t.=.Xl(tl)X2(t2)··· X,(t,) )I/I(S). 

If s = O, then by part (c) of Proposition 8.S.1 and the assumption that 
Xl ... X, =1= Il 

t, +···+t.=O 

If s =1= O, the substitution ti = st; shows that 

L Xl (t 1) ... x,(t,) = X1X2 ... X,(S)J(Xl' X2, ... , X,)· 
"+"'+'.=' 

Putting these remarks together, we have 

g(Xl) ... g(X,) = J(Xl, X2, ... , X,) L X1X2 ... X,(s)I/I(s) 
... 0 

o 

Corollary 1. Suppose that Xl' X2"'" X, are nontrivial and that X1X2'" X, is 
trivial. Then 

g(Xl)g(X2)' .. g(X,) = x,( -1)pJ(Xl' X2, ... , X,-l)' 

PROOF·g(Xl)g(X2)· .. g(X,-l) = J(Xl,' .. , X,-1)g(X1X2 ... X,-l) byTheorem 3. 
Multiply both sides by g(x,). Since X1X2 ... X,-l = X; 1 we have 

Corollary 2. Let the hypotheses be as in Corollary 1. Then 

J(Xl, ... , X,) = - X,( -1)J(Xl' X2, ... , X,-l)' 

[II r = 2, we set J(Xl) = 1.] 

o 
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PROOF. If r = 2, this is the assertion of part (e) of Theorem 1. 
Suppose that r > 2. In the proof of Theorem 3 use the hypothesis that 

X1X2 ... Xr = e. This yields 

g(Xl)g(X2) ... g(Xr) = J o(Xto X2' ... ,Xr) + J(Xl' ... ,Xr) L o/(s) . 
... 0 

Sinee L o/(s) = 0, the sum in the formula is equal to -1. By part (e) 
of Proposition 8.5.1, we have J o(Xto ... ,Xr) = Xr( -1)(p - 1)J(Xto···, Xr-l}. 
By Corollary 1, g(Xl)'" g(Xr) = Xr( -1)pJ(Xl' X2" .. ,Xr-l)' Putting these 
results together proves the eorollary. O 

Theorem 4. Assume that Xl' X2" .. , Xr are nontrivial. 

(a) lf X1X2 ... Xr "# e, then 

IJ(Xl' X2"'" Xr)1 = p(r-l)/2. 

(b) lf X1X2 ... Xr = e, then 

and 

IJO(Xl,X2, ... ,Xr)1 = (p _1)p(r/2)-1 

IJ( )1 - (r/2)-1 Xl,X2,· .. ,Xr -p . 

PROOF. If X is non trivial, 1 g(x) 1 = JP. Part (a) follows direet1y from Theorem 3. 
Part (b) follows similarly from part (e) of Proposition 8.5.1 and from 

Corollary 2 to Theorem 3. O 

§6 Applications 

Earlier in this ehapter we investigated the number of solutions of the equation 
x2 + y2 = 1 in the field F p' It is natural to ask the same question about the 
equation xi + x~ + ... + x; = 1. The answer ean easily be found using the 
results of Seetion 5. 

Let X be a eharaeter of order 2 (x(a) = (a/p) in our earlier notation). 
Then N(x2 = a) = 1 + x(a). Thus 

N(xi + ... + x; = 1) = L N(xi = al)N(x~ = a2)' .. N(x; = ar), 

wherethesumisoverallr-tuples(ato···,ar)suehthatal + a2 + ... + ar = 1. 
Multiplying out, and using Proposition 8.5.1, yields 

N(xi + ... + x; = 1) = pr-l + J(X, X, ... ,X). 

If r is odd, t = X, and if r is even, Xr = e. 
Suppose that r is odd. Then Theorem 3 applies and we have J(X, ... ,X) = 

g(X)'-l. Sineeg(x)2 = X( -1)p it follows thatJ(x, ... , X) = X( _1)(r-l)/2p(r-l)/2. 
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If ris even, we use Corollary 2 to Theorem 3 and find that f(X, X, ... , X) = 
- X( _l)r/2p(r-2)/2. Finally, remember that X( -1) = (_l)(P-l)/2. Thus 

Proposition 8.6.1. Ii ris odd, then 

N(xi + x~ + ... + x; = 1) = pr-l + ( _l)«r-l)/2)«p-l)/2)p(r-l)/2. 

Ii r is even, then 

N(xî + x~ + ... + x; = 1) = pr-l _ ( _1)(r/2)«p-l)/2)p(r/2)-1. 

The most general equation that can be treated by these methods has 
the form alx1l' + a2x~2 + ... + arx~r = b, where al' ... ' an b E F p, and 
11,12 , ••• , lr are positive integers. We shall return to this subject in Section 7. 
For now, we shall use Jacobi sums to give yet another proof of the law of 
quadratic reciprocity. 

Let q be an odd prime not equal to p, and X the character of order 2 on F p. 

Then by Corollary 1 to Theorem 3 

g(X)q+ 1 = ( _1)(P-l)/2pf(X, X, ... , X), 

where there are q components in the Jacobi sum. 
Sinceq + 1iseveng(x)q+l = (g(X)2)<q+l)/2 = (_1)«P-l)/2)(q+1)/2).p(q+l)/2. 

Substitut ing into the formula we find that 

( _1)«P-l)/2)(q-l)/2)p(q-l)/2 = f(X, x, . .. , X). 

Now, f(X, x,···, X) = I X(t l )x(t2)··· X(tq), where the sum is over all 
(tI, t2,···,tq) with ti + t2 + ... + tq = 1. If t = ti = t2 = ... = tq, then 
t = 1/q, and the corresponding term ofthe sum has value x(1/q)q = X(q)-q = 
X(q). Ifnotall the ti are equal, then there are q different q-tuples obtained from 
(tI> t2 ,···, tq) by cyclic permutation. The corresponding terms of the sum 
all have the same value. Thus 

(_1)«p-l)/2)(q-l)/2)p(q-l)/2 == x(q) (q). 

Since x(q) = (q/p) and p(q-l)/2 == (p/q) (q) we have 

(_1)«P-l)/2)(q-l)/2(~) == (~) (q) 

and thus 

(_1)«P-l)/2)(q-l)/2)(~) = (~). 

§7 A General Theorem 

All the equations we have considered up to now are special cases of 

alxi' + a2x~ + ... + arxŢ = b, (3) 
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where al' az, ... , a" b E F;. Let N be the number of solutions. Our object 
is to give a formula for N and an estimate for N. The methods to be used are 
identical with those already developed in the previous sections. 

To begin with, we have 

N = L N(xi1 = u1)N(x~ = uz) ... N(x~r = ur), (4) 

where the sum is over alI r-tuples (U1, Uz, ... , ur) such that Li= 1 aiui = b. 
We shalI assume that Il, Iz, ... , Ir are divisors of p - 1, although this is 

not necessary (see the Exercises). Let Xi vary over the characters of order li. 
Then 

Xi 

Substituting into Equation (4) we get 

N = L L X1(U1)XZ(UZ)··· Xr(ur)· (5) 

The inner sum is closely related to the Jacobi sums that we have con
sidered. 

It is necessary to treat the cases b = ° and b i= ° separately. 
If b = 0, let ti = aiui. Then the inner sum becomes 

Xl (al 1 )Xz(ai 1) ... Xr(a; 1)1 0(X1, Xz, ... , Xr)· 

If b i= 0, let ti = b-1aiUi. The inner sum becomes 

X1XZ ... Xr(b )X1 (al 1) ... Xr(ar- 1 )1(X1' Xz, ... , Xr)· 

In both cases, if Xl = Xz = ... = Xr = 1:, the term has the value pr-1 
since 1 0 (1:, ... ,1:) = 1(1:,1:, ... ,1:) = pr-1. If some but not alI the Xi are 
equal to 1:, then the term has the value zero. In the first case the value is zero 
unless X 1X2 ... Xr = e. All this is a consequence of Proposition 8.5.1. 

Putting this together with Theorem 4 we obtain 

Theorem 5. lf b = 0, then 

N = pr-1 + I X1(al 1)xZ(ai 1) ... Xr(a;1)10(X1' X2'···' Xr). 

The sum is over ali r-tuples of characters Xl' X2' ... ' X" where X~i = 1:, 
Xi i= I:for i = 1, ... , r, and X1X2 ... Xr = 1:. If M is the number of such r-tuples, 
then 

lf b i= 0, then 

N = pr-1 + L X1XZ··· xlb)X1(al 1) ... Xr(a; l)J(Xl> Xz,···, Xr). 

The summation is over alt r-tuples of characters Xl> ... , x" where X~i = 1: 
and Xi i= 1: for i = 1, ... , r. lf M o is the number of such r-tuples with X 1XZ ... Xr 
= 1:, and M 1 is the number of such r-tuples with X1XZ ... Xr i= 1:, then 

IN - pr-11 ~ Mop(r/2)-1 + M 1P(r-l)/2. 
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An immediate consequence ofTheorem 5 is worth noting. Let al> a2' ... ,ar 
and b E 7l. and consider the congruence 

alxil + a2x~ + ... + arx:' ;: b (P). 

Then if p is sufficiently large, the congruence has many solutions. In 
fact, the number of solutions tends to infinity as p is taken larger and larger. 

NOTES 

The inspirat ion for this chapter is the famous paper of A. Weil [80]. The 
basic relationship between Gauss sums, also known as Lagrange resolvents, 
and Jacobi sums was known to Gauss [34] (unpublished), Jacobi [47], 
Eisenstein [27], and Cauchy. Complete proofs of the fundamental relations 
given in Proposition 8.3.3 and Theorem 1 were published by Eisenstein in 
his paper "Beitrăge zur Kreistheilung" in 1844. Eisenstein also introduced 
generalized Jacobi sums (Section 5) to obtain a proof ofthe law ofbiquadratic 
reciprocity (see Chapter 9). 

Aside from its usefulness in obtaining the Weil-Riemann hypothesis for 
certain hypersurfaces over finite fields (see Chapter 11), the generalized 
Jacobi sum is of importance in the theory of cyclotomy and difference sets. 
For an introduction to this material, see Storer [74]. See also the difficult 
but important continuation of [80] by Weil [81]. 

Material on Gauss and Jacobi sums is scattered throughout the treatise 
of Rasse [41]. Re gives a systematic presentation in his last chapter where in 
addition to developing many interesting results he shows how both types of 
sum arise naturally in the theory of cyclotomic number fields. Much of the 
theory in that chapter is distilled from the paper of Davenport and Rasse 
[23]. The latter paper is well worth close study, but it is unfortunately of an 
advanced nature and is probably inaccessible to a beginner. Somewhat less 
difficult are the more recent papers ofK. Yamamoto [82] and A. Yokoyama 
[83]. One should also consult the classical treatise of P. Bachman [5]. 

More recently B. C. Berndt and R. J. Evans have studied Gauss, Jacobi, 
and other classical character sums attached to characters of order 6,8,12,24. 
For their interesting results and extensive bibliography the reader should 
consult [92] and [95]. See also Leonard and Williams [177]. 

Theorem 2 is proved by Gauss in §358 of Disquisitiones Arithmeticae. Re 
does not really state the theorem explicitly. It comes out as a by-product of 
another investigation. What he does, in fact, is to use the theorem to help find 
the algebraic equation satisfied by certain Gauss sums. We have done the 
reverse, using the theory of Gauss sums to derive the theorem. Gauss 
derived other results of this type in his first memoir on biquadratic reciprocity 
[34]. For further historical remarks about this subject, see the introduction 
to the paper of Weil [80]. 

The estimates given in Theorem 5 are derived in the first chapter of 
Borevich and Shafarevich [9]. They use a somewhat different method which 
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we have outlined in the Exercises. In the special case of quadratic forms, i.e., 
when alI the 1 = 2, the result goes back at least to Dickson [25]. 

The technique of counting solutions by means of characters lends itself 
naturally to the problem of finding sequences of integers of prescribed length 
having prescribed kth power character modulo p. This problem is dealt with 
to some extent in Hasse [41]. In an interesting, and elementary paper, 
Davenport [21] shows that the number of sequences of four successive 
quadratic residues between 1 and p satisfies the inequality I R - p/81 < K p3/4, 

where K is a constant independent of p. Better estimates can be obtained 
using the results ofWeil. For another paper along the same lines, see Graham 
[36]. 

One final remark on Theorem 5. It is due originalIy to Weil and inde
pendently (and almost simultaneously) to L. K. Hua and H. S. Vandiver 
(Proc. Nat. Acad. Sci. U.S.A., 35 (1949), 94-99). With a few simplifications 
and addenda we have essentially folIowed Weil's presentation. 

EXERCISES 

1. Let p be a prime and d = (m, p - 1). Prove that N(xm = a) = L x(a), the sum being 
over aII X such that l = e. 

2. With the notation of Exercise 1 show that N(xm = a) = N(xd = a) and conclude 
that if di = (mi' P - 1), then Li aixm, = b and Li aixd, = b have the same number 
of solutions. 

3. Let X be a non trivial multiplicative character of F p and p be the character of order 2. 
Show that Lt x(l - t2) = J(X, p). [Hint: Evaluate J(X, p) using the re1ation 
N(x2 = a) = 1 + p(a).] 

4. Show, if k E Fp , k =F O, that Lt x(t(k - t)) = X(k 2/22)J(X, p). 

5. If X2 =F e, show that g(X? = X(2)-2 J(X, p)g(X2). [Hint: Write out g(X)2 explicitly 
and use Exercise 4.] 

6. (continuation) Show that J(X, X) = X(2)-2J(X, p). 

7. Supposethatp == 1 (4)and thatxisacharacteroforder4. Thenx2 = pandJ(x, X) = 
X( -l)J(X, p). [Hint: Evaluate g(X)4 in two ways.] 

8. Generalize Exercise 3 in the following way. Suppose that p is a prime, Lt x(l - r) = 
L" J(X, A), where A varies over all characters such that Am = e. Conclude that 
ILt x(l - tm)1 ~ (m - 1)pl/2. 

9. Suppose that p == 1 (3) and that X is a character of order 3. Prove (using Exercise 5) 
that g(X)3 = p'lt, where 'It = X(2)J(X, p). 

10. (continuation) Show that Xp is a character of order 6 and that g(Xp)6 = 
( _1)<P- 1l/2p1f4. 

11. U se Gauss' theorem to tind the number of solutions to x 3 + y3 = 1 in F for p = 13, 
19, 37, and 97. 
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12. If p == 1 (4), then we have seen that p = a2 + b2 with a, b E Z. If we require that a 
and b be positive, that a be odd, and that b be even, show that a and bare uniquely 
determined. (Hint: Use the fact that unique factorization holds in ZEi] and that if 
p = a2 + b2 then a + bi is a prime in Z[i].) 

13. If p == 1 (3), we have seen that 4p = A 2 + 27B2 with A, B E Z. If we require that 
A == 1 (3), show that A is uniquely determined. (Hint: Use the fact that unique 
factorization holds in ZEro]. This proof is a little trickier than that for Exercise 12.) 

14. Suppose that p == 1 (n) and that X is a character of order n. Show that g(x)" E Z[C], 
where , = e2ni/ •• 

15. Suppose that p == 1 (6) and let X and p be characters of order 3 and 2, respectively. 
Show that the number of solutions to y2 = x 3 + D in F is p + 7t + it, where 
7t = Xp(D)J(X, p). If X(2) = 1, show that the number of solutions to y2 = x 3 + 1 
is p + A, where 4p = A 2 + 27B2 and A == 1 (3). Verify this result numericalIy 
when p = 31. 

16. Suppose that p == 1 (4) and that X is a character of order 4. Let N be the number of 
solutions to x4 + y4 = 1 in F p • Show that N = p + 1 - (ii -1)4 + 2 Re J(X, X) + 
4 Re J(X, p). 

17. (continuation) By Exercise 7, J(X, X) = X( -1)J(X, p). Let 7t = -J(X, p). Show that 
(a) N = p - 3 - 6Re7tifp == 1 (8). 
(b) N = p + 1 - 2 Re 7t if p == 5 (8). 

18. (continuation) Let 7t = a + bi. One can show (see Chapter 11, Section 5) that a is 
odd, b is even, and a == 1 (4) if 41b and a == -1 (4) if 4,tb. Let p = A2 + B2 and 
fix A by requiring that A == 1 (4). Then show that 
(a) N = p - 3 - 6A if p = 1 (8). 
(b) N = p + 1 + 2A if p == 5 (8). 

19. Find a formula for the number of solutions to xI + x~ + ... + x; = O in F p" 

20. Generalize Proposition 8.6.1 by finding an explicit formula for the number of 
solutions to alxI + a2x~ + ... + a,x; = 1 in Fp • 

21. Suppose that p == 1 (d), , = e2ni/p, and consider Lx ,ax'. Show that Lx ,.x' = 

L' m(rK"', where m(r) = N(xd = r). 

22. (continuation) Prove that Lx ,.x' = Lx g.(x), where the sum is over alI X such 
that xd = Il, X #- Il. Assume that p,t a. 

23. Let f(X 1,X2, ... ,X.)EFp[Xl,X2""'X.]. Let N be the number of zeros of f 
in F p' Show that N = p.-l + p-l L.,.o (Lx, ..... x. ,./(x, ..... x.». 

24. (continuation) Let f(Xl' X2"'" x.) = a1xi' + a2xi2 + ... + a.x:;". Let di = 
(mi' P - 1). Show that N = p"-l + p-l L.,.o n7~ 1 Lx, g •• ,(xi), where Xi runs over 
alI characters such that x1' = Il and Xi #- Il. 

25. Deduce from Exercise24 that IN - p.-ll::'5: (p - 1)(d1 - 1) ... (d. - l)p(·/2)-1. 

26. Let p be a prime, p == 1 (4), X a multiplicative character of order 4 on F p' and p the 
Legendre symbol. Put J(X, p) = a + bi. Show 
(a) N(y2 + x4 = 1) = p - 1 + 2a. 
(b) N(y2 = f- x 4 ) = p + LP(I- x 4 ). 
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(e) 2a == -( _1)(p-lJ/4e:) (P) where m = (p - 1)/4. 
(d) Verify (e) for p = 13, 17,29. 

27. Let p == 1 (3), X a eharaeter of order 3, p the Legendre symbol. Show 
(a) N(y2 = 1 - x 3) = p + I p(1 - x 3 ). 

(b) N(y2 + x 3 = 1) = p + 2 ReJ(x, p). 
(e) 2a - b == -Q~= m)(p) where J(X, p) = a + bw. 

28. Let p == 3 (4) and X the quadratie eharaeter defined on 7l./p71.. Show 
(a) I~= 1 xx(x) = 2 I<J=-/J/2 XX(x) - p I<J:}J/2 X(x). 

(b) D= 1 xx(x) = 4x(2) I<J=-/J/2 xx(x) - Px(2) I<J=-/J/2 x(x). 

(e) If p == 3 (8) then D= 1 xx(x)/p = t I<J:lJ/2 x(x). 

(d) If p == 7 (8) then D= 1 xx(x)/p = I<J=-lJ/2 x(x). 
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Chapter 9 

Cubic and Biquadratic 
Reciprocity 

In Chapter 5 we saw that the law of quadratic reciprocity 
provided the answer to the question. For which primes p 
is the congruence x 2 == a (p) solvable? Here a is a fixed 
integer. If the same question is considered for congru
ences X' == a (p), n a fixed positive integer, we are led into 
the realm of the higher reciprocity laws. When n = 3 and 
4 we speak of cubic and biquadratic reciprocity. 

In the introduction to his famous pair of papers, 
"Theorie der biquadratischen Reste 1, II" [34J, Gauss 
c/aims that the theory of quadratic residues had been 
brought to such a state of perfection that nothing more 
could be wished. On the other hand, "The theory of 
cubic and biquadratic residues is by far more difficult." 
He had only been able to deal with certain special cases 
for which the proofs had been so difficult that he soon 
came to the realization that " ... the previously accepted 
principles of arithmetic are in no way sufficient for the 
foundations of a general theory, that rather such a theory 
necessarily demands that to a certain extent the domain 
of higher arithmetic needs to be endlessly enlarged .... " 
In modern language, he is calling for the establishment 
of a theory of algebraic numbers. As afirst step, because 
this is what is needed for discussing biquadratic residues, 

he investigated in detail the arithmetic of the ring Z[ J=lt 
which we now refer to as the ring of Gaussian integers. 

Curiously, although Gauss formulated and discovered 
the law of biquadratic reciprocity, he did not prove it 
completely. The first complete published proofs of cubic 
and biquadratic reciprocity are due to G. Eisenstein. 

In this chapter we shall formulate and prove the laws 
of cubic and biquadratic reciprocity. We shall give two 
proofs to the law of cubic reciprocity. The first is due to 
Eisenstein and is similar in every way to the proof of the 
law of quadratic reciprocity given in Chapter 6. The second 
proof uses Jacobi sums and is analogous to the proof of 
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quadratic reciprocity given in Chapter 8, Section 6. Our 
proof of biquadratic reciprocity is also due to Eisenstein. 

In Section 9 we establish a "rational" reciprocity law 
for biquadratic residues. This elegant result, discovered 
by K. Burde in 1969 answers the following problem. If 
p == 1 (4) and q == 1 (4) are primes and p is a fourth 
power modulo q give necessary and sufficient conditions 
that q is afourth power modulo p. 

In Section 11 we establish, with the use of Jacobi sums, 
Gauss' criterionlor the constructibility oI a regular polygon. 

The chapter conc/udes with a short discussion of 
Kummer's problem concerning the distribution of cubic 
Gauss sums. 

§1 The Ring Z[w] 

109 

Let w = (-1 + ~)/2. The ring Z[w] was defined and discussed in 
Chapter 1, Section 4. Its e1ements are complex numbers of the form a + bw, 
a, b E Z. If IX = a + bw E Z[w], define the norm of IX, NIX, by the formula 
N IX = IX&. = a2 - ab + b2 • Here &. means the complex conjugate of IX. 

In Chapter 1 we used the notat ion A.(IX) instead of NIX. The change is merely 
a matter of conforming to standard notation. For notat ion al convenience 
we shall set D = Z[ w]. 

We have proved earlier that D is a unique factorization domain. Our 
first task here is to discover the units and the prime e1ements in D. 

Proposition 9.1.1. IX E D is a unit iff NIX = 1. The units in Dare 1, -1, w, 
-w, w 2 , and _w2 • 

PROOF. If NIX = 1, IX&. = 1, which implies that IX is a unit since &. E D. 
If IX is a unit, there is a f3 E D such that 1Xf3 = 1. Thus N IXN f3 = 1. Since N IX 

and N f3 are positive integers this implies that N IX = 1. 
Now suppose that IX = a + bw is a unit. Then 1 = a2 - ab + b2 or 

4 = (2a - b)2 + 3b2. There are two possibilities: 

(a) 2a - b = ± 1, b = ± 1. 
(b) 2a - b = ± 2, b = O. 

Solving these six pairs of equations yields the result 1, - 1, w, - w, 
- 1 - w and 1 + w. Since w2 + w + 1 = O the last two elements are w 2 

and _w2 • We are done. D 

To investigate primes in D it is important to realize that primes in Z 
need not be prime in D. For example, 7 = (3 + w)(2 - w). For this reason 



110 9 Cubic and Biquadratic Reciprocity 

we shall speak of primes in Z as rational primes and refer to primes in D 
simply as primes. 

Proposition 9.1.2. lf n is a prime in D, then there is a rational prime p such that 
Nn = por p2. In theformer case n is not associate to a rational prime; in the 
IaUer case n is associate to p. 

PROOF. We have Nn = n > 1, or nit = n. n is a product of rational primes. 
Thusnlpforsomerationalprimep.Ifp = ny,yeD,thenNnNy = Np = p2. 
Thus either Nn = p2 and Ny = 1 or Nn = p. In the former case y is a unit 
and therefore n is associate to p. In the latter case if n = uq, u a unit and q a 
rational prime, then p = Nn = NuNq = q2, which is nonsense. Thus n 
is not associate to a rational prime. O 

Proposition 9.1.3. If ne D is such that Nn = p, a rational prime, then n is a 
prime in D. 

PROOF. If n were not prime in D, then we could write n = py with N p, 
Ny > 1. Then p = Nn = N pNy, which cannot be true since p is prime in Z. 
Thus n is a prime in D. O 

The following result classifies primes in D. 

Proposition 9.1.4. Suppose that p and q are rational primes. If q == 2 (3), then 
q is prime in D. If P == 1 (3), then p = nit, where n is prime in D. Finally 
3 = -w2(1 - w)2, and 1 - w is prime in D. 

PROOF. Suppose that p were not a prime. Then p = ny, with Nn > 1, Ny > 1. 
Thus p2 = NnNy and Nn = p. Let n = a + bw. Then p = a2 - ab + b2 
or 4p = (2a - b)2 + 3b2, yielding p == (2a - b)2 (3). If 3,./'p we have 
p == 1 (3) for 1 is the only nonzero square mod 3. It follows immediately that 
if q == 2 (3), it is a prime in D. 

Now, suppose that p == 1 (3). By quadratic reciprocity we have 

(~3) = (~1)G) = (_1yrll/2(j)(_1)«P-ll/2l«3-1l/2l 

= (j) = G) = 1. 

Hence, there is an a e Z such that a2 == -3 (p) or pb = a2 + 3 for some 

be Z. Thus p divides (a + J=3)(a - J=3) = (a + 1 + 2w) x (a - 1 - 2w). 
If p were a prime in D, it would have to divide one of the factors but this 
cannot happen since p =F 2 and 2/p rI: Z. Thus p = ny with n and y nonunits. 
Taking norms we see that p2 = NnNy and that p = Nn = nit. 

The last case is handled as follows; x 3 - 1 = (x - l)(x - w)(x - ( 2 ) 

implies that x 2 + x + 1 = (x - w)(x - ( 2 ). Setting x = 1 yields 3 = 
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(1 - w)(l - W2) = (1 + W)(1 - W)2 = -w2(1 - W)2. Taking norms we see 
that 9 = N(l - W)2 and so 3 = N(l - w). Thus 1 - w is a prime. O 

As a matter of notation q wilI be a positive rational prime congruent to 2 
modulo 3 and n a complex prime whose norm, Nn = p, is a rational prime 
congruent to 1 modulo 3. OccasionalIy n wilI refer to an arbitrary prime of D. 
The context should make the usage clear. 

§2 Residue Class Rings 

Just as in the ring 7L and in the ring of alI algebraic integers, the notion 
of congruence is extremely useful in D. If IX, {3, Y E D and y # O is a nonunit, 
we say that IX == {3 (y) if y divides IX - {3. Just as in 7L the congruence classes 
modulo y may be made into a ring D/yD, called the residue class ring modulo y. 

Proposition 9.2.1. Let nE D be a prime. Then D/nD is a finite field with Nn 
elements. 

PROOF. We first show that D/nD is a field. Let IX E D be such that IX ;ţ O (n). By 
CorolIary 1 to Proposition 1.3.2 there exist elements {3, y E D such that 
{31X + yn = 1. Thus {31X == 1 (n), which shows that the residue class of IX 
is a unit in D/nD. 

To show that D/nD has Nn elements we must consider separately the 
cases in Proposition 9.1.4. 

Suppose that n = q is a rational prime congruent to 2 modulo 3. We 
claim that {a + bwlO :::; a < q and O:::; b < q} is a complete set of coset 
representatives. This will show that D/qD has q2 = Nq elements. Let J1. = 
m + nw E D. Then m = qs + a and n = qt + b, where s, t, a, b E 7L and 
O :::; a, b < q. Clearly J1. == a + bw (q). Next, suppose that a + bw == a' + 
b'w (q), where O :::; a, b, a', b' < q. Then «a - a')/q) + «b - b')/q)w E D, 
implying that (a - a')/q and (b - b')/q are in 7L. This is possible only if 
a = a' and b = b'. 

Now suppose that p == 1 (3) is a rational prime and nit = Nn = p. 
We claim that {O, 1, ... , p - 1} is a complete set of coset representatives. 
This will show that D/nD has p = Nn elements. Let n = a + bw. Since 
p = a2 - ab + b2 it folIows that p,r b. Let J1. = m + nw. There is an integer 
c such that cb == n (p). Then J1. - cn == m - ca (P) and so J1. == m - ca (n). 
Every element of D is congruent to a rational integer modulo n. If I E 7L, 
I = sp + r, where s, rE 7L and O :::; r < p. Thus I == r (p) and a jortiori 
1== r (n). We have shown that every element of Dis congruent to an element 
of {O, 1,2, ... ,p - 1} modulo n.lfr == r' (n) with r, r' E 7L and O:::; r, r' < p, 
then r - r' = ny and (r - rY = pNy, implying that pir - r'. Thus r = r' 
and we are done. 

We leave the case ofthe prime 1 - w as an exercise. O 
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§3 Cubic Residue Character 

Let n be a prime. Then the multiplicative group of D/nD has order Nn - 1. 
Hence we have an analog of Fermat's Little Theorem. 

Proposition 9.3.1. lf n {oe, then 

oeN1t - 1 == 1 (n). 

If the norm of n is different from 3, then the residue classes of 1, ro, and 
ro2 are distinct in D/nD. To see this, suppose, for example, that ro == 1 (n). 
Then ni (l - ro), and since 1 - ro is prime, n and 1 - ro are associate. 
Thus Nn = N(1 - ro) = 3, a contradiction. The other cases are handled 
in the same way. 

Since {1, ro, ro2 } is a cyclic group of order 3 it follows that 3 divides the 
order of (D/nD)*; i.e., 31Nn - 1. This can be seen in another way using 
Proposition 9.1.3. If n = q, a rational prime, then Nn = q2 == 1 (3). If n is 
such that Nn = p, then p == 1 (3). 

Proposition 9.3.2. Suppose that n is a prime such that Nn #- 3 and that n{oe. 
Then there is a unique integer m = 0,1, or 2 such that oe(N1t-l)/3 == rom (n). 

PROOF. We know that n divides oe N1t - 1 - 1. Now, 

oeN1t - 1 _ 1 = (oe(N1t-l)/3 _ 1)(oe(N1t-l)/3 _ ro)(oe(N1t-l)/3 _ ro 2). 

Since n is prime it must divide one of the three factors on the right. By 
the preceding remarks it can divide at most one factor, since if it divided two 
factors it would divide the difference. This proves the proposition. O 

On the basis of this result we can make the following definition. 

Definition. If Nn #- 3, the cubic residue character of oe modulo n is given by 

(a) (oe/nh = Oifnloe. 
(b) oe(N1t-l)/3 == (oe/nh (n), with (oe/nh equal to 1, ro, or ro2• 

This character plays the same ro le in the theory of cubic residues as the 
Legendre symbol plays in the theory of quadratic residues. 

Proposition 9.3.3. 

(a) (oe/nh = 1 iff x 3 == oe (n) is solvable, i.e., iff oe is a cubic residue. 
(b) oe(N1t-l)/3 == (oe/nh (n). 

(c) (oe/3/nh = (oe/nM/3/nh. 
(d) lf oe == /3 (n), then (oe/nh = (/3/nh· 
PROOF. Part (a)isa special case ofProposition 7.1.2. TakeF = D/nD,q = Nn, 
and n = 3 in that proposition. 
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Part (b) is immediate from the definition. 
Part (c): (rx/3/nh == (rx/3)(N"-1)/3 == rx(N,,-1)/3/3(N,,-1)/3 == (rx/nh(/3/nh (n). 

The result follows. 
Part (d): If rx == /3 (n), then (rx/nh == rx(N,,-1)/3 == /3(N,,-1)/3 == (/3/nh (n), 

and so (rx/nh = (/3/nh. D 

Since we shall be dealing only with cubic characters in this section the 
notation X,,(rx) = (rx/nh will be convenient. 

It is useful to study the behavior of characters under complex conjugation. 

Proposition 9.3.4. 

(a) X,,(rx) = X,,(rx)2 = X,,(rx2). 
(b) X,,(rx) = X;;(iI). 

PROOF. 

(a) X,,(rx) is by definition 1, ro, or ro2 , and each of these numbers squared is 
equal to its conjugate. 

rx(N,,-1)/3 == X,,(rx) (n), 

we get 

iI(N"-1)/3 == X,,(rx) (it). 

Since Nit = Nn this shows that Xiii) == x,,(rx) (n) and thus that Xiii) = 
x,,(rx). D 

Corollary. Xq(iI) = xirx2) and xin) = 1 ifn is a rational integer prime to q. 

PROOF. Since ii = q we have xiii) = xiii) = xirx) = xirx2). This gives the 
first relation. 

Since n = n we have xq(n) = xq(n) = xq(n)2. Since xin) # O it follows 
that xq(n) = 1. D 

The corollary states that n is a cubic residue modulo q. Thus, if ql # q2 
are two primes congruent to 2 modulo 3, then we have (trivially) Xq ,(q2) = 
xq2(qd. This is a special case of the law of cubic reciprocity. To formulate 
the generallaw we need to introduce the idea of a "primary" prime. 

Definition. If n is a prime in D, we say that n is primary if n == 2 (3). 
If n = q is rational, this is nothing new. If n = a + bro is a complex 

prime, the definition is equivalent to a == 2 (3) and b == O (3). 
We need a notion such as "primary" to eliminate the ambiguity caused 

by the fact that every nonzero element of D has six associates. 

Proposition 9.3.5. Suppose that Nn = p == 1 (3). Among the associates of n 
exactly one is primary. 
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PROOF. Write n = a + bw. The associates of n are n, wn, w 2n, - n, - wn, and 
- w2 n. In terms of a and b these elements can be expres sed as 

(a) a + bw. 
(b) -b + (a - b)w. 
(c) (b - a) - aw. 
(d) -a - bw. 
(e) b + (b - a)w. 
(f) (a - b) + aw. 

Since p = a2 - ab + b2, not both a and bare divisible by 3. By looking 
at parts (a) and (b) it is clear that we can assume that 3,ta. Considering 
parts (a) and (d) we can assume further that a == 2 (3). Under this assumption 
p = a2 - ab + b2 leads to 1 == 4 - 2b + b2 (3) or b(b - 2) == O (3). If 
31 b, then a + bw is primary. If b == 2 (3), then b + (b - a)w is primary. 

To show uniqueness, assume that a + bw is primary. By considering the 
congruence class of the first term in part (b) to part (e) we see that none of 
these expressions is primary. Neither is the expression in part (f) since the 
coefficienţ of w, a, is not divisible by 3. O 

For example, 3 + w is prime since N(3 + w) = 7, and -w2(3 + w) = 
2 + 3w is the primary prime associated to it. 

We can now state 

Theorem 1 (The Law of Cubic Reciprocity). Let ni and n2 be primary, Nn i, 
Nn2 #- 3, and Nni #- Nn2. Then 

X1t,(n2) = X1t2(ni)· 

A proofwill be given in Section 4, but first a few remarks are in order. 

(a) There are three cases to consider. Namely, both ni and n2 are rational, 
ni is rational and n2 is complex, and both ni and n2 are complex. The 
first case is, as we have seen, trivial. 

(b) The cubic character of the units can be dealt with as follows. Since 
-1 = ( _1)3 we have xi -1) = 1 for all primes n. 

In Nn #- 3, then it follows from Proposition 9.3.3, part (b), that 
xiw) = W(N1t-i)/3. Thus xiw) = 1, w, or w 2 according to whether 
Nn = 1,4, or 7 modulo 9. 

(c) The prime 1 - w causes particular difficulty. If Nn #- 3, we would like 
to evaluate XiI - w). This is done by Eisenstein in [29] by a highly 
ingenious argument. An elegant proof due to K. Williams is given in the 
Exercises. 

Theorem l' (Supplement to the Cubic Reciprocity Law). Suppose that Nn #- 3. 
lf n = q is rational, write q = 3m - 1. lf n = a + bw is a primary complex 
prime, write a = 3m - 1. Then 

XiI - w) = w 2m. 
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We give a proof for the case of a rational prime q. Since (l - W)2 = 
-3w we have 

XiI - W)2 = xi -3)xiw). 

By the coroIIary to Proposition 9.3.4 we know that Xq( - 3) = 1. By 
remark (b) xiw) = W(Nq-l)/3 = W(q L l)/3. Thus XiI - W)2 = W(q L l)/3. 

Squaring both sides yields 
xq(1 - w) = W(2/3)(qL 1). 

Now, q2 - 1 = 9m2 - 6m so that ~q2 - 1) == -4m == 2m (3). The 
result foIIows. 

§4 Proof of the Law of Cubic Reciprocity 

Let n be a complex prime such that Nn = p == 1 (3). Since DinD is a finite 
field of characteristic p it contains a copy of 7Llp7L. Both DinD and 7Llp7L have 
p elements. Thus we may identify the two fields. More explicitly the identifi
cat ion is given by sending the coset ofn in 7Llp7L to the coset ofn in DinD. 

This identification aIIows us to consider x" as a cubic character on 7Llp7L 
in the sense of Chapter 8 [see Proposition 9.3.3, parts (c) and (d)]. Thus we 
may work with the Gauss sums gaCx,,) and the Jacobi sum J(x" , X,,). 

If X is any cubic character, we have proved (see the coroIIary to Proposition 
8.3.3 and Proposition 8.3.4) that 

(a) g(X? = pJ(x, X)· 
(b) If J(x, X) = a + bw, then a == -1 (3) and b == O (3). 

Since J(X, X)J(X, X) = p, the second assertion says that J(X, X) is a primary 
prime in D of norm p. 

We need a lemma. Assume n is primary. 

Lemma 1. J(X", X,,) = n. 

PROOF. Let J(X", X,,) = n'. Since nn = p = n'n' we have nln' or nln'. 
Since aII the primes involved are primary we must have n = n' or n = n'. 

We wish to eliminate the latter possibility. 
From the definitions, 

J(X", X,,) = L xix)xil - x) == L X(p-l)/3(l - X)<p-l)/3 (n), 
x x 

where the sum is over 7Llp7L. The polynomial X(p-l)/3(1 - X)<p-l)/3 is of 
degree ~p - 1) < p - 1. By Exercise 11 of Chapter 4 it foIIows that 
Lx X(p-l)/3(1 - X)<P-l)/3 == O (P). This shows that J(x", X,,) == O (n); i.e., 
ni n' and therefore n = n'. D 

Corollary. g(X,,)3 = pn. 
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We can now prove the law of cubic reciprocity. We first consider the case 
where nl = q == 2 (3) and n2 = n with Nn = p. 

Raise both sides of the relation g(X,,)3 = pn to the (q2 - 1)/3 power. This 
gives g(X,,)q2_ l = (pnYq2- l )/3. Taking congruences modulo q we see that 

g(X,,)q2- l == xipn) (q). 

Since Xq(p) = 1 this leads to 

We now analyze the left-hand side: 

g(X,,)q2 = (L xitWr2 == L Xit)q2(q2 t (q). 

Since q2 == 1 (3) and xit) is a cube root of 1 we have 

g(X,,)q2 == gq2(X,,) (q). 

(1) 

(2) 

By Proposition 8.2.1 gq2(X,,) = Xiq-2)g(X,,) = Xiq)g(x,,). Thus, combining 
Equations (1) and (2) 

or 

x,,",q)g(x,,) == xin)g(x,,) (q). 

Multiply both sides ofthis congruence by g(X,,). Since g(X,,)g(X,,) = p, 

X,,(q)p == xin)p (q) 

x,,(q) == xin) (q), 

implying that 

xiq) = xin). 

It remains to consider the case of two complex primes nl and n2' where 
Nnl = Pl == 1 (3) and Nn2 = P2 == 1 (3). This case is handled byessentially 
the same technique, but it is a little trickier. 

Let 'Yl = nl and 'Y2 = n2. Then 'Yl and 'Y2 are primary and Pl = nl'Yl and 
P2=n2'Y2· 

Starting from the relation g(XyY = Pl'Yl, raising to the (Nn2 - 1)/3 = 
(P2 - 1)/3 power, and taking congruences modulo n2' we obtain by the same 
method as above the relation 

(3) 

Similarly, starting from g(X"2)3 = P2n2, raising to the (Pl - 1)/3 power, 
and taking congruences modulo nl' we obtain 

(4) 
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We also need the relation Xy, (pn = X"' (P2), which follows from Proposition 
9.3.4 since Yl = nl and P2 = P2. Now we calculate 

X",(1t2)X"2(Pl Yl) = X",(1t2)Xy,(P~) by Equation (3) 

= X",(1t2)X",(P2) = X",(P21t2) by above remark 

= x"2(PD = X"2(Pl 1tlYl) 

= X"2(1t l)X"2(P1Yl)· 

by Equation (4) 

Equating the first and last terms and canceling X"2(P1Yl) gives the sought 
for result: 

§5 Another Proof of the Law of Cu bie Reeiproeity 

We present a proof of cubic reciprocity using Jacobi sums. This proof is 
somewhat shorter and more elegant than the one given in Section 4. It 
should be noticed, however, that more background material is used. 

Consider the case 1tl = q, 1t2 = 1t. Let X" = X, and consider the Jacobi 
sum J(X, X, ... ,X) with q terms. Since 31 q + 1 we have by Corollary 1 to 
Theorem 3 of Chapter 8, 

g(X)q+ 1 = pJ(X, X, .. . ,X). (5) 

Since g(X)3 = p1t, 

(6) 

Now, recall that 

J(X, X,·· . ,X) = L X(Xl)X(X2)·· . X(xq), 

where the sum is over all Xl> X2' ... ' Xq E Z/pZ such that Xl + X2 + ... + 
Xq = 1. Consider the term for which Xl = X2 = ... = Xq. Then qXl = 1 
and X(q)X(Xl) = 1. Raising both sides to the qth power, and recalling that 
q == 2 (3), yields X(q)2 X(Xl)q = 1 and so X(Xl)q = X(q). Thus the "diagonal" 
term of J(X, X, ... , X) has the value X(q). If not all the Xi are equal, there are q 
different q-tuples obtained from (Xl' X2' ... , Xq) by cyc1ic permutation. The 
corresponding terms of J(X, X, ... , X) all have the same value. Thus 

or 

J(X, X,· .. ,X) == x(q) (q). 

Combining Equations (5), (6), and (7) we obtain 

(p1t)<q+ 1)/3 == Px(q) (q) 

p(q-2 l /3 1t(q+l l /3 == X(q) (q). 

(7) 



118 9 Cubic and Biquadratic Reciprocity 

Raising both sides to the q - 1 power (remember that q - 1 == 1 (3)) 

p«q-2)/3)(q-1)n(q2- 1)/3 == X(q)q-1 == X(q) (q) 

Since p«q- 2)/3)(q-1) == 1 (q) by Fermat's theorem and n(q2- 1)/3 == xin) (q) 
it follows that 

xin) == x,,(q) (q) 

and 

xin) = x,,(q)· 

Now consider the case of two primary complex primes n1 and n2. Let 
Y1 = n1,Y2 = n2,P1 = n1Y1,andp2 = n2Y2·Thenp1,P2 == 1 (3). ByTheorem 
3 of Chapter 8 we have 

g(Xy)P2 = J(X y1 ,· .. , XY1)g(X~~)· 

There are P2 terms in the Jacobi sum. Since P2 == 1 (3), X~~ = Xy, . Thus 

[g(Xy,?J<P2 -1)/3 = J(Xy1 , ... , xyJ (8) 

By isolating the diagonal term of the Jacobi sum (as we have done a 
number of times by now) we find that 

J(X y" ... , Xy) == xy,(P2" 1 ) == Xy,(P~)(P2). 

Using this and the fact that g(Xy,? = P1Y1, we obtain from Equation (8) 
the congruence 

and therefore 

(9) 

Similarly one proves that 

X",(P2 n2) = X"2(PÎ)· (10) 

Equations (9) and (10) are the basic relations. From here on one proceeds 
exactly as in Section 4 to the desired conc1usion X",(n2) = X"2(n1). 

§6 The Cubic Character of 2 

The law of cubic reciprocity can be used to develop the theory of cubic 
residues in the same manner as the law of quadratic reciprocity led to the 
results of Chapter 5, Section 2. We shall forego a development of the general 
theory in favor of a discussion of an illuminating special case. Namely, 
we shall ask for all primes n in D for which 2 is a cubic residue. 

To begin with, notice that x 3 == 2 (n) is solvable iff x 3 == 2 (n') is solvable 
for any associate of n. Thus we may assume that n is primary. If n = q is a 
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rational prime, then xi2) = 1 and so 2 is a cubic residue for alI such primes. 
We as sume from now on that n = a + bw is a primary complex prime. By 
cubic reciprocity X,,(2) = X2(n). The norm of 2 is 22 = 4. Thus 

n = n(4-1)/3 == xin) (2). 

It folIows that Xi2) = 1 iff n == 1 (2). We have proved 

Proposition 9.6.1. x 3 == 2 (n) is solvable iff n == 1 (2), i.e., iff a == 1 (2) and 
b == 0(2). 

It is possible to formulate this proposition in another way. Let n = a + bw 
be a primary complex prime and p = Nn = a2 - ab + b2. Then 4p = 
(2a - b)2 + 3b2. Ifwe set A = 2a - b and B = b/3, then 4p = A2 + 27B2. 
According to Proposition 8.3.2 the integers A and Bare uniquely determined 
up to sign. 

Proposition 9.6.2. lf P == 1 (3), then x3 == 2 (P) is solvable iffthere are integers 
e and D such that p = e2 + 27D2. 

PROOF. If x 3 == 2 (p) is solvable, so is x 3 == 2 (n) and thus n == 1 (2) by 
Proposition 9.6.1. We have 

b 
4p = A2 + 27B2, where A = 2a - b, B = 3' 

Since b is even, so are B and A. Let D = B/2 and e = A/2. Then p = 
e2 + 27D2 • 

Suppose, conversely, that p = e2 + 27D2. Then 4p = (2C)2 + 27(2D)2. 
By uniqueness B = ± 2D; i.e., B is even and thus so is b. It folIows that n = 
a + bw == 1 (2), and x 3 == 2 (n) is solvable. Since D/nD has p = Nn elements 
thereisanintegerhsuchthath3 == 2 (n).ltisnoweasytoshowthath3 == 2 (P). 
If nlh3 - 2, then nlh3 - 2 and nn = pl(h3 - 2)2. Consequently, plh3 - 2 
and we are done. O 

As an example take p = 7. Then x 3 == 2 (7) is not solvable since there are 
deariy no integers e and D such that 7 = e2 + 27 D2 • 

On the other hand, p = 31 = 22 + 27.12. Thus x 3 == 2 (31) is solvable. 
Indeed,43 == 2 (31). 

§7 Biquadratic Reciprocity: Preliminaries 

In his second memoir (1832) on biquadratic residues, Gauss stated, without 
proof, the law of biquadratic reciprocity. The proof, he asserted, belonged to 
the mysteries of the higher arithmetic. The details were to be published in 
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a third memoir, which unfortunately never appeared. Subsequently Eisenstein 
published several proofs (1844), using Jacobi and Gauss sums. The basic 
idea is the same as in the cubic case, although the details are more extensive. 
The use of Gauss sums to prove reciprocity laws is due to Gauss himself, 
who utilized them essentially in his sixth proof of quadratic reciprocity. 

Throughout the following three sections D denotes the ring ZEi] of 
Gaussian integers. If a E D then (a) = aD is the principal ideal generated by 
a. By a prime will always be meant a positive prime of Z. Recall from Chapter 1 
that D is a Euclidean ring. Thus if n is irreducible and ni ap then either ni a 
or nlP. If N(a) = aii is the norm of a then by Exercise 32 of Chapter 1, 
N(a) = 1 iff a is a unit. From this, one sees that the units of Dare ± 1, ± i. 

Lemma 1. lin is irreducible then there is a prime p E Z such that ni p. 

PROOF. N(n) = nit = n = PI ... P., Pi prime,pi E Z. Thus nlPi for some i. D 

Thus the irreducibles are found by decomposing in D all primes in Z. The 
following lemma is useful. 

Lemma 2. Ii a E D, and N(a) is prime then a is irreducible. 

PROOF. If a = J.lA. then N(a) = N(J.l)N(A.). Since N(a) is prime it follows 
that N(J.l) = 1 or N(A.) = 1. Thus either J.l or A. is a unit. 

Lemma 3. 1 + i is irreducible and 2 = - i(l + i)2 is the prime factorization 
of2 in D. 

PROOF. N(1 + i) = 2 and so the first assertion follows from Lemma 2. 
The second assertion results from a direct calculation. 

Lemma 4. If q == 3 (4) is a prime in Z, then q is irreducible considered as an 
element of D. 

PROOF. If q were not irreducible in D, then q = ap with N(a) > 1 and N(P) > 1. 
Taking norms we find q2 = N(a)N(p). It follows that q = N(a). If a = a + bi 
with a, b E Z, then q = a2 + b2• This is a contradiction since a sum of two 
squares in Zis congruent to O or 1 modulo 4, and q is congruent to 3 modulo 4. 

Lemma S. Ii P is prime, P == 1 (4) then there is an irreducible n such that 
P = nit. Furthermore (n) '# (it). 

PROOF. The fust statement is part (a) ofProposition 8.3.1. Another proofnot 
using Jacobi sums is the following. Since P == 1 (4) there is, by Proposition 
5.1.2, an integer a with a2 == -1(P). Thus pla2 + 1 = (a + i)(a - i). If P 
were irreducible then pla + i which is absurd. Thus P = ap, N(a) > 1, 
N(P) > 1. Taking norms enables one to conclude that P = N(a). Since N(a) 
is prime it follows by Lemma 2 that a is irreducible. The fact that (a) '# (ii) 
is left as an exercise, D 
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This completes the description ofthe irreducibles in D. 

Definition. A nonunit IY. E D is primary if IY. == 1 (l + i)3. 

Lemma 6. A nonunit IY. is primary i.ff either a == 1 (4), b == 0(4) or a == 3 (4), 
b == 2 (4). 

PROOF. Since (1 + i)3 = 2i(1 + i) it follows that a + bi is primary iff 

(a - 1) + bi a + b - 1 b - a + 1 
2 + 2i 4 + 4 

iE D. 

This is equivalent to the congruences a + b == 1 (4), a - b == 1 (4). The 
result follows easily from this. O 

We note that any non unit IY. == 1 (4) in D is primary. Furthermore if IY. 

is primary then (1 + i),rIY.. If q is a real prime, q == 3 (4) then -q is a primary 
irreducible. As for the irreducibles arising from primes p == 1 (4) one has the 
following important result. 

Lemma 7. Let IY. E D be a nonunit, (1 + i),rIY.. Then there is a unique unit u 
such that UIY. is primary. 

PROOF. There is a unit e such that elY. = a + bi where a is odd and b is even. 
Multiplying if necessary by -1, Lemma 6 shows that IY. has a primary 
associate. If U l and U2 are units such that U11Y. and U21Y. are primary then since 
(1 + i),r1Y. it follows that Ul == U2 (l + i)3. An examination of cases shows 
easily that this implies Ul = U2. 

Lemma 8. A primary element can be written as the product of primary ir
reducibles. 

PROOF. Let IY. E D be primary. Then there are rational primes qi == 3 (4), 
primary irreducibles ni' N(n;) == 1 (4) and a unit u such that IY. = unl ... 
nr( -ql)··· (-qs). Reduction modulo (1 + i)3 shows that 1 == u (1 + i)3. 
This implies that u = 1. O 

§8 The Quartic Residue Symbol 

Consider an irreducible n in D. 

Proposition 9.8.1. The residue class ring DinD is a finite field with N(n) 
elements. 

PROOF. The proof proceeds in exactly the same way as Proposition 9.2.1, 
replacing the classification of irreducibles in Z[w] by the corresponding 
classification in D = Z[i]. O 
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Corollary.lfn,.rO(thenO(N"-l == 1 (n). 

Proposition 9.8.2. lf n,.rO(, (n) =F (1 + i) there exists a unique integer j, 
O :::;; j :::;; 3 such that 

0(N(,,)-1)/4 == ii (n). 

PROOF. It is easy to see that the residue classes of 1, -1, i, - i are distinct. They 
are the roots of x4 == 1 (n). However the residue class of 0(N(")-1)/4 is also a 
solution to x4 == 1 (n) by the above corollary. The result follows from this. 

O 

Definition.If n is an irreducible, N(n) =F 2, then the biquadratic (or quartic) 
residue character of 0(, for n,.rO(, is defined by X,,(O() = ii wherej is determined 
by Proposition 9.8.2. If n I O( then X,,(O() = O. 

Proposition 9.8.3. 

(a) Ifn,.rO( then X,,(O() = 1 ~ x4 == O( (n) has a solution in D. 
(b) X,,!O(P) = X,,(O()· X,,(P). 
(c) X,,(O() = X1!(ă). 
(d) lf n is a primary irreducible then X,,( -1) = (_1)(a-l)/2, where n = 

a + bi. 
(e) lf O( == P (n) then X,,(O() = xiP). 
(f) x,,(O() = x;.(O() if(n) = (Â). 

PROOF. Part (a) follows from Proposition 7.1.2. Parts (b), (c), (e), and (f) 
follow immediately from the definition. Part (d) follows from Lemma 6 
(see Exercise 38). O 

Proposition 9.8.4. Let q be prime, q == 3 (4). Then xia) = 1 for a E 71.., q,.r a. 

PROOF. N(q) = q2. Thus 
xq(a) == a(q2- 1 )/4 = (aq- 1yq+l)/4 == 1 (q), 

by Fermat's Little Theorem. 

The quartic residue character is generalized as follows. 

O 

Definition. Let O( E D be a nonunit such that (1 + i),.r0(, and PE D. Write 
O( = ni Âi where Âi is irreducible. If(O(, p) = 1 define X,,(P) by 

X,,(P) = n x;.lp)· 
i 

This is well defined by Proposition 9.8.3(f). By part (e) of that proposition 
one sees that if P == y (O() then X,,(P) = X,.{y). 

Proposition 9.8.5. Let O( E 71.., O( =F O, and a E 71.. be an odd nonunit. lf(a, O() = 1, 
then 
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PROOF. We may as sume a> O. Write a = n Pi n qi where Pi' qi are prime, 
Pi == 1 (4) and qi == 3 (4). By Proposition 9.8.4 we need only verify that 
Xp/IX) = 1. If Pi = nft where n is irreducible then Xp,(IX) = X,,(IX)X,,(IX) = 
X,,(IX)X,,(IX) = 1 by Proposition 9.8.3(c). 

Proposition 9.8.6. If n i= 1 is an integer n == 1 (4), then Xn(i) = ( _1)(n-1 J/4. 

PROOF. Note that n may be negative. If n is a positive prime P == 1 (4) then 
writing p = nit one has 

xii) = X,,(i)X,,(i) = (i(P- 1J/4)2 = ( _1)(p-1 J/4. 

If on the other hand n = -q, q == 3 (4) and prime, then x-ii) = i(q2- 1J/4 = 
(iQ- 1yq+ 1J/4 = (_1)(-Q-1 J/4. If n == 1 (4) is arbitrary then one may write 
n = P1 ... PtC -q1)'" (-qs), Pi == 1 (4), qi == 3 (4). The result then follows 
from Exercise 44. D 

§9 The Law of Biquadratic Reciprocity 

The general law of biquadratic reciprocity may be stated as follows. Let A 
and n be relatively prime primary elements of D. Then 

Theorem 2. X,,(it) = x . .(n)( _1)«N(AJ-1J/4J«N("J-1J/4J. 

If it and n are primary, where A = C + di and n = a + bi, it is simple to 
see that «N(A) - 1)/4)«N(n) - 1)/4) and «a - 1)/2)«c - 1)/2 have the 
same parity, so one may write 

X,,(A) = xin)( _1)«a-1J/2)(C-1J/2J. 

In other words if either n or it is congruent to 1 modulo 4 then n and it have 
the same biquadratic character. If however both are congruent to 3 + 2i 
(see Lemma 6) then n and it ha ve "opposite" character in the sense that 
X,,(it) = - xin). 

Consider a primary irreducible n with N(n) = P == 1 (4) and let x" be the 
associated quartic residue character. Then X" may be viewed as a multiplica
tive character on the finite field D/nD = F. Recall that F is a finite field with P 
elements consisting of the residue classes of 0, 1, ... ,p - 1. If , = e2"i1p let 
g(x,,) = LiEF x,,(jKi be the Gauss sum belonging to X". If tjI = X; then tjI 
is the nontrivial character of order 2 on F and thus is the Legendre symbol. 

Proposition 9.9.1. J(X", X,,) = X,,( -1)J(X", tjI). 

PROOF. By Theorem 1, Chapter 8, one has J(X", X,,) = g(X,,)2/g(tjI). Thus 

J(X", X,,)2 = gg~;~: = x,,( -1)J(x", x")J(x,,, tjI) 

using Propositions 6.3.2 and 8.3.3. This gives the result. D 
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Proposition 9.9.2. g(X"t = pJ(X", X,,)2. 

PROOF. This follows immediately from Propositions 9.9.1 and 8.3.3. D 

Proposition 9.9.3. - X,,( -1)J(X", X,,) is primary. 

PROOF. Clearly 

(p-l)/2 (p + 1)2 
J(X", X,,) = 2 t~2 xit)xi1 - t) + X -2- . 

But any unit in D is congruent to 1 modulo 1 + i. Aiso p == 1 (2 + 2i). 
Finally X,,«p + 1)/2)2 = (X,,(2- 1»2 = Xi2)-2 = X,,(2)2 = X,,( - i(l + i)2)2 = 
xi _i)2 = X,,( -1). Thus 

Thus 

J(X", X,,) == 2(P ; 3) + X,,( -1) (2 + 2i) 

== -2 + Xi-1)(2 + 2i). 

- xi -1)J(x, X) == 2X,,( -1) - 1 (2 + 2i) 

== 1 (2 + 2i), 

since xi -1) = ± 1. 

The next proposition identifies the primary element - xi -l)J(x", x,,). 

Proposition 9.9.4. - X,,( -1)J(X", X,,) = n. 

D 

PROOF. By Lemma 7 ofSection 7 it is enough to show that the left- and right
hand sides differ by a unit. Now J(X", X,,) == Lr~ l t(P-l)/4{l - t)(p-l)/4 (n). 
By Exercise 11 of Chapter 4 it follows that J(X", X,,) == O (n). By the corollary 
to Theorem 1 of Chapter 8, N(J(X", X,,» = p. Thus J(X", X,,) is irreducible 
and the proposition is complete. D 

Combining Proposition 9.9.4 with Proposition 9.9.2 gives the factoriza
tion of g(X)4 in D. 

Proposition 9.9.5. g(X,,)4 = n3n. 
We will now prove two particular cases of the law of biquadratic re

ciprocity. The general statement will then be a formal, if somewhat tedious, 
consequence. 

Proposition 9.9.6. Let q > O be a real irreducible in D. Then 

xi - q) = xin). 
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PROOF. Since q = 3 (4) one has 

Thus 

p-1 

g(X,,)q == L X"Wq(qj == L x~(jKqj (q) 
j: 1 

== x,,(q)g(X,,) (q). 

(g(X,,)4yq+ 1)/4 = g(X,,)q+ 1 == X,,(q)g(X,,) . g(X,,) (q). 
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By the observation following Proposition 8.2.2 and noting (see Exercise 45) 
that if == req (q) one has, by Proposition 9.9.5 

re[(q+3j(q+1)]/4 == X,,(-I)x,,(q)req+1 (q) 

or 

re(qL 1)/4 == x,,( - q)(q). 

But re(q2- 1)/4 == xire) (q). Thus 

xire) == x,,( -q)(q), 

which implies, since both sides are units, that 

This completes the proof. o 

Notice that -q is a primary irreducible and (N(q) - 1)/4 = (q2 - 1)/4 is 
even. Thus Proposition 9.9.6 is indeed a special case of biquadratic re
ciprocity. 

Proposition 9.9.7. Let q be primeq == 1 (4). Then X,,(q) = xire). 

PROOF. Since q == 1 (4) 

g(X,,)q == L X"Wq(qj == L x"UKqj == X,,(q)g(X,,) (q). 

Thus 

g(x,,)q+ 3 == X,,(q)g(X,,)4 (q). 

By Proposition 9.9.5 this becomes 

(re 3 ifyq + 3)/4 == x,,(q)re3if (q). 

Both sides of this congruence belong to D and (q, re) = (q, if) = 1. Thus we 
may divide to obtain 

(re3yq-1)/4(ifyq-1)/4 == X,,(q) (q). 

If q = AA where A is a irreducible in D then this implies 

xire3)xiif) == X,,(q) (A). 
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As in the previous case we condude that 

xin3 )x...(n) = i,,(q)· 

This may be written as 

xin)xin) = X,,(q) 

or 

xin)xin) = X,,(q) 

which gives, by definition 

xin) = x,,(q)· 

Taking conjugates completes the proof. D 

The re ader should notice that in Proposition 9.9.7, q is not irreducible 
and that the left-hand side is the generalized biquadratic residue symbol. 

The following proposition is a formal exercise using Lemma 8 of Section 7, 
and Propositions 9.8.6, 9.9.6, and 9.9.7. 

Proposition 9.9.8. Let a be real and a == 1 (4) and A be primary, (A, a) = 1. 
Then Xa(A) = xia). 

Suppose now that n = a + bi and A = c + di are primary and relatively 
prime. We do not assume that N(n) #- N(A), or that they are irreducible. 

Proposition 9.9.9. lf(a, b) = 1, (c, d) = 1 then 

X,,(A) = x;.(n)( _1)«a-l)/2«C-l)/2). 

PROOF. Since (n, A) = 1 the hypothesis implies that (a, n) = (b, n) = (c, A) = 
(d, A) = 1. The reIat ion cn == ac + bd (A) implies (ac + bd, A) = (ac + bd, n) = 1. 
Furthermore 

xic)xin) = xiac + bd). (1) 

Similarly 

x,,(a)x,,(A) = x,,(ac + bd). (2) 

Taking the conjugate of (2) and multiplying by (1) one obtains the relation 

xic)xia)xin)X,,(A) = x;.iac + bd). 

Thus we have shown, using Proposition 9.8.3(c) 

(3) 

Assume that c, a, and ac + bd are nonunits. The three terms on the right
hand side are easily computed. For an odd integer n put s(n) = (_1)(n-l)/2. 

Then s(n)n == 1 (4) and s(ac + bd) = s(a)s(c) since bd == 0(4). Writing 
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xcix) = x~(e(x»x~(e(x)x) for each term on the right-hand side of (3) one 
obtains, noting that xie(x» = x~(e(x» and using Proposition 9.9.8 and 
9.8.3(b) 

xin)x,,(A) = Xc(Â)Xa(n)Xac+biAn}. 

As for the last three terms one computes, using Proposition 9.8.6 

Xc(1) = xC<e - di) = xC< -di) = XC<i), 

Xa(n) = xia + bi) = Xibi) = Xa(i), 

Xac+binA.) = Xac+bd«ad - be)i) = Xac+bii)· 

Thus we have the reIat ion 

xin)x,,(A.) = X(ac+bd)ac(i) 
= (_1)«ac+bd)ac-1)/4 

(4) 

= ( _1)«a-1)/2)«C-1)/2). (Proposition 9.8.6) (5) 

The last equality is a simple exercise using Lemma 6 of Section 7. We leave 
to the reader the simple task of carrying through the situation in which one 
of a, e, or ac + bd is a unit. O 

The generallaw ofbiquadratic reciprocity follows easily from Proposition 
9.9.9. For write n = mea + bi), A. = n(e + di), (n, ,1.) = 1 where m == n == 1 (4), 
(a, b) = 1, (e, d) = 1. By Proposition 9.9.7, x,,(n) = Xn(n) and xim) = Xm(A.). 
AIso Xm(n) = Xn(m) = 1 by Proposition 9.8.5. Then, since a + bi and e + di 
are primary, 

xin) = xim)xia + bi) 
= Xm(A.)Xn(a + bi)Xc+di(a + bi) 
= Xm(A.)Xa+bi(n)Xa+bi(e + di)( _l)1(a-1)/2)«C-1)/2) 
= x,,(A.)( _1)«a-1)/2)«C-1)/2) 
= x,,(A.)( _1)«N(,,)-1)/4)(N().)-1)/4), 

where in the last line we have used the fact that m == n == 1 (4). This completes 
the proof, a monument to ingenuity and persistence! O 

§IO Rational Biquadratic Reciprocity 

Throughout this section p and q denote distinct primes congruent to 1 
modulo 4. Then the multiplicative group (71../p7l..)* has a unique subgroup 
of order (p - 1)/4 con si sting of the residues of fourth powers of integers. 
Consider the biquadratic residue character x" defined by means of an 
irreducible n in 71..[i] dividing p. By Proposition 9.8.3 X,,(q) = 1 iff x4 == q (n) 
has a solution with x E 71..[i]. 
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Lemma 1. X,,(q) = 1 iffx4 == q (P) has a solution with x E 7L. 

PROOF. By Proposition 9.8.1 the integers O, 1, 2, ... ,p - 1 form a complete 
set of residues for the residue classes of 7L[iJ modulo n. Thus X,.(q) = 1 iff 
x 4 == q (n) has a solution with x E 7L. It follows that x 4 == q (it). However, 
(n, it) = 1. Thus p = nitlx4 - q. O 

Let ljJ p denote the quadratic residue character. 

Lemma 2. IfljJiq) = 1 then X,,(q) = ± 1. 

PROOF. Since q(P-1)/2 == 1 (P) it follows that X;(q) == (q(p-1)/4)2 == q(p-1)/2 == 
1 (n). Thus X;(q) = 1. O 

Thus, assuming that q is a square modulo p, X,.(q) is + 1 or -1 according 
as q is or is not a fourth power modulo p. By the law of quadratic reciprocity 
IjJq(p) = + 1. Notice that the value X,.(q) depends only on p and q and not 
on the choice of the irreducible n. Contrary to what one might expect the 
relationship between the two integers X,.(q) and xip) where Â is an irreducible 
divid ing q is not a simple consequence of the law of biquadratic reciprocity. 
In 1969 K. Burde [102J discovered the following remarkable reciprocity 
law. Since p and q are congruent to 1 modulo 4 we may write p = a2 + b2, 

q = e2 + d2 , where a == e == 1 (2) and b == d == O (2). Throughout the 
following we assume ljJ q(p) = 1. 

Theorem 3. x,,(q)xip) = ( -1)(q-1)/4IjJq(ad - be). 

The following elegant proof is due to K. Williams [244]. The law of 
biquadratic reciprocity is not assumed. However the value of the quadratic 
Gauss sum is used (Chapter 6, Section 4). The following proposition is of 
interest in itself. (See the comment at the end of Section 12). 

Proposition 9.10.1. Let n be the primary irredueible dividing p. Then 

g(X,,)2 = -( _l)(P-1)/4JPn 

where JP denotes the positive square root. 

PROOF. By Proposition 9.9.4 and Theorem 1, Chapter 8 we have 

g(X,,)2 
J(X", X,,) = - x,.( -1)n = g(1jJ p) . 

The proposition follows from Theorem 1, Chapter 6 and the observat ion 
that X,,( -1) = ( _1)<P-1)/4. O 

Proposition 9.10.2. If n is a primary irredueible dividing p then Xiq)xrrCp) == 
n(q- 1)/2 (q). 
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PROOF. We have, in the ring of aH algebraic integers, 

g(x,,)q = (I x"UKi)q 

= Ix"UWi(q) 

= x,,(q- 1 )g(x,,) (q) 

= X,,(q)g(X,,) (q). 

The last congruence follows because 

X,,(q-l) = X~(q) = X;(q)X,,(q) = X,,(q)· 

Thus, multiplying by g(X,,)3 

g(X"t(g(X,,»q- 1 = X,,(q)g(X,,)4 (q). 
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The two terms on the left-hand side are in Zei] by Proposition 8.3.3; and 
by Proposition 8.2.2 N(g(X,,)4) = p4. Thus one may cancel g(X,,)4 to obtain 

g(x,,)q- 1 = X,,(q) (q). 

Using Proposition 9.10.1 one obtains 

(g(X,,)2yq-l)/2 = p(q-lJ/4n (q-l)/2 = X,,(q) (q). 

But p(q-lJ/4 = xip) (A.) and since both sides of this congruence are real it 
foHows, taking conjugates and noting (A., Ă) = 1, that this congruence holds 
modulo q. This completes the proof. O 

In the following proposition n is not assumed to be primary. Write 
n = a + bi and A. = e + di. 

Proposition 9.10.3. n(q-lJ/2 = l/Iid)l/Iq(ad - bc) (q). 

PROOF. Since dn = ad - be (A.) one has 

(dnYQ-lJ/2 = (ad - bcYQ-l)/2 (,1). 

Thus 

l/Iid)n(q-lJ/2 = l/Iiad - be) (,1). 

Similarly dn = (ad + be) (Ă) implies 

l/Iid)n(Q-lJ/2 = l/Iq(ad + be)(Ă). 

The proof now follows from the following lemma. 

Lemma 3.l/Iiad - be) = l/Iq(ad + be). 

PROOF. Since e2 = _d2 (q) one has 

o 

l/Iiad - be)l/Iiad + be) = l/Iia2d2 - b2e2) = l/Iq(d2p) = l/Iq(P) = 1. O 
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Note furthermore that since I/Iq( -1) = 1 one has as a consequence ofthe 
above lemma I/Iq(ad - be) = I/Iq( -ad + be) = I/Ii -ad - be). Thus in the 
statement of Theorem 3 there is no loss of generality in assuming that 1t is 
primary. With this assumption one conc1udes from Propositions 9.10.2 
and 9.10.3 that 

The proof of Theorem 3 is completed by the following lemma. 

Lemma4.lfq = e2 + d2,e > O,e == 1 (2) then I/Iid) = (_1)<q-l)/4. 

PROOF. Let I/Ic denote the Jacobi symbol. Then by Proposition 5.2.2 one has 
I/Iq(e) = I/IC<q) = I/Ic(d2) = 1. (Cf. Exercise 26, Chapter 5). But e2 == -d2 (q) 
implies C<q-l)/2 == (_1)<q-l)/4d(q-l)/2 (q). Thus I/Iie) = 1 = (-1)(q-l)/41/1id). 

D 

§11 The Constructibility of Regular Polygons 

On March 30, 1796 C. Gauss, then almost 19 years old, began a diary in 
which he recorded his mathematical discoveries. The first entry reads 
"Principia quibus innitur sectio circuli, ac divisibilitas eiusdem geometrica 
in septemdecim partes, etc.," a rough translation of which is "Principles upon 
which the division of a circ1e into 17 parts depend, etc .... ". More generally 
in his Disquisitiones Arithmetieae, §365, Gauss proves, using "cyc1otomic 
periods" that if p is a prime of the form 2n + 1 then a regular polygon with 
p sides is constructible by ruler and compass. 

In this section we give a short proof of this result using Gauss and Jacobi 
sums. 

Generally speaking the constructible complex numbers in our context 
are those numbers that may be obtained from O by a finite sequence of 
rational operations and the formation of square roots. More precisely 

Definition. A complex number (X E C is constructible if there exist subfields 
ofC,O = Ko C Kl C K 2 C ••• c Kn such that (X E Kn andKi = Ki-l(~) 
for some (Xi E K i , i = 1, ... , n. 

Here K(J7i) denotes the field of all complex numbers a + bJ7i, a, b E K 
(see Exercise 6, Chapter 6). It is easy to see that (X is constructible iffthe real 
and imaginary parts of (X are constructible. Furthermore if (X is constructible 

then ~ is constructible. Let, as usual, 't = e21<i/t. 

Lemma 1. '2" is eonstruetible, n = 1, 2, .... 
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PROOF. Since ('2n)2 = '2n-1 the result follows by induction ('2 is certainly 
constructible !). 

Lemma 2. 

{
1' 

L X(t) = P - 1, 
x O, 

if t = O, 
ift = 1, 

ift =F O, 1, 

the sum being over ali characters of F;. 

PROOF. If X = e, the trivial character then e(O) = 1. Thus the result holds for 
t = O. It is true when t = 1 by Proposition 8.1.3 while the remaining case is 
the corollary to Proposition 8.1.3. D 

Recall that a Fermat prime is a prime ofthe form 2" + 1. 

Theorem 4. lfp is a Fermat prime then 'p is constructible. 

PROOF. If g(X) = Lf;;J x(tK~ is the Gauss sum associated with X then 

~ g(X) = ~t: (~X(t))'~ 
= 1 + (p - 1Kp • 

Thus 'p = (p - 1)-1( -1 + Lx g(x)) and therefore 'p is constructible if each 
g(x) is. 

However p - 1 = 2" and since the characters form a group of order 
p - 1 we see that the order of X is 2m for some m. Then using Proposition 
8.3.3 we have g(X)2m = X( -l)pJ(X, X)J(X, X2) ... J(X, X') where 1 = 2m - 2. 
But J(X, Xi) E 1~U2n] so that by Lemma 1 g(X)2'" is constructible. It follows 
that g(X) is constructib1e and the proof is complete. D 

§12 Cubic Gauss Sums and the Problem of Kummer 

If p is a prime p == 1 (4) then the simple argument of Proposition 6.3.2 
showed that g(X)2 = P where 

g(X) = L -,~ = L ,~2 = L cos-
p-l (t) p-l p-l 211:t2 

t= 1 P t=O t="O P 

is the classical quadratic Gauss sum. Thus with Httle effort g(X) was shown to 
be one of the real roots of x2 - p = O. Using a more sophisticated argument, 
we have shown in Section 6, Chapter 6 that actually g(X) is always the largest 
root, that is to say g(X) = JP. 
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In the case of cubic Gauss sums the matter is more subtle. Let p be a 
prime p == 1 (3) and consider I,f,;J cos(27tt3jp) = G. Write p = nn where n 
is a complex primary prime in .'l[ w] and let X" be the cubic character associated 
with n as defined in Section 3. 

Lemma 1. G = g(X,,) + g(X,,). 

PROOF. lf ( = e2"ijP then since G is real, and -1 = (_1)3 

p-l p-l 

G = I, (/3 = I, (/(1 + X,,(t) + X,,(t 2)) 

/=0 /=0 

= g(X,,) + g(X~) 
= g(X,,) + g(X,,) 

= g(X,,) + X,,( -1)g(X,,) 

= g(X,,) + g(X,,)· o 
Notice that in the above proof X can be any character of order 3. However 

in the following lemma the choice of X" is essential. Write n = a + bw. 

Lemma 2. G is a real root ofx3 - 3px - (2a - b)p = O. 

PROOF. By Lemma 1, writing X for X"' 

G3 = g(X)3 + g(X)3 + 3g(X)g(X)(g(X) + g(X)) 
= pn + pn + 3pG 

= 3pG + p(2a - b). 

In the second step we have used the corollary to Lemma 1, Section 4. O 

Corollary. G is a root of x3 - 3px - Ap = O where 4p = A 2 + 27B2 , 

A == 1 (3). 

PROOF. This is simply the corollary to Proposition 8.3.4. o 

Thus G is twice the real part of g(X,,) and is a root of the polynomial 
x 3 - 3px - Ap. In the same manner as above we see that the other roots are 
2 Re (wg(X,,)) and 2 Re (w2g(X,,)). Using the fact that Ig(x,,) I = pl/2 it is a 

simple matter to see that each ofthe intervals (-2JP, -JP), (-JP, JP), 
and (JP, 2JP) contains precisely one of the roots (see Exercise 43). By the 
corollary to Lemma 1, Section 4, the value of g(X,,) is determined up to 1, 
w, or w2• Unable to find an expression for this root of unity for general p, 
Kummer proposed a statistical study of the distribution of those primes for 
which G, say, is the largest root of x 3 - 3px - Ap. He found, for example, 

that among the primes less than 500, G was in the interval (JP, 2JP) for 24 

primes. The interval (-2JP, -JP) contained 7 primes and the middle 
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interval 14 primes. (See [164], VoI. 1, pp. 50, 296, 353.) Putting Il = 

(-2Jp, -Jp), 12 = (-Jp, Jp), 13 = (Jp,2Jp) and letting Nj(B) be 
the number of primes less than B such that G is in 1 j he noted that the ratio 
NI (500) : N i5OO): N 3(500) is roughly 1 : 2 : 3. 

However in 1953, J. von Neumann and H. H. Goldstine considering all 
primes (== 1 (3» less than 9973 arrived at a ratio of roughly 2 : 3 : 4 [197]. 
They found NI (104) = 138, N 2(104) = 201, N 3(104) = 272. They stated, 
"These results would seem to indicate a significant departure from the 
conjectured densities and a trend toward randomness." Emma Lehmer ex
tended the calculations to include the first 1000 primes, p == 1 (3), and dis
covered a ratio approximately 3 : 4 : 5. [176]. Thus the suspicion arose that 
indeed the values of G are asymptotically uniformly distributed in the three 
intervals. That this is indeed the case was established in 1978 by D. R. 
Heath-Brown and S. J. Patterson in their paper, "The distribution of Kummer 
sums at prime arguments" [147]. 

We mention that J. W. S. Cassels [108], conjectured a precise expression 
for g(X,,) involving elliptic functions. This conjecture was established by C. R. 
Matthews [186]. Furthermore an explicit elementary expression has been 
obtained for the biquadratic Gauss sum by Matthews [186]. The result of 
Matthews is as follows. Let p be prime p == 1 (4) and write p = n1t, n primary, 
n = a + bi. Define P = ± i by «P - 1)/2)! == P (n). If g(X,,) is the biquadratic 
Gauss sum attached to x" then by Proposition 9.10.1, g(X,,)2 = ( - 1 )(p- lJ/4nJp. 
Thus g(X,,) = f,j( _1)(P-IJ/4nJp where the square root has positive real 
part. Matthews proved that f, = -PX,,(2i)(2Ibl/a) where (2Ibl/a) is the 
Jacobi symbol. See also J. H. Loxton [182], and B. C. Berndt and R. J. Evans 
[93]. 

NOTES 

For the early history of cubic and biquadratic reciprocity we note that Euler, 
during the years 1748-1750, conjectured Proposition 9.6.2 concerning the 
cubic character of 2, as well as similar results for the integers 3, 5, and 7. 
He also conjectured that 2 is a fourth power modulo p, p == 1 (4) iff p = 
a2 + 64b2 (Exercise 6, Chapter 5) and stated similar results for the primes 3 
and 5. All of Euler's conjectures concerning these special cases of reciprocity 
were correct, a remarkable example of his "inductive" ability. The general 
biquadratic character of 2 (Exercise 37) was established by Gauss in his first 
memoir on biquadratic residues (1828) while the generallaw of biquadratic 
reciprocity was stated in his second memoir on the same subject (1832). 
For further historical comments on the history of these results see the 
paper by M. J. Collision [116]. 

Gauss wrote to Alexander von Humboldt in 1846 that Eisenstein's 
mathematical talent was such as nature confers upon few in each century. 
In 1844, at the age of twenty-one, Eisenstein published a total of 25 papers in 
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Crelle's joumal. The proofs of cubic and biquadratic reciprocity given in 
this chapter as well as the proofs of quadratic reciprocity given in Chapter 6 
are among them (see [28], [130], [131]). The collected works of this re
markable genius, dead at 29, are now available. An informative and charming 
account of Eisenstein's life and research has been given by A. Weil in his 
review of the collected works [239]. One should also read the beautiful 
paper by Weil, "La Cyclotomie,jadis et naguerre" [238]. In a later chapter we 
shall prove a generalization of these reciprocity laws, the celebrated Eisen
stein reciprocity law. A discussion of Eisenstein's other proofs of biquadratic 
reciprocity is contained in H. Smith's report [72]. As far as cubic reciprocity 
is concemed Jacobi claims to have given the proof in his lectures of 1837 
but the first published proof is definitely due to Eisenstein in 1844. The 
dispute over priority appears to have been quite bitter. 

For the actual construction of a 17-sided polygon see Hardy and Wright 
[40], p. 61. Gauss' treatment of cyclotomy is contained in §7 of his Dis
quisitiones Arithmeticae [136]. In §335 he mentions that the techniques 
developed there extend to other transcendental functions such as those 
connected with f dx/j1 - x4 , the integral arising from arc length on a 
lemniscate. Gauss recorded in his diary on March 21, 1797 that he has 
succeeded in dividing the arc of the lemniscate into five equal parts. In 1827 
Abel was able to show that, as in the case of a circle, the arc of a lemniscate 
can be divided into p equal parts with ruler and compass when p is a Fermat 
prime. For an examination of Abel's proof from a modem point of view 
see the article by M. Rosen [212]. 

In recent times there has been a renewed interest in rational reciprocity 
laws. The interested reader should consult the survey article by E. Lehmer 
[175] as well as the paper by H. von Lienen [181]. 

EXERCISES 

1. If ar; E Z[wJ, show that ar; is congruent to either 0,1, or -1 modulo 1 - w. 

2. From now on we shall set D = Z[wJ and A. = 1 - w. For fi in D show that we can 
write fi = (-I)"wb A.Cn~'n~2 .. . n~t, where a, b, c, and the ai are nonnegative integers 
and the ni are primary primes. 

3. Let y be a primary prime. To evaluate xifl) we see, by Exercise 2, that it is enough to 
evaluate xi -1),xiw),Xy(A.),andxy(n), wherenisa primaryprime. Since -1 = (_1)3 
we have xi -1) = 1. We now consider xiw). Let y = a + bwand set a = 3m - 1 
and b = 3n. Show that xiw) = wm+". 

4. (continuation) Show that xiw) = 1, w, or w 2 according to whether y is congruent 
to 8, 2, or 5 modulo 3.1. In particular,if q is a rational prime, q == 2 (3), then Xq(w) = 1, 
w, or w 2 according to whether q == 8, 2, or 5 (9). [Hint: y = a + bw = -1 + 
3(m + nw), and so y == -1 + 3(m + n) (3A.).J . 

5. In the text we stated Eisenstein's result Xy(A.) = w 2m. Show that Xy(3) = w 2". 
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6. Prove that 
(a) Xp.) = 1 for Y == 8,8 + 3w,8 + 6w (9). 
(b) Xy(A.) = w for y == 5,5 + 3w,5 + 6w (9). 
(c) Xy(A.) = w2 for y == 2,2 + 3w,2 + 6w (9). 

7. Find primary primes associate to 1 - 2w, - 7 - 3w, and 3 - w. 

8. Factor the following numbers into primes in D: 7, 21, 45, 22, and 143. 
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9. Show that IX, the residue class of cx, is a cube in the field D/nD iff cx(Nn-l)/3 := 1 (n). 
Conclude that there are (Nn - 1)/3 cubes in D/nD. 

10. What is the factorization of X 24 - 1 in D /5D? 

11. How many cubes are there in D/5D? 

12. Show that WA. has order 8 in D/5D and that w2 A. has order 24. [Hint: Show first that 
(WA.)2 has order 4.] 

13. Show that n is a cube in D/5D iff n == 1,2,3,4,1 + 2w,2 + 4w,3 + w, or 4 + 3w (5). 

14. For which primes n E D is x3 == 5 (n) solvable? 

15. Suppose that p == 1 (3) and that p = nn, where n is a primary prime in D. Show that 
x3 == a (p) is solvable in Z iff xia) = 1. We assume that a E Z. 

16. Is x3 == 2 - 3w (11) solvable? Since D/llD has 121 elements this is hard to resolve 
by straightforward checking. Fill in the details of the following proof that it is not 
solvable. Xi2 - 3w) = X2 _ 3<0(11) and so we shall have a solution iff x3 == 11 (2 - 3w) 
is solvable. This congruence is solvable iff x3 = 11 (7) is solvable in Z. However, 
x3 == a (7) is solvable in Z iff a == 1 or 6 (7). 

17. An element Y E D is called primary if y == 2 (3). If y and pare primary, show that 
- yp is primary. If y is primary, show that y = ± Yl Y2 ... y" where the Yi are (not 
necessarily distinct) primary primes. 

18. (continuat ion) If Y = ±YIY2'" y, is a primary decomposition of the primary 
element y, define Xy(cx) = Xy,(cx)Xy,(cx) ... Xy,(cx). Prove that Xy(cx) = Xy(P) if cx == P (y) 
and Xy(cxP) = Xy(cx)Xy(P). If p is primary, show that Xp(cx)Xy(cx) = X-py(cx). 

19. Suppose that Y = A + Bw is primary and that A = 3M - 1 and B = 3N. Prove 
that Xy(w) = WM + N and that Xy(A.) = W2M• 

20. If Y and pare primary, show that Xy(p) = Xp(y). 

21. If Y is primary, show that there are infinitely many primary primes n such that 
x3 == Y (n) is not solvable. Show also that there are infinitely many primary primes 
n such that x3 == w (n) is not solvable and the same for x3 == A. (n). (Hint: Imitate 
the proof of Theorem 3 of Chapter 5.) 

22. (continuation) Show in general that if Y E D and x3 == Y (n) is solvable for all but 
finitely many primary primes n, then y is a cube in D. 

23. Suppose that p == 1 (3). Use Exercise 5 to show that x3 == 3 (p) is solvable in Z 
iff p is of the form 4p = e2 + 243B2• 
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The folIowing three exercises give K. Williams' elegant proof of the complex case of the 
supplement to the law of cubic reciprocity [245]. The reader may wish to consult the 
hints at the end of the book. 

24. Let n = a + bw be a complex primary element of D = Z[w]. Put a = 3m - 1, 
b = 3n, p = N(n). 
(a) (P - 1)/3 == -2m + n (3). 
(b) (a Z - 1)/3 == m (3). 
(c) x,,(a) = wm. 
(d) x,,(a + b) = wznXil - w). 

25. Show that Xa+b(n) may be computed as follows. 
(a) Xa+in) = Xa+b(l - w). 
(b) Xa+b(n) = wZ(m+n). 

26. Combine the previous two exercises to condude that Xii _ w) = WZm. 

The following four exercises are taken from Matthews [186]. 

27. Let n = a + bi be a primary irreducible in Z[iJ, b i= O. Show 
(a) a == (_1)<P-1)(4(4),p = N(n). 
(b) b == 2( _1)(P-1)(4 (4). 

28. The notation being as in Exercise 27 show xin) = xi2)xia). 

29. By Exercise 27, a( _1)<P-1)(4 is primary. Use biquadratic reciprocity to show 
xia( _1)(P-1)(4) = (_1)<a2 -1)(8. 

30. Use the preceding two exercises to show xin) = xi - 2)( _1)(aL 1)(8. 

31. Let p be prime, p == 1 (4). Show that p = a2 + b2 where a and bare uniquely 
determined by the conditions a == 1 (4), b == -«P - 1)/2)! a (P). 

The following five exercises are taken from Eisenstein [130J, §9. 

32. Let p be prime, p == 1 (4) and write p = nn, n E Zei]. Show Xii + i) = i(p-1)(4. 

33. Let q be a positive prime, q == 3 (4). Show Xii + i) = i(q+ 1)(4. [Hint: (1 + i)q-1 == 
-i (q).J 

34. Let n = a + bi be a primary irreducible, (a, b) = 1. Show 
(a) if n == 1 (4) then x,,(a) = i(a-1)(2. 
(b) if n == 3 + 2i (4) then x,,(a) = - i(-a-1)(2. 

35. If n = a + bi is as in Exercise 34 show xia)xia + bi) = i(3(a+b-1))(4. [Hint: 

a(l + i) = a + b + i(a + bi). Generalize Exercises 32 and 33 to any integer 
== 1 (4) and use Proposition 9.9.8. Note a + b == 1 (4).J 

36. Remove the restriction (a, b) = 1 in Exercise 34. 

37. Combine Exercises 32, 33, 34, and 35 to show x,,(1 + i) = i(a-b-b2 -1)(4. Show that 
this result implies Exercise 26 ofChapter 5 (the "biquadratic character of 2"). 

38. Prove part (d) of Proposition 9.8.3. 

39. Let p == 1 (6) and write 4p = A Z + 27B2, A == 1 (3). Put m = (P - 1)/6. Show 
e,:) == -A (P)=2IB. 
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40. Let p == 1 (6), and put p = nn where n is primary. Write n = a + bw and show 
(a) If Xi2) = w then 2b - a == -C:) (p). 
(b) If X.(2) = w 2 then a + b == C:) (p). 
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(e) If X.(2) = w put A = 2a - b, B = b/3. Show (A - 9B)/2 == cmm) (p). 
(d) If X.(2) = w 2 put 2a - b = A and B = -b/3. Show (A - 9B)/2 == C:) (p). 
(e) Show that the "normalization" of B in (c) and (d) is equivalent to A == B (4). 

[Recall X.(2) == n (2) by cubic reciprocity.] 

41. Let p == 1 (6), 4p = A 2 + 27B2, A == 1 (3), A and B odd. Put n = a + bw, 2a -
b = A, b = 3B. Let X" be the cubic residue character. 
(a) If Xi2) = w show N(x 3 + 2y 3 = 1) = p + 1 + 2b - a == 0(2). 
(b) If Xi2) = w 2 show N(x 3 + 2y3 = 1) = p + 1 - a - b == 0(2). 
(c) Show that if A == B (4) then, assuming X.(2) '# 1, one has X,,(2) = w. 
(d) If X,,(2) '# 1, A == B (4) then 2(p- 11/3 == (- A - 3B)/6B == (A + 9B)/(A - 9B) (n). 

(This generalization of Euler's criterion is due to E. Lehmer [174]. See also 
K. Williams [243].) 

42. The notation being as in Section 12 show that the minimal polynomial of g(X,,) is 
x 3 - 3px - Ap. 

43. Find the local maxima and minima of x 3 - 3px - Ap and show that each of the 

intervals (-2JP, -JP), (-JP, JP), (JP,2JP) contains exact1y one of the 
values 2 Re (wkg(X.», k = O, 1,2. 

44. Let nE Z, n = SI'''S" n == 1 (4), Si == 1 (4), i = 1, ... ,t. Show (n - 1)/4 == 
I:=1 (Si - 1)/4 (4). 

45. Let n = a + bi E Zei] and q == 3 (4) a rational prime. Show nq == n (q). 



Chapter 10 

Equations over Finite Fields 

In this chapter we shall introduce a new point of view. 
Diophantine problems over finite fields will be put into the 
context of elementary algebraic geometry. The notions of 
affine space, projective space, and points at irifinity will be 
defined. 

After these problems of language have been dealt with, 
we shall prove a very general theorem due to C. Chevalley, 
which states that a polynomial in several variables with 
no constant term over a finite field always has nontrivial 
zeros if the number of variables exceeds the degree. 

Next, our interest turns to the problem of generalizing 
the results of Chapter 8 to arbitrary finite fields. This 
turns out to be relatively easy. These more general results 
are of interest for their own sake and are crucial to the 
discussion of the zeta function, which we shall take up in 
Chapter 11. 

§ 1 Affine Space, Projective Space, and Polynomials 

Let F be a field and An(F) the set of n-tuples (al' a2"'" an) with ai E F. 
An(F) can be considered as a vector space by defining addition and scalar 
multiplication in the usual way. We shall be concemed principally with the 
underlying set, which will be called affine n-space over F. As usual the point 
(O, 0, ... , O) will be called the origin. If there is no chance of confusion we 
shall denote the point (ah a2' ... , an) by the single letter a. 

Projective n-space over F, pn(F), is a somewhat more difficult concept. 
We first consider An+ l(F), denoting its points by (ao, al'"'' an)' On the 
set An+ l(F) - {(O, 0, ... ,O)} (affine (n + l)-space from which the origin 
has been removed) we define an equivalence relation. (ao, al"'" an) is said 
to be equivalent to (bo, bh ... , bn) if there is a y E F* such that ao = ybo, 
al = yb l , . .. , an = ybn· This is easily seen to be an equivalence relation. 
The equivalence classes are called points of pn(F). If a E An+ l(F) is distinct 
from the origin, then [a] will denote the equivalence class containing a. 
a will be called a representative of [a]. Geometrically, the points of pn(F) 

138 



§l Affine Space, Projective Space, and Polynomials 139 

are in one-to-one correspondence with the lines in A"+ l(F) that pass through 
the origin. 

If F is a finite field with q elements, then clearly A"(F) has q" elements. 
P"(F) has q" + q"-l + ... + q + 1 elements. To see this, notice that 
A" + l(F) - {(O, O, ... , O)} has q"+ 1 - 1 elements. Since F* has q - 1 
elements each equivalence class has q - 1 elements. 'Ţhus P"(F) has 
(q"+ 1 _ 1)/(q _ 1) = q" + q"-l + ... + q + 1 elements. 

In general P"(F) has more points than A"(F). This is made more precise 
as follows. If [x] E P(F) and Xo # O, set cf>([x]) = (xtfxo, X2/XO" ., , 
x"/xo) E A"(F). This map is easily seen to be independent of the repre
sentative x. 

Lemma 1. Let H be the set of [x] E P"(F) such that Xo = O. Then cf> maps 
P"(F) - H to A"(F) and this map is one to one and onto. (lf S and Tare sets, then 
S - T is the set of elements in S but not in T.) 

PROOF. If cf>([x]) = cf>([y]), then Xi/XO = y;/yo for i = 0,1, ... ,n. Let y = Yo/xo. 
Then YXi = Yi for i = O, 1, ... , n and so [x] = [y]. 

Ifv = (Vl, V2' ... ' v") E A"(F), set w = (1, Vl, V2' ... ' v"). Then cf>([w]) = v. 
O 

The set H is called the hyperplane at infinity. It is easy to see that H 
has the structure of P"-l(F). Thus P"(F) is made up of two pieces, one a 
copy of A"(F), called the finite points, and the other a copy of P"-l(F), 
called the points at infinity. 

Notice that pO(F) consists of just one point. Thus p 1(F) has only one 
point at infinity. Similarly p 2(F) has a (projective) line at infinity, etc. 

Now that affine space and projective space have been defined we take 
up the subject of polynomials and see how they determine sets called hyper
surfaces. 

Let F[Xl' X2" .. , x"] be the ring of polynomials in n variables over F. 
If f E F[Xl' ... ,x"], then 

where the sum is over a finite set of n-tuples of nonnegative integers 
(il' i2 , ••• , in), where aili2'" in # O. A polynomial of the form X~IX~'" x~n 
is called a monomial. Its total degree is defined to be il + i2 + ... + in: 
its degree in the variable X m is defined as im • The degree off(x) is the maximum 
ofthe total degrees ofmonomials that occur inf(x) with nonzero coefficients. 
The degree in X m is the maximum of the degrees in X m of monomials that 
occur inf(x) with nonzero coefficients. Call these two numbers deg f(x) and 
degm f(x). Then 

(a) deg f(x)g(x) = deg f(x) + deg g(x). 
(b) degm f(x)g(x) = degm f(x) + degm g(x). 
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If alI the monomials that occur inf(x) have degree 1, then f(x) is said to 
be homogeneous of degree l. 

For example, if f(x) = 1 + X 1X2 + X2X3 + xl. then deg f(x) = 3, 
deg l f(x) = deg2 f(x) = deg3 f(x) = 1, and deg4 f(x) = 3. f(x) is not 
homogeneous, but h(x) = xi + x~ + x~ + X1X2X3 is homogeneous of 
degree 3. 

A homogeneous polynomial is sometimes calIed a form. A form of 
degree 2 is calIed a quadratic form, and one of degree 3 is calIed a cubic 
form, etc. 

Suppose that K is a field containing F. If f(x) E F[Xl' X2' . .. ,xn] and 
a E An(K), we can substitute ai for Xi and compute f(a). 

This shows that f(x) defines a function from An(K) to K by sending a 
to f(a). A point a E An(K) such that f(a) = O is calIed a zero of f(x). 

If K is a finite field with q elements, then xq - x defines the zero function 
on A l(K). Thus it may happen that a nonzero polynomial gives rise to the 
zero function. This cannot happen when K is infinite (see the Exercises). 

Letf(x) be anonzero polynomialanddefineH t<K)= {a E An(K) I f(a)=O}. 
H t<K) is calIed the hypersurface defined by f in An(K). When K is a finite 
field, H t<K) is a finite set and it is natural to ask for the number of points in 
H t<K). In Chapter 8 we dealt with a number of special cases of this problem. 

We now wish to define a projective hypersurface. Let h(x) E 

F[xo, Xl' ... ' xn] be a nonzero homogeneous polynomial of degree d. As 
before, K is a field containing F. For y E K* we have h(yx) = ydh(x). It 
follows that if a E An+ l(K) and h(a) = O, then h(ya) = O. Thus we may 
define Hh(K) = {[a] E pn(K) I h(a) = O}. This set is called the hypersurface 
defined by h in pn(K). Again, if K is finite, we can ask for the number ofpoints 
in HiK). 

More generally if fl, ... .Jm are polynomials in F[x l, ... , xn] define 
V = {(al' ... ' an) lai E F, i = 1, ... , n, jj(al' ... ' an) = O, j = 1, ... , m}. V is 
called an algebraic set defined over F. If the ideal defined by fl'· .. .Jm in 
F[Xl' ... ' xn] is prime then V is calIed an algebraic variety. Similarly, the 
common projective zeros of a finite set of homogeneous polynomials in 
F[xo, ... ,xn] is called a projective algebraic set. 

It turns out that working with projective space leads to more unified 
results than working with affine space. We shall illustrate this point after 
defining the projective elosure of an affine hypersurface. 

Let f(x) E F[x l , X2' ... ,xn], and define J(y) = J(yo, Yl' ... ,Yn) by 

J(y) = degJf(Yt Y2 Yn) Yo " ... ,. 
Yo Yo Yo 

We shall see in a moment thatJis a homogeneous polynomial. It will give 
rise to a hypersurface in pn(K). Roughly speaking, the new hypersurface will 
be obtained from H J(K) by adding points at infinity. 
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Lemma 1.J(y) is a homogeneous polynomial of degree equal to deg f. Moreover, 
J(l, Yl' Y2' ... ,Yn) = f(Yl' Y2' ... ,Yn)· 

PROOF. Set d = deg f and consider a monomial X~lX~··· x~" of degree 1 ~ d. 
Then Io(ytfyo)it ... (Yn/YoY" = Io-'yh~ ... y~", which is of degree d. Thus 
in J(y) all the monomials have degree d, which proves the first statement. 

The second statement is immediate from the definition. D 

As examples, if f(x) = x~ + x~ - 1, then J(y) = Y~ + Y~ - Y~: if 
f(x) = 1 + 2x~ - 3x~, thenJ(y) = Y~ + 2y~ - 3yoY~· 

Consider the hypersurface H f(K) c An(K). J(y) is homogeneous in 
the variables Yo, Yl' . .. , Yn and so J defines a hypersurface H iK) in P"(K). 
This projective hypersurface is called the projective c10sure of H iK) in 
pn(K). 

Let Â: An(K) ~ pn(K) by Â(al' a2' ... ' an) = [1, al' a2, ... , an]. Â is one 
to one and moreover the image of H iK) under Â is contained in H .r(K) 
since c1early J([l, al' ... ,an]) = f(al> a2' ... , an) = O for all a E H iK). 
In general H .r(K) has more points than H iK), namely, the intersection of 
H IK) with the hyperplane at infinity. 

All this will become c1earer by means of examples, but before giving 
some we recall the definitions of the maps c/J and Â and give a diagrammatic 
picture of pn(K): 

Â: An(K) ~ P"(K) by Â(al' a2' ... ,an) = [1, al> a2' ... ,an], 

c/J: P"(K) - H ~ An(K) by c/J([bo, b l , .•. ,bn]) = (!:. !:. ... , !:). 
pn(K) 

EXAMPLES 

im Â ~ An(K) 
Finite points 

H ~ pn-l(K) 
Points at infinity 

1. f(x) = xf + x~ - 1 over the field F = Z/pZ. 
We have seen in Chapter 8, Section 3, thatf(x) = O has p - 1 solutions 

if p == 1 (4) and p + 1 solutions if p == 3 (4). 
J(y) = yf + Y~ - y~.Thesolutions[po,Pl,P2],wherepo =1= Ocorresponds 

to the affine solution (ptfpo, P2/PO). Suppose that [O, Pl' P2] is a solution. 
Then pf + p~ = O or (P2/Pl)2 = -1. If p == 1 (4), there is an a E F such 
that a2 = -1 and in this case there are two points at infinity, namely, 
[0,1, a] and [0,1, -a]. If p == 3 (4), there is no a E F such that a2 = -1 
and consequent1y there are no points at infinity. In both cases, then, the 
hypersurface H .r(F) has exact1y p + 1 points. 
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2. f(x) = x1 + x~ - 1 over F = lL/plL where p == 1 (n). 
We have J(y) = Y1 + Y~ - yo. Thus the points at infinity on Ht<K) 

are ofthe form [O, Yl, Yl], where Y1 + ~ = O. If -1 is not an nth power in F, 
then there are no points at infinity. If an = -1 for some a E F, then there are 
n solutions to x n = -1 in F [this foIlows from Proposition 4.2.1 since 
p == 1 (n)]. Call these solutions al = a, a2"'" an' Then [0,1, al], 
... , [O, 1, an] are the points at infinity that are zeros of J(y). In the nota
tion of Chapter 8, Section 4, the number of points at infinity is (jn( -l)n, and 
N(x1 + xi = 1) + (jn( -1)n is the number ofpoints on the projective hyper
surface (curve) defined by Y1 + Yi - Yo = O. Since the number of points in 
pl(F) is p + 1 the formula in Proposition 8.4.1 can be interpreted in the 
foIlowing way: The number of points on the projective curve Y1 + Y~ -
Yo = O over lL/plL differs from the number of points on the projective line by 
an error term that does not exceed (n - 1)(n - 2)JP. 

This result is a special case of the so-called Riemann hypothesis for 
finite fields, which states, roughly, that over a finite field with q elements, 
the number of points on a projective curve differs from the number of points 
on the projective line by an error term that does not exceed twice the genus 
(a number associated with the curve) times Jq. 

Special cases of the result were proved by various authors: Gauss, 
G. Herglotz, Hasse, and Davenport. The theorem was proved in full generality 
by Weil. 

3. f(x) = x! + x~ + ... + x~ - 1 over F = lL/plL, where m is even. 
The number of finite points is given by pm-l _ (_1)(m/2)«p-l)/2). p(m/2)-1 

(see Proposition 8.6.1). Since J(y) = Y! + Y~ + ... + Y~ - Y~ the number 
of points at infinity is equal to the number of solutions to Y! + Y~ + ... + 
Y~ = O in pm-I(F). The number of affine solutions is given by N = pm-l + 
( _1)(m/2)«p-I)/2)(p _ 1)p(m/2)- 1 (see Exercise 19 in Chapter 8) so the number 
of projective solutions is 

N -1 __ = pm-2 + pm-3 + ... + P + 1 + (_1ym/2)«p-I)/2p(m/2)-I. 
p - 1 

Adding the number of finite solutions to the solutions at infinity yields 

pm-l+ pm-2+ ... + p +1. 

This result is rather remarkable. It says that the number of points on 
the projective hypersurface given by Y! + Y~ + ... + Y~ - Y~ = O is 
exactly equal to the number of points in pm-l(lL/plL). 

There is a simpler way to achieve this result. Instead of considering 
the finite and infinite points separately one simply counts the number M 
of affine solutions to Y! + Y~ + ... + Y~ - Y~ = O in A m + I(F) and then 
calculates (M - 1)/(P - 1). Since m + 1 is odd, the number M is equal 
to pm (see Exercise 19 in Chapter 8). Thus (M - 1)/(P - 1) = pm-l + 
~-2 + ... + p + 1. 
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§2 Chevalley's Theorem 

In this section F will denote a finite field with q elements. 
If q is a prime, i.e., F = Z/qZ, the equation x1- l + X~-l + ... + x:= ~ = O 

has no solution except (O, O, ... , O) because aq - l is equal to 1 or zero de
pending on whether a "# O or a = O for a E F. Thus the values taken on by 
theabovepolynomialareO,I,2, ... ,q -landitiszeroonlyifxl = Xz = ... 
= Xq-l = O. Notice that for this polynomial the number of variables is 
equal to the degree. 

In 1935 E. Artin conjectured the following theorem, which was proved 
almost immediately by C. Chevalley [16]. 

Theorem 1. Let f(x) E F[x l, XZ, ... , xn] and suppose that 

(a) f(O, O, ... , O) = O. 
(b) n > d = deg f 
Thenfhas at least two zeros in An(F). 

Before giving the proof we shall deduce an immediate corolIary. 

Corollary. Let h(y) E F[yo, Yl"'" Yn] be a homogeneous polynomial of 
degree d > O. If n + 1 > d. then Hh(F) is not empty. 

PROOF. Since h is homogeneous (O, O, ... ,O) is a zero. By Theorem 1 h has 
another zero, (ao, al"'" an)' Clearly [ao, al>"" an] E Hh(F). D 

We shall need the following elementary lemmas. 

Lemma 1. Let f(xl> XZ, ... ,xn) be a polynomial that is of degree less than q in 
each of its variables. Then if f vanishes on all of An(F), it is the zero poly
nomial. 

PROOF. The proof is by induction on n. If n = 1,f(x) is a polynomial in one 
varia bie of degree less than q with q distinct roots, namely, alI the elements 
of F. Thus f is identically zero. 

Suppose that we have proved the result for n - 1 and consider 

f(Xl' Xz,"" xn)· 

We can write 
q-l 

f(Xl"'" xn) = L g;(Xl"'" Xn-l)X~, 
i=O 

Select al> az, ... ,an-l E F. Then L?::d gi(al, az, ... , an-l)X~ has q roots 
and so g;(al' az, ... ,an- l ) = O. By induction each polynomial gi is identicalIy 
zero and hence so is f. D 
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Remember that f(x) = xq - x is a nonzero polynomial that vanishes 
on all of A 1 (F), so the hypothesis of the lemma is crucial. 

If a polynomial is of degree less than q in each variable, it is said to be 
reduced. Two polynomials J, g are said to be equivalent if f(a) = g(a) for 
all a E An(F). We write f '" g. 

Lemma 2. Each polynomial f(x) E F[x 1, ••• , Xft] is equivalent to a reduced 
polynomial. 

PROOF. Consider the case of one variable. Clearly xq '" x. If m > O is an 
integer, let 1 be the least positive integer such that xm '" Xl. We c1aim that 
1 < q. If not, 1 = qs + r with O ~ r < q and s =F O. Then Xl = (xq)Sxr '" 

xs+ r• Since s + r < 1 this contradicts the minimality of 1. 
In the case of n variables consider the monomial X~lX~ ... X~". By what 

has been said, X~lX~ ... X~" '" xj21x~2 ... X~", where jk < q for k = 1,2, ... , n. 
Lemma 2 follows directly from this remark. D 

We are now in a position to prove Theorem l. Suppose that (O, O, ... , O) 
is the only zero of f Then 1 - r- 1 has the value 1 at (O, O, ... , O) and the 
valuezero elsewhere. Thesameis trueofthepolynomial(1 - x1- 1)(1 - X~-l) 
···(1 - X~-l). Thus 

1- r- 1 - (1- x1- 1)(I- x~-l)···(I- X~-l) 

vanishes on all of Aft(F). Replace 1 - f q - 1 by an equivalent reduced poly
nomial g. Then 

g - (1- x1- 1)···(1 - X~-l) 

is of degree less than q in each of its variables and vanishes on all of An(F). 
By Lemma 1 it vanishes identically. Thus deg g = n(q - 1). On the other 
hand, deg g ~ deg(1 - r -1) = d(q - 1). Recall that d = deg f This 
implies that n ~ d, which is contrary to the hypothesis. Consequently f 
must have more than one zero. 

We shall give another proof due to Ax [3]. It is based on the following 
lemma. 

Lemma 3. Let ilo i2, ... , in be nonnegative integers. Then unless each ij is 
nonzero and divisible by q - 1 we have 

L a~la~··· a~" = O. 
aeA"(F) 

PRooF.Supposefirstthatn = l.Ifi = O,thenLaeFao = q = OinF.Suppose 
i =F O. F* is cyc1ic. Let b be a generator. If q - 1,r i, then 

q-2 b(q-l)i_l 
L d = L bki = i = O. 

aeF k=O b - 1 
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In general 

Lemma 3 is now c1ear. o 

It should be remarked that if q - 11 i j and i j "# O for all j, then the value 
ofthe above sum is (q - 1)". 

To return to Theorem 1, let N / be the number of solutions of f(x) = O 
in A"(F). We shall show that pIN/, where p is the characteristic of F. This 
refinement of Chevalley's theorem was first given by Warning [78]. 

As we have seen, 1 - r- 1 has the value 1 at a zero of f and the value 
zero otherwise. Thus 

N/= L (l-f(a)q-l), 
aeAn(f) 

where N / is the residue c1ass of N / mod p considered as an element of F. 
Let Xii' x~ ... x~n be a monomial occurring in 1 - f(x )q- 1. Since this 

polynomial has degree d(q - 1) we must have ij < q - 1 for some j since 
otherwise the degree of the monomial would exceed n(q - 1) and we have 
assumedthatd < n.ByLemma3 LaeAn(F) a~'a~··· a~n = O.Since 1 - f(X)q-l 
is a linear combination of monomials it follows that N / = O, or piN /. 

Warning was able to prave that N / ~ q"-d. In a somewhat different 
direction Ax showed that qb IN/, where b is the largest integer less than 
n/d. See [78] and [3] for details. 

§3 Gauss and Jacobi Sums over Finite Fields 

Let 'p = e2"i/p and Fp = Z/pZ. In Chapter 8 the function tjJ: Fp -+ C given 
by tjJ(t) = ,~ played a crucial rale. To carry over the principal results of 
Chapter 8 to an arbitrary finite field F, we need an analog of tjJ for F. This 
is done by means of the trace. 

Suppose that F has q = p" elements. For O( E F define tr(O() = O( + O(P + 
O(p2 + ... + O(pn -'. tr(O() is called the trace of 0(. 

Proposition 10.3.1. lf 0(, f3 E F and a E F p' then 
(a) tr(O() E F p • 

(b) tr(O( + f3) = tr(O() + tr(f3). 
(c) tr(aO() = a tr(O(). 
(d) tr maps F onto Fp • 
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PROOF. 

(a) We have 

(IX + IXP + ... + IXpn-l)p = IXP + IXp2 + ... + IXpn-1 + IX pn• 

Since IXpn = IXq = IX we see that tr(lX)p = tr(IX). This proves property (a) 
(see Proposition 7.1.1, CorolIary 1). 

(b) tr(1X + 13) = (IX + 13) + (IX + f3)P + ... + (IX + f3)pn-l 

= (IX + 13) + (IXP + f3P) + ... + (lX pn - 1 + Wn- 1) 
= (IX + (",! + ... + IX pn - 1) + (13 + f3P + ... + f3pn-l) 

= tr(lX) + tr(f3). 

(c) tr(alX) = alX + aPIXP + ... + apn-1IXpn-1 

= a(1X + IXP + ... + IX pn - 1 ) 

= a tr(IX). 

We have used the fact that aP = a for a E F p. 

(d) The polynomial x + xP + ... + x pn - 1 has at most pn-l roots in F. 
Since F has pn elements there is an IX E F such that tr(lX) = e =1= O. If 
b E Fp, then using property (c) we see that tr«ble)lX) = (bie) tr(lX) = b. 
Thus the trace is onto. D 

We now detine t/!: F --+ C by the formula t/!(IX) = (~(a). If F = Fp, this 
coincides with the previous detinition. 

Proposition 10.3.2. Thefunction t/! has thefollowing properties: 

(a) t/!(IX + 13) = t/!(IX)t/!(I3). 
(b) There is an IX E F sueh that t/!(IX) =1= 1. 
(c) LaeF t/!(IX) = O. 

PROOF. 

(a) t/!(IX + 13) = (~(a+P) = (~(a)+tr(P) = (~(a)(~(P) = t/!(IX)t/!(I3). 
(b) tr is onto, so there is an IX E F such that tr(lX) = 1. Then t/!(IX) = (p =1= 1. 
(c) Let S = LaeF t/!(IX). Choose 13 such that t/!(f3) =1= 1. Then t/!(f3)S = 

LeF t/!(I3)t/!(IX) = LaeF t/!(f3 + IX) = S. It folIows that S = O. D 

Proposition 10.3.3. Let IX, x, Y E F. Then 

1 - L t/!(IX(X - y» = J(x, y), 
q aeF 

where J(x, y) = 1 if x = y and zero otherwise. 

PROOF. If x = y, then LaeF t/!(IX(X - y» = LaeF t/!(O) = q. 
If x =1= y, then x - y =1= O and IX(X - y) ranges over alI of F as IX ranges 

over alI of F. Thus LaeF t/!(IX(X - y» = LPeF t/!(f3) = O by property (c) of 
Proposition 10.3.2. D 
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Proposition 10.3.3 generalizes the corollary to Lemma 1 of Chapter 6. 
In Chapter 7 we proved that the multiplicative group of a finite field is 

cyclic. On the basis of this fact, one easily see that all the definitions and 
propositions of Chapter 8, Section 1, can be applied to F as well as to F p. 

It is only necessary to replace p by q whenever it occurs. Thus we may 
as sume that the theory of multiplicative characters for F is known. 

We are now in a position to define Gauss sums on F. 

Definition. Let X be a character of F and a E F*. Let gix) = LteF x(t)tjJ(at). 
gix) is called a Gauss sum on F belonging to the character X. 

If we replace p by q, Propositions 8.2.1 and 8.2.2 can now be proved for 
the sums g ix). In the proof of Proposition 8.2.2 one needs Proposition 10.3.3. 

In particular, we have /gix)/ = ql/2 and gix)giX- I) = X(-I)q for 
X"# e. 

The general theory of Jacobi sums and the interrelation between Gauss 
sums and Jacobi sums that is developed in Chapter 8, Section 5, generalizes 
with no difficulty (just replace p by q everywhere), and all the results of 
Chapter 8, Section 7, also hold. The reader may wish to go back to these 
sections to assure himself that there are indeed no difficulties in generalizing 
the definitions and results. 

As an exercise in working with these new tools, we present a theorem that 
is really a reformulation of some of our earlier work. This theorem will also 
be of use in Chapter 11. 

Theorem 2. Suppose that F is ajield with q elements and q == 1 (m). The homo
geneous equation aoyQ' + alyi + ... + any:;' = O, ao, al' ... ' an E F*, dejines 
a hypersurface in pn(F). The number of points on this hypersurface is given by 

qn-l + qn-2 + ... + q + 1 

(1) 

where xi = e, Xi "# e, and XOXI ... Xn = e. 
Moreover, under these conditions 

1 1 
--1 Jo(Xo, Xl,···,Xn) = -g(XO)g(XI)· ··g(Xn)· 
q- q 

(2) 

PROOF. The number of points N on the hypersurface in An + l(F) defined by 
aoyQ' + alyi + ... + any:;' = O is given by 

qn + L Xo(ao 1)Xl(al 1) ... Xn(a; l)J o(Xo, Xl'· .. , Xn), 
lO, Xl •... , Xn 

where the characters Xi are subject to the conditions stated in Theorem 2. 
This follows from Theorem 5 of Chapter 8. The number we are looking for is 
(N - l)/(q - 1) and this yields Equation (1). 
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By Proposition 8.5.1, part (c), we have 

JO(XO,Xl,· .. ,Xn) = Xo(-1)(q - 1)J(Xl,X2, ... ,Xn)' (3) 

By Theorem 3 of Chapter 8 

J( ) - g(Xl)g(X2) ... g(Xn) 
Xl,X2,···,Xn - ( )' 

g X1X2'" Xn 
(4) 

Multiply the numerator and denominator of the right-hand side by g(Xo). 
Since XOX1 ... Xn = B, we have g(XO)g(X1X2'" Xn) = Xo( -1)q. Combining this 
comment, Equations (3) and (4) yield Equation (2). D 

NOTES 

There is a pleasant introduction to geometry over finite fields in the book 
Excursions into M athematics [7]. The authors discuss affine, projective, 
and even hyperbolic geometry. There is also a short but useful bibliography. 

Artin's conjecture on polynomials over finite fields was made much 
earlier by Dickson (On the Representations of Numbers by Modular 
Forms, Bull. Am. Math. Soc., 15 (1909),338-347). The first proofwe gave is 
the original proof of Chevally [16]. The second proof is due to J. Ax [3] 
and is found in M. Greenberg [37] and Samuel [68]. E. Warning's proof of a 
sharper result can be found in his original paper [78] and in Borevich and 
Shafarevich [9]. 

A. Meyer, in 1884, was able to prove that a quadratic form over the 
rationals in five or more variables always has a rational zero if it has a 
real zero. Hasse was able to prove that the same result, suitably generalized, 
holds over any algebraic number field. E. Artin was led by this and other 
considerations to conjecture that over a certain class of number fields a 
form of degree d in n > d2 variable always has a non trivial zero. He also 
made conjectures of this nature over other types of fields. For a discussion 
of this area of research, see the paper of S. Lang [53], as well as the book of 
Greenberg [37], which includes a counterexample to Artin's conjecture for 
p-adic fields, discovered in 1966 by G. Terjanian. Other counterexamples were 
provided shortly thereafter by S. Shanuel. There is much left to discover in 
this area, which is one of the most fascinating in modern number theory. 

If one looks at the case where the ground field is the field of rational func
tions over a finite field, then the Artin conjecture mentioned above has been 
proved by Carlitz [11]. More precisely, let F be a finite field and K = F(x). 
Then every form of degree d in more than d2 variables has a nontrivial zero 
in K. The proof makes ingenious use of the theorem of Chevalley proved in 
this chapter. It is a special case of a general result of S. Lang. 

Many of the most important advances in number theory demand an 
extensive knowledge of modern algebraic geometry. For a readable and not 
too sophisticated introduction to algebraic geometry see W. Fulton [135]. 
A more extensive introduction is contained in Shafarevich [219]. Finally, 
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for a reader with more background in commutative algebra, see R. Hart
shome [144]. 

EXERCISES 

1. If K is an infinite field andf(xI' X2' ... , x,) is a non-zero polynomial withcoefficients 
in K, show thatfis not identically zero on A'(K). (Hint: Imitate the proof of Lemma 
1 in Section 2.) 

2. In Section 1 it was asserted that H, the hyperplane at infinity in P'(F), has the 
structure of P'-I(F). Verify this by constructing a one-to-one, onto map from 
P,-I(F) to H. 

3. Suppose that F has q elements. Use the decomposition of P'(F) into finite points and 
points at infinity to give another proof of the formula for the number of points in 
P"(F). 

4. The hypersurface defined by a homogeneous polynomial of degree 1, aoxo + 
alxi + a2x2 + ... + a,x" is called a hyperplane. Show that any hyperplane in 
P'(F) has the same number of elements as P" -I(F). 

5. Let f(xo, XI' X2) be a homogeneous polynomial of degree n in F[xo, XI' x 2]. 
Suppose that not every zero of aoxo + alx i + a2x2 is a zero of f Prove that 
there are at most n common zeros offand aoxo + alxi + a2x2 in p 2(F). In more 
geometric language this says that a curve of degree n and a line have at most n 
points in common unless the line is contained in the curve. 

6. Let F be a field with q elements. Let M,(F) be the set of n x n matrices with co
efficients in F. Let SI.(F) be the subset of those matrices with determinant equal to 
one. Show that SI,(F) can be considered as a hypersurface in A,2(F). Find a formula 
forthenumberofpoiiJ.tsonthishypersurface.[Answer:(q - l)-I(q' - l)(q' - q) ... 
(q' _ q'-l).] 

7. Let f E F[xo, XI' X2' ... ' x,]. One can define the partial derivatives af/axo, 
af/axI, ... , of/ax, in a formal way. Suppose that f is homogeneous of degree m. 
Prove that 2:1=0 x/of/ax;) = mf. This result is due to Euler. (Hint: Do it first for 
the case that f is a monomial.) 

8. (continuation) If fis homogeneous, a point ii on the hypersurface defined by f 
is said to be singular if it is simultaneously a zero of all the partial derivatives off. 
If the degreeof fis prime to the characteristic, show that a common zero of all the 
partial derivatives of fis automatically a zero of f. 

9. If m is prime to the characteristic of F, show that the hypersurface defined by 
aoxo + alxi + ... + a,x;:' has no singular points. 

10. A point on an affine hypersurface is said to be singular if the corresponding point 
on the projective c10sure is singular. Show that this is equivalent to the following 
definition. Letf EF[x l , X2' ... , x,], not necessarily homogeneous, and a E Hf(F). 
Then a is singular ifit is a common zero of of/ax; for i = 1,2, ... , n. 

11. Show that the origin is a singular point on the curve defined by y2 - x3 = o. 
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12. Show that the affine curve defined by X2 + y2 + x2y2 = O has two points at 
infinity and that both are singular. 

13. Suppose that the characteristic of F is not 2, and consider the curve defined by 
ax2 + bxy + cy2 = 1, where a, b, CE F*. lf b2 - 4ac rţ F2, show that there are no 
points at infinity in p2(F). If b2 - 4ac E F2, show that there are one Of two points 
at infinity depending on whether b2 - 4ac is zero. If b2 - 4ac = O, show that the 
point at infinity is singular. 

14. Consider the curve defined by y2 = x 3 + ax + b. Show that it has no singular 
points (finite or infinite) if 4a3 + 27b 2 '" O. 

15. LeU) be the field of rational numbers and p a prime. Show that the form Xo + l + 
px1+ 1 + p2X~+1 + ... + pnx~+1 has no zeros in pn(Q). (Hint: If il is a zero, one 
can assume that the components of a are integers and that they are not aII divisible 
by p.) 

16. Show by explicit calculat ion that every cubic form in two variables over Z/2Z has a 
nontrivial zero. 

17. Show that for each m > O and finite field Fq there is a form of degree m in m variables 
with no non trivial zero. [Hint: Let Wj, W 2, ... , W m be a basis for Fqm over Fq and 
show that f(xj, X2, ... , xm ) = IT~-ol (w1' XI + ... + w~ xm) has the required 
properties.] 

18. Let gl, g2"'" gm E Fq[x l , x 2, .. . , xn] be homogeneous polynomials of degree 
d and assume that n> md. Prove that there is nontrivial common zero. [Hint: 
Let f be as in Exercise 17 and consider the polynomial f(gl(xj,""xn)"", 
gm(x j, ... , xn».] 

19. Characterize those extensions F pn of F p that are such that the trace is identically 
zero on Fp • 

20. Show that if rx E Fq has trace zero, then rx = fJ - fJP for some fJ E Fq. 

21. Let ljJ be a map from Fq to C* such that ljJ(rx + fJ) = ljJ(rx)ljJ(fJ) for aII rx, fJ E Fq. Show 
that there is a Y E Fq such that ljJ(x) = ef(YX) for aII X E Fq, ~here ( = e2ni/p • 

22. If g.(X) is a Gauss sum on F, defined in Section 3, show that 
(a) g.(X) = X(rx)g(X)· 
(b) g(X- I ) = g(x) = x( -l)g(x)· 
(c) Ig,(x) I = ql/2. 
(d) g(x)g(x- 1) = x(-l)q. 

23. Suppose thatfis a function mapping F to IC. Define!(s) = (l/q) It f(t)ljJ(st) and 
prove that f(t) = Is !(s)ljJ(st). The last sum is called the finite Fourier series 
expansion of f. 

24. In Exercise 23 takefto be a nontrivial character X and show that 2(s) = (l/q)g -seX). 
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The Zeta Function 

The zeta function of an algebraic variety has played a 
major rale in recent developments in diphantine geometry. 

In 1924 E. Artin introduced the notion of a zetafunction 
for a certain class of curves defined over a finite field. By 
analogy with the classical Riemann zeta function he con
jectured that the Riemann hypothesis was valid for the 
functions he had defined. In special cases he was able to 
prove this. Remarkably, results of this nature can already 
be found in the work of Gauss (naturally, Gauss stated his 
results differently from Artin). Weil was able to prove (in 
1948) that the Riemann hypothesis for nonsingular curves 
over a finite field was true in general. 

In 1949 Weil published a paper in the Bulletin of the 
American Mathematical Society entitled "Numbers 
of Solutions of Equations over Finite Fields." In this paper 
he defined the zeta function of an algebraic variety and 
announced a number of conjectures. Weil had already 
proved the validity of his conjectures for curves. Here he 
establishes the same results for a class of projective hyper
surfaces. We shall give an exposition of part of this 
material. Most of the necessary tools have already been 
developed. The main new result that is needed is the 
Hasse~Davenport relation between Gauss sums. Weil gave 
a proof of this relation that is substantially simpler than 
the original. We shall give a praof due to P. Monsky that 
is even simpler than Weil' s, although it is far from trivial. 

In 1973 Pierre Deligne succeeded in establishing the 
validity of the Weil conjectures in ali generality. The 
proof utilizes the most advanced techniques of modern 
algebraic geometry and represents one of the most re
markable mathematical achievements of this century. 

§1 The Zeta Function of a Projective Hypersurface 

In Chapter 7, Section 2, we showed that if F = 7L/p7L and s ~ 1 an integer, 
then there exists a field K containing F with pS elements. The same result 
holds true in general. Namely, if Fis a finite field with q elements and s ~ 1 
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an integer, then there exists a field Fs containing F with qS elements (this is 
Fqs in our former terminology). The proof of the general case is almost 
identical with that of the special case (see the Exercises to Chapter 7). 

Now, let J(y) E F[yo, Y1' ... ' Yn] be a homogeneous polynomial and 
let N s be the number of points on the projective hypersurface HAFs) c 
pn(Fs). In less fancy language, N s is the number of zeros ofJin pn(Fs). We 
wish to investigate the way in which the numbers N s depend on s. 

At the end of this section we shall prove that the number N s depends 
only on s and not on the field Fs. This will follow once we show that any 
two fields containing F and of the same dimension over F are isomorphic. 

To study the numbers Ns we introduce the power series I:;"1 Nsus. 
In all that follows it is possible to deal only with formal power series and thus 
to avoid all questions of convergence. To those who are uncomfortable with 
that notion, notice that Ns ~ (qS(n+1) - l)/(qS - 1) < (n + l)qsn. It follows 
that our series converges for all complex numbers u such that lui < q-n 
and defines an analytic function in that disc. 

Let exp u = I~o (l/s!)us. 

Definition. The zetaJunction ofthe hypersurface defined by Jis the series given 
by 

ZAu) = exp I _s_ . (
00 N US

) 

s=1 S 

It is possible to regard ZAu) either as a formal power series or as a function 
of a complex variable defined and analytic on the disc {u E ICI lui < q - n}. 

It may seem strange to deal with ZAu) instead of directly considering 
the series I:;" 1 N sus. The reasons are mainly historical, although as we shall 
see the zeta function is, in fact, easier to hand le. See the remarks at the end of 
this section. 

As a first example, consider the hyperplane at infinity. By definition 
this is the set of points [ao, ... , an] E pn(F) with ao = o. It is defined by the 
equation xo = O. As we pointed out in Chapter 10 it is easy to see that Hxo(Fs) 
has the same number of points as pn-1(Fs); that is, 

N s = qs(n-1) + qs(n-2) + ... + qS + 1. 

It follows that 

00 N US n- 1 ( 00 (qmu)s) n-1 I _s_ = I I - = - L ln(l - qmu). 
s=1 S m=O s=1 S m=O 

(1) 

We have used the identity I:'=1 wS/s = -ln(l - w). Exponentiating 
Equation (1) yields 

Zx/u) = (1 - qn- 1u)-1(1 - qn- 2u)-1 ... (1 - qu)-1(1 - U)-1. 

In particular, we see that Zxo(u) is a rational function of u. 
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We shall now compute a somewhat more involved example. Consider 
the hypersurface defined by - y~ + y~ + y~ + y~ = o. To compute N 1 

we use Theorem 2 of Chapter 10. Specializing to our case we find that 

1 
N 1 = q2 + q + 1 + X( -1) - g(X)4, 

q 

where X is the character of order 2 on F. We know that g(X)2 = X( -l)q. 
Thus 

N 1 = q2 + q + 1 + X( -l)q. 

To compute N s we must replace q by qS and X by x., the character of order 2 
on Fs. Then 

N s = q2s + ( + 1 + X.( _l)qs. 

If -1 is a square in F, then Xs( -1) = 1 for alI s. If -1 is not a square 
in F, it is not hard to see that X.( -1) = -1 for s odd and X.( -1) = 1 for s 
even. 

In the first case 

00 Nsus 00 (q2u)S 00 (qu)S 00 uS 
I-=I-+2I-+I-

s= 1 s s= 1 S s= 1 S s= 1 S 

and so 

Zeu) = (1 - q2U)-1(l - qU)-2(l - U)-1. 

In the second case the last term gives rise to the sum 

f (_qu)S = -ln(l + qu). 
s=1 S 

Thus in this case 

Zeu) = (1 - q2u)-1(1 - qU)-1(l + qu)-1(1 - U)-1. 

Notice that in the fust case the zeta function has a pole at u = q-1 
of order 2, whereas in the second case there is a pole at u = q-1 of order 1. 
This is in accordance with a conjecture of John Tate, which relates the order 
of the pole at u = q- 1 to certain geometric properties of the hypersurface. 
We cannot go more deeply into this here. 

As a final example, consider the curve y~ + yt + y~ = O over F = Z/pZ, 
p is a prime congruent to 1 modulo 3. 

Specializing Theorem 2 ofChapter 10 once again we find that 

1 1 
N 1 = P + 1 + - g(X)3 + - g(X2)3. 

P P 

Here X is a cubic character on Z/pZ. We know that g(X)3 = p1t, where 
1t = J(X, X), and 1tn = p. Thus 

N 1 = p + 1 + 1t + n. 
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It will follow from the Hasse-Davenport relation, to be proved later, 
that 

N. = p' + 1 - (-n)" - (-n)·. 

Calculation now shows that 

7L (u) = (1 + nu)(l + nu) . 
f (1 - u)(l - pu) 

The numerator can be evaluated explicitly. In Chapter 8 we proved 
that n + n = A, where A is uniquely determined by 4p = A 2 + 27 B2 

and A == 1 (3). 
So our final expression is 

1 + Au + pu2 

Z f(u) = (1 _ u)(l _ pu) 

In this example Zi u) is a rational function; the numerator and de
nominator are polynomials with integer coefficients. The roots of Z iu), 
_n- l and -n-l, both have absolute value p-I/2. 

More generally, let f(xo, Xl> X2) E F[xo, Xl' X2] be a nonzero homo
geneous polynomial that is non singular over every algebraic extension of F. 
Then, Weil was able to prove that the zeta function of f has the form 

P(u) 
(1 - u)(l - qu)' 

where P(u) is a polynomial with integer coefficients of degree (d - l)(d - 2), 
d being the degree of f Furthermore, if (X is a root of P( u), then I (X I = q - l /2. 
The last statement is called the Riemann hypothesis for curves. 

[To see the relation with the classical Riemann hypothesis, make the 
changeofvariablesu = q-'andset'is) = Ziq-·).'is)isdirectlyanalogous 
to the classical zeta function (see the end of this section). The condition that 
the roots of Z iu) have absolute value q-I/2 is equivalent to the condition that 
the roots of 'is) have real part!.] 

In all our examples the zeta function is rational. In 1959 B. Dwork 
proved that any algebraic set has a rational zeta function [26]. His proof is 
extremely beautiful, but unfortunately it is based on methods that are 
beyond the scope of this book. 

Our examples suggest another characterization of the condition that the 
zeta function is rational. 

It is immediate from the definition of the zeta function that if it is ex
panded in a power series about the origin, then the constant term is 1. 
Consequently, if Z iu) = P(u)/Q(u), where P(u) and Q(u) are polynomials, 
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we may assume that P(O) = Q(O) = 1 (prove it). With this assumption, the 
zeta function can be factored as follows: 

where fY.i' Pi E C. We can now prove 

Proposition 11.1.1. The zetajunction is rational iffthere exist complex numbers 
fY.i and Pi such that 

Ns = LPj - LfY.~· 
i i 

PROOF. Suppose that the zeta function is rational. Then by the above remarks 

Z(u) = ni (1 - fY.iu) 
ni (1 - Piu) 

with fY. i , Pi E C. Taking the logarithmic derivative of both sides: 

Z'(u) = L -fY.i - L -Pi 
Z(u) i 1 - fY.i U i 1 - Piu 

Multiply both sides by u and then use the geometric series to expand 
in a power series. One finds finally that 

uZ'(u) 
Z(u) 

(2) 

We now compute the left-hand side in a different way. From the definition 

O() N US 

Z(u) = exp L _s_. 
s=l s 

Differentiate logarithmically both sides and then multiply both sides by u. 
We find that 

uZ'(u) = f Nsus. 
Z(u) s=l 

(3) 

Comparing coefficients of US in Equations (2) and (3) we have 

Ns = L pj - L fY.Î· 
i i 

The con verse is an easy calculation that we have done in special cases. 
We leave the details to the reader. O 

It remains to prove that the number N s is independent of the choice of 
field Fs' The reader may wish to simply accept this fact and proceed to 
Section 2. 

Suppose that E and E' are two fields containing F both with qS elements. 
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Proposition 11.1.2. E and E' are isomorphic over F; i.e., there exists a map 
a: E --+ E' such that 

(a) a is one to one and onto. 
(b) a(a) = afor ali a E F. 
(c) a«(X + p) = a«(X) + a(p)for ali (x, PE E. 
(d) a«(Xp) = a«(X)a(p) for ali (x, P E E. 

PROOF. We shall show that both E and E' are isomorphic over F to F[x ]/(f(x)) 
for some irreducible polynomial f(x) E F[x]. 

To begin with there is an (x' EE' such that E' = F«(X') (for example, take 
(x' to be a primitive qS - 1 root of unity). Let f(x) E F[x] be the monic 
irreducible polynomial for (x'. Then E' ~ F[x]/(f(x)). Since (x' satisfies 
xq• - x = O we have f(x)Jxq• - x. 

Since E has qS elements we have x q' - x = naEE (x - (X). It folIows that 
f«(X) = O for some (X E E. 

Thus F«(X) ~ F[x]/(f(x)) is a subfield of E with qS elements. One con-
cludes that E = F«(X) ~ F[x]/(f(x)) ~ F«(X') = E'. D 

We can now use the isomorphism a to induce a map ii from P"(E) to 
P"(E'). Namely, 

ii is one to one and onto. Moreover, if f(yo, Yl, ... , Yn) E F[yo, Y1" .. , Yn] 
and we restrict ii to the projective hypersurface H iE), it maps onto the 
projective hypersurface H iE'). This proves the independence of the numbers 
N s from the choice of field Fs' We leave the details to the reader. 

We conclude this section with a discussion of the analogy between the 
congruence zeta function and the Riemann zeta function. 

The Riemann zeta function (s) = I:'=1 n-S may be written, by the 
fundamental theorem of arithmetic as an infinite product np (1 _ p-s)-1 
the product being over alI prime numbers p (see Exercise 25, Chapter 2). 
We will establish an analogous infinite product for Z iu) the product being 
over certain objects called the prime divisors of the underlying algebraic 
set. This will be done with a minimum of technicallanguage from algebraic 
geometry. 

If Fis a finite field with q elements consider any algebraic set V in An(F). 
Then we may define as in Section 1 the zeta function of V over F as 

exp I _s_ (
00 NUS) 

s=1 S 

where N s is the number ofpoints in An(Fq.) satisfying the equations defining 
V. We consider an affine algebraic set rather than a projective algebraic set to 
simplify the discussion. Furthermore it is convenient to have a single field 
K ::::> F which is algebraic over F and contains an extension of degrees s 
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over F for every integer s ~ 1. It follows easily from Proposition 7.1.1 that K 
then contains precisely one field with qS elements. A simple construction for 
such a field K is given in the Exercises. This field is uniquely determined up to 
isomorphism and is called an algebraic closure of F. We may then consider 
An(K) and extend V to be an algebraic set still denoted by V in An(K) with 
N s points whose coordinates are in Fqs. 

If rx = (al' a2, . .. ,an) E V let Fqd be the smallest field containing F and 
al' a2' ... ' an. We say that rx is a point of degree d. Since a q = a for a E F it 
follows that the points rx, rx q, rxq2, ••• ,rxqd - I are also in V where the exponent 
denotes raising each coordinate to the indicated power. Furthermore these 
points are distinct (by say, the corollary to Proposition 7.1.1). 

Definition. A prime divisor on V is a set ofthe form {rxqi Ij = 0, 1, 2, ... ,d - 1} 
where rx is a point on V of degree d. 

Prime divisors are traditionally denoted by 'l3. The degree of 'l3, deg 'l3, 
is d. 

The prime divisors clearly partition V c An(K). Furthermore if rx is a 
point on V with coordinates in Fqs then rx defines a unique prime divisor 'l3 
of degree d for some dis by Proposition 7.1.5. This prime divisor contains d 
points on V each with coordinates in Fqs. Ifwe define ad to be the number of 
prime divisors on V of degree d (a number which is finite) then we have by the 
above the following important result. 

The main result of this section may now be stated. 

Proposition 11.1.3. Zv(u) = TI\ll (l/(l - udeg\ll». 
PROOF. The right-hand side is clearly 

TI -n . 00 ( 1 )an 
n= 1 1 - u 

The logarithmic derivative of this expression is 

Expanding the denominator into a geometric series and computing the 
coeflicient of tm we obtain 
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which by Lemma 1 becomes 

Integrating and taking the exponential gives the result. D 

This result shows that Z(u) has integral coefficients. The analogy with the 
Riemann zeta function becomes even more striking if one introduces a new 
variable s re1ated to u by u = q-s. Then we have 

Z(q-S) = IJ C _ q1 Sdeg\jl) 

= IJ C -(1; N(~)')) 
in perfect analogy with the Riemann zeta function. 

§2 Trace and Norm in Finite Fields 
In Chapter 10, Section 3, we introduce the notion of trace. Here we shall 
generalize that notion and also define the norm in finite fields. 

Let F be a finite field with q e1ements and E a fie1d containing F with qS 
elements. 

Definition. If a E E, the trace of a from E to F is given by 

trEIF(a) = a + aq + ... + aqs -'. 

The norm of a from E to F is given by 

N EIF(a) = a . aq • •• aqS -'. 

The following two propositions describe the basic properties of trace and 
norm. 

Proposition 11.2.1. Ii a, [3 E E and a E F, then 

(a) trElia) E F. 
(b) trElia + [3) = trElia) + trEIF([3)· 
(c) trEliaa) = a trEIF(a). 
(d) trEIF maps E onto F. 

Proposition 11.2.2. If a, [3 E E and a E F, then 

(a) N Elia) E F. 
(b) N EIF(a[3) = NEIF(a)NEIF([3). 
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(c) NE/iarx) = aSNE/F(rx). 
(d) N E/F maps E* onto F*. 
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PROOF. The proof of Proposition 11.2.1 is exact1y analogous to that of 
Proposition 10.3.1 and will be omitted. 

To prove Proposition 11.2.2 notice that 

NE/F(rx)q = (rx· rxq · .... rxqs - I)q = rxq · rxqs ..... rxqs = NE/irx). 

Thus N E/irx) E F. 
Now, 

N E/F(rx[3) = (rx[3) . (rx[3)q ..... (rx[3)qs-' 
= (rx . rxq ..... rxqS - I) . ([3 . [3q ..... [3qS-I) 

= N E/F(rx)NE/F([3). 

This proves step (b). 
To prove step (c) notice that for a E F, N E/F(a) = a· a q • •••• ar' = aS 

since aq = a. Now apply the result of step (b). 
Finally, consider the kernel of the homomorphism N E/F' i.e., the set of all 

rx E E such that N E/F(rx) = 1. rx is in the kernel iff 

1 = rx . rxq . ... rxer-I = rx 1 +q+ ... +qS-l = rx(qS-1)/(q-1) 

Since(qS - 1)/(q - 1)l qS - 1wehavebyProposition7.1.2thatx(qs-1)/(q-1) 
= 1 has (qS - 1)/(q - 1) solutions in E. By elementary group theory it follows 
that the image, N E/F(E*), has q - 1 elements, but this is exact1y the number of 
elements in F*. Thus N E /F is onto. O 

Given a tower of fields F cEc K we have the relation [K: F] = 

[K : E][E: F]. This result is easy to prove in general. If all three fields are 
finite, we can prove it as follows. Let q be the number of elements in F. 
Then the number of elements in E and K are q[E:Fl and q[K:Fl, respectively. 
Considering K as an extension of E we can express the number of elements in 
K as (q[E:Fl)[K:El. Thus 

q[K:Fl = q[E:F][K:El 

and therefore [K : F] = [E: F][K : El 
We can now prove another simple property of trace and norm that will 

be useful. 

Proposition 11.2.3. Let F cEc K be three finite jields and rx E K. Then 

(a) trK/F(rx) = trE/F(trK/E(rx)). 
(b) N K/F(rx) = N E/F(N K/irx)). 

PROOF. We shall prove only property (a). The proof ofproperty (b) is similar. 
Let d = [E: F], m = [K: E], and n = [K : F]. As we have pointed out 

above, n = dm. 
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The number of elements in E is q1 = qd. Thus 

trK/E(a) = a + aq, + ... + aq!"-' 

and 
d-1 

trE/p(trK/ia)) = L trK/E(a)qi 
i=O 

d-l m- 1 

= L L aqjqi 
i=O j=O 

d-1 m-1 
= L L aqdj + i 

i=O j=O 

n-1 

= L aqk 

k=O 

= trK/p(a). 

We have used the faet that as j varies from zero to m - 1 and i varies 
from zero to d - 1 the quantity dj + i varies from zero to md - 1 = n - 1. 

O 

Suppose now that F c K are finite fields, n = [K: F], and a E K. Let 
E = F(a) andf(x) E F[x] be the minimal polynomial for a over F. By the 
eorolIary to Proposition 7.2.2 we have [E: F] = d, where d is the degree 
off(x). 

Proposition 11.2.4. Writef(x) = xd - C1Xd-1 + ... + (_1)dCd . Then 

(a) f(x) = (x - a)(x - aq) ... (x - aqd-'). 
(b) trK/F(a) = (n/d)c1· 
(e) N K/F(a) = c:i/d. 

PROOF. Sinee the coeffieients offsatisfy aq = a we have 

o = f(aF = f(a q). 

Thus aq is a root ofj. Similarly, 

O = f(aq)q = f(a q2 ). 

Thus aq2 is a root of! Continuing in this manner we see that a, aq, aQ2 , ... , 
aqd - , are alI roots of! If we ean show that alI these roots are distinct, assertion 
(a) will folIow. 

Suppose that O ~ i ~ j < d and that aqi = aqi. Set k = j - i. We shall 
show that k = o. 

We have 

which implies that 



§3 The Rationality ofthe Zeta Function Associated to aox'Q + ajxj + ... + anx;:' 161 

and so 

Since f(x) is the minimal polynomial for a it follows that f(x) divides 
xqk - x and so by Theorem 1 of Chapter 7 we ha ve d I k. However, O .::;; k < d 
and so k = O and we are done. 

It follows immediate1y from assertion (a) that CI = trE/F(a) and that 
Cd = N E/F(a). 

Since a E E = F(a) we have trK/E(a) = [K: E]a = (n/d)a and N K/ia) 
= an/do 

By Proposition 11.2.3, 

Similarly, 

§3 The Rationality of the Zeta Function Associated to 
aox'O + a1xT + ... + anx'; 

Let f(x o, Xl"'" x n) be the polynomial given in the title of this section 
[notice that this is not the f(x) of Section 2]. Suppose that the coefficients 
are in F, a finite field, with q elements and that q == 1 (m). We have to in
vestigate the number Ns of e1ements in H iFs), where [Fs : F] = s. Theorem 2 
of Chapter 10 shows that Ns is given by 

qs(n-l) + qs(n-2) + ... + qS + 1 

where qS is the number of elements in F., and the X~S) are multiplicative 
characters of Fs such that X~s)m = S, X~S) =f. s, and X~)X\S) ... X~S) = s. 

We must analyze the terms xIS)(ai 1) and g(X~s»). To do this we first relate 
characters of Fs to characters of F. 

Let X be a character of F and set x' = X o N F./F; i.e., for a E F., x'(a) = 
X(NF./F(a)). Then one sees, using Proposition 11.2.2, that X' is a character of 
Fs, and moreover that 

(a) X =f. p implies that X' =f. p'. 
(b) Xm = s implies that X,m = s. 
(c) x'(a) = x(a)S for all a E F. 
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It follows easily that as X var ies over the characters of F of order dividing 
m, X' varies over the characters of F s of order dividing m. 

The sum in Equation (4) can now be rewritten as 

(5) 
Xo, ... , Xn 

where Xo,"" Xn are characters of F satisfying xT = C:, Xi #- c:, and XOXI '" Xn 
=C:. 

It remains to analyze the Gauss sums g(X')' This is the content of the 
following theorem of Hasse and Davenport (see [23]). 

Theorem 1. ( - g(X) Y = - g(X')· 

We postpone the proof of this relation. Using Theorem 1 and Equations 
(4) and (5) we see that N s is given by 

where the second sum is restricted by the same conditions as Equation (5). 
Applying Proposition 11.1.1 gives us the main result of this chapter. 

Theorem 2. Let ao, al' ... , an E F*, where F is a finite field with q elements, and 
q == 1 (m). Let f(xo,"" xn) = aox'O + a1xi + ... + an x;:'. Then the zeta 
function Z iu) is a rational function of the form 

p(uY-l)n 

(1 - u)(1 - qu)···(1 - qn- 1u)' 

where P(u) is the polynomial 

n (1 - (_1)n+ 1 ! Xo(ao 1) ... Xn(a;; l)g(XO)g(Xl)'" g(Xn)U), 
xa. XI • ••• , Xn q 

the (n + 1)-tuples Xo, Xl"'" Xn being subject to the conditions xT = C:, Xi #- c:, 
and XOXI ... Xn = C:. 

A number ofremarks are in order: 

(1) The degree of P(u) can be computed explicitly. It is 

m- 1 [(m - 1)"+1 + (_l)n+l(m - 1)]. 

(2) Since Ig(x)1 = ql/2 it follows from the explicit expression for P(u) that 
the zeros of Z iu) have absolute value q-«n-l)/2). This is in accord with 
the general Riemann hypothesis. 
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(3) If we write P(u) = f1 (1 - C(u), then numbers C( are algebraic integers. 
This is not hard to see. Each C( has the form 

1 
( - g(Xo) ... g(Xn), 

q 

where ( is a root of unity and XOXI ... Xn = e. Using Corollary 1 to 
Theorem 3 of Chapter 8 we see that 

The Jacobi sum is a sum of roots of unity and so is an algebraic integer. 
Thus C( = (Xn( -1 )J(Xo, X b ... , Xn - 1) is an algebraic integer as well. 

Letf(xo, Xl' ... , x n) be a homogeneous form of degree d with coefficients 
in a finite field F. Assume furthermore that the partial derivativesfxo'· .. ,fxn 
have no common projective zero in any algebraic extension of F. In this 
case we say that the projective hypersurface defined by f is absolutely non
singular. Then one may consider the zeta function Z(t) of the hypersurface, 
f = O. In this case the Weil conjectures (now theorems) state the following: 

(a) Z(t) is a rational function which can be written as 

p(t)<_l)n 

Z(t) = (1 _ t)(1 - qt) . .. (1 - qn It)' 

where P(t) is a polynomial with integer coefficients. 
(b) P(t) = (1 - al t)(l - a2 t) ... (1 - am t). The mapping a -+ qn-l la is a 

bijection of the set of reciprocal roots al' ... , am. 
(c) laii = q(n-l)/2. 
(d) The degree of P(t) is r l[(d - 1)n-l + (-l)n+ l(d - 1)]. 

The statement regarding the absolute value of the roots is known as the 
Riemann hypothesis for the hypersurface. The proof of (a), (b), and (d) for a 
general hypersurface is due to B. Dwork [26]. The proof of the Riemann 
hypothesis is due to P. Deligne (1973). For the general statement ofthe Weil 
conjectures we refer the re ader to Weil [80] and Katz [161]. 

§4 A Proof of the Hasse-Davenport Relation 

Let F be a finite field with q elements and Fs be a field containing F such 
that [Fs: F] = s. Let X be a nontrivial multiplicative character of F and 
x' = X o N FsIF. X' is a character of Fs. We wish to compare the Gauss sums 
g(X) and g(X')· 
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Let us recall the definition of g(X) (see Chapter 10, Section 3): 

g(x) = L X(t)ljI(t), 
tEF 

where ljI(t) is equal to (~(t). The trace function in this definit ion coincides 
with the function trFIFp introduced in this chapter. Since we are considering 
more than one field, it is important to attach subscripts to tr. Now, 

g(x') = I X'(t)ljI'(t), 
teFs 

where ljI'(t) = (trFsIFP(t). Since trFsIFp(t) = trFIFp(trFs/F(t» it follows that 
ljI' = ljI o trFs1F . 

For a monic polynomial f(x) = xn - CIXn - 1 + ... + (-1tcn in F[x] 
define ).,(f) = ljI(Cl)X(Cn)· 

Lemma 1. ).,(fg) = ).,(f)).,(g)for ali monicI, 9 E F[x]. 

PROOF. If g(x) = xm - b1xm- l + ... + (-1rbm, then f(x)g(x) = xn+m -
(b l + cl)xn+m- l + ... + (-l)n+mbmcn· ThusA(fg) = ljI(b l + Cl)· X(bmcn) = 
ljI(bl)ljI(cl)X(bm)x(cn) = ljI(bl)X(bm)ljI(c1)X(Cn) = A(g»).,(f). O 

Lemma 2. Let rx E Fs andf(x) be the monic irreducible polynomialfor rx over F. 
Then 

).,(f)sld = X'(rx)ljI'(rx), where d = deg f. 

PROOF. This result follows easily from Proposition 11.2.4. Namely, iff(x) = 

xd - ClXd - 1 + ... + ( -1)dCd , then 

Now, ).,(f) = ljI(Cl)X(Cd), SO 

)..(f)'/d = ljI(Cl)SldX(Cd)sld = ljI(~ Cl )X(C~d) 

= ljI(trFsIF(rx»x(NFslirx» = ljI'(rx)X'(rx). o 

Lemma 3. g(X') = I (deg f))..(f)s/de gf, where the sum is over ali monic ir
reducible polynomials of F[x] with degree dividing s. 

PROOF. According to Theorem 1 of Chapter 7-generalized to F as base 
field-xqS - x is the product of all monic irreducible polynomials of degree 
dividing s. It follows that every such irreducible polynomial has all its roots 
in Fs and conversely that every element in Fs satisfies such a polynomial. 
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Letf(x) be monic irreducible of degree dis. Let 1Xl> 1X2"'" IXd E F, be its 
roots. Then by Lemma 2 

d 

L X'(IX)IjJ'(lXi ) = d).,(f)'/d. 
i= 1 

Summing over alI polynomial of the required type yields the result. O 

We are now in a position to prove the Hasse-Davenport relation. The 
proof is based on the folIowing identity: 

L).,(f)tdegf = n (1 - ).,(f)tdegf)-t, (7) 
f f 

where the sum is over alI monic polynomials and the product is over alI 
monic irreducible polynomials in F[x]. 

The identity is proved by expanding each term (1 - ).,(f)tdegf)-l in a 
geometric series and using the fact that every monic polynomial can be written 
as the product of monic irreducible polynomials in a unique way. The 
details are left as an exercise. 

Now, 

We define ).,(1) = 1, as this is necessary for Equation (7) to hold. For s = 1 
we have 

L ).,(f) = L ).,(x - a) = L x(a)IjJ(a) = g(X)· 
degf=l aeF aeF 

For s > 1 we have 

L ).,(f) = L ).,(x' - CIX,-l + ... + (-l)'c,) 
degf=, eleF 

Putting alI this together we see that the left-hand side of Equation (7) reduces 
to 1 + g(X)t. Using this, take the logarithm of both sides of Equation (7), 
differentiate, and multiply both sides of the result by t. This yields 

g(X)t _ L ).,(f)(deg f)tdegf 

1 + g(X)t - f 1 - ).,(f)tdeg f 

Expand the denominators in geometric series. Then 

'~l ( -l)'-lg(X)'t' = ~ (~l (deg f)).,(f)'t'degf). 
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Equating the coefficients of t' yields 

(-1)·-lg(X)S = L (deg f)J..(f)s/degf• 

degfl' 

By Lemma 3, the right-hand side is g(x'). This completes the proof. O 

§ 5 The Last Entry 

The last entry of Gauss's mathematical diary is a statement of the following 
remarkable conjecture: 

Suppose that p == 1 (4). Then the number of soIutions to the congruence 
x2 + y2 + x2y2 == 1 (p) is p + 1 - 2a, where p = a2 + b2 and a + bi 
== 1 (2 + 2i). 

Some explanation is in order. If p == 1 (4), then by Proposition 8.3.1 
we know that p = a2 + b2 for some integers a and b. Ifwe choose a odd and b 
even, then a and bare uniquely determined up to sign. The congruence 
a + bi == 1 (2 + 2i) determines the sign of a. We shall give a simpler formula
tion of this. 

Lemma. If P == 1 (4), p = a2 + b2, and a + bi == 1 (2 + 2i), then a is odd and 
b is even. Moreover, if4lb, then a == 1 (4), and if4,.rb, then a == -1 (4). 

PROOF. a + bi == 1 (2 + 2i) implies that a + bi == 1 (2) and so a is odd and b 
even. 

Since 4 = -2(i - 1)(i + 1) it follows that if 41b, then a + bi == a == 1 
(2 + 2i). Taking conjugates a == 1 (2 - 2i). Thus (2 + 2i)(2 - 2i) = 81(a - 1)2 
and a == 1 (4). 

If 4,.rb, then b = 4k + 2 for some k. Thus a + bi == a + 2i == 1 (2 + 2i). 
Since 2i == -2 (2 + 2i) we have a == 3 == -1 (2 + 2i). As before 81(a + 1)2 
and so a == -1 (4). O 

Theorem. Consider the curve C determined by x2t2 + y2t2 + x2y2 - t4 over F p' 

where p == 1 (4). Write p = a2 + b2 with a odd and b even. If 41b, choose 
a == 1 (4); if 4,.r b, choose a == -1 (4). Then the number of points on C in 
p2(Fp ) is p - 1 - 2a. 

The zetafunction ofC is 

Z(u) = 1 - 2au + pu2 (l _ u). 
1 - pu 

Before giving the proof a few remarks are in order. 
The answer p - 1 - 2a differs from Gauss' p + 1 - 2a. The difficu1ty 

is that Gauss counts four points at infinity, whereas a simple calculation 
shows that [O, 1, OJ and [0,0, 1J are the only points at infinity according to 
our definition. Thus our answer differs from his by 2. 
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Since there are two points at infinity independently of p it suffices to 
count the number of finite points, i.e., the solutions to x 2 + y2 + x 2y2 = 1. 

As an example take p = 5. Since 5 = 12 + 22 we have 4 1'b so we must 
take a = - 1. The formula p - 1 - 2a gives the answer 6 in this case. 
Indeed, in addition to the two points at infinity, (1, O), ( -1, O), (O, 1), and 
(O, -1) are the other points on the curve in F p. 

The form of the zeta function may be surprising. The explanation is that 
the two points at infinity are singular. Thus the form of this zeta function is 
not in contradiction to our earlier observations. 

We now proceed to prove the theorem. Denote by C 1 the curve given by 
x 2 + y2 + x 2y2 = 1 and by C2 the curve given by w2 = 1 - Z4. We shaU 
construct maps from C 1 to C 2 and from C 2 to C 1. 

Notice that 

implies that 

and 

[(l + X 2)y]2 = 1 - x4. 

Thus, if(a, b) is on C 1, then (a, (1 + a2 )b) is on C2 • Let 

A(X, y) = (x, (1 + x 2)y), 

A maps C 1 to C 2. It is easy to see that this map is one to one. 
Now let 

Il(Z, w) = (Z, 1 : Z2). 

Il is not always defined. If a E F p is such that a2 = -1, then (a, O) and 
( -a, O) are on C 2 but Il is undefined at these points. Il is defined at aU other 
points of C 2 and maps these points to C 1. It is easy to check that Il is inverse 
to A where it is defined. Thus 

N 1 =N2 -2, 

where N 1 and N 2 are the number of finite points in F p on C 1 and C 2, re
spectively. 

We can compute N 2 by using Theorem 5 of Chapter 8. Specializing 
Theorem 5 to w2 + Z4 = 1 we see that 

N 2 = P + J(p, X) + J(p, X2) + J(p, X3 ), 

where p is the character of order 2 and X is a character of order 4. 
Since X2 = p, we have J(p, X2) = J(p, p) = - p( -1) = -1. AIso, since 

X4 = G we ha ve X3 = X so that J(p, X3 ) = J(p, X) = J(p, X). 
Let n = -J(p, X). Then 

N 2 = P - 1 - n - n, 
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p takes on the values ± 1 and X takes on the values ± 1, ± i. Thus n = a + bi, 
where a, b E Z. Moreover I J(p, X) 12 = p so that a2 + b2 = nn = p. It 
follows that N 2 = P - 1 - 2a and NI = P - 3 - 2a. Since el has two points 
at infinity, the total number of points on elin F p is given by 

N=p-I-2a. 

By the lemma it suffices to prove that n == 1 (2 + 2i) in order to complete 
the proof of the fust part of the theorem. This is accomplished by means of 
the following pretty calculation given in Hasse-Davenport [23]. 

Notice that p(a) - 1 == 0(2) and that x(a) - 1 == 0(1 + i) for all a =F O 
in F p • The first assertion is obvious; the second follows from 1 - 1 = O, 
-1 - 1 = -(1 - i)(1 + i), -i - 1 = -(1 + i), and i - 1 = i(1 + i). Thus 
if a =F O and b =F O, (p(a) - l)(X(b) - 1) == 0(2 + 2i). This congruence is 
trivially true for the pairs a = O, b = 1 and a = 1, b = O. Therefore, 

L (p(a) - I)X(b) - 1) == 0(2 + 2i). 
a+b=l 

Expanding we see that 

-n - LX(b) - LP(a) + p == 0(2 + 2i). 
b a 

The second and third terms are zero. Thus 

n == p == 1 (2 + 2i). 

The last step follows because p == 1 (4) by hypothesis, and 2 + 2i divides 4; 
indeed 4 = (1 - i)(2 + 2i). 

To calculate the zeta function it suffices to notice that by the Hasse
Davenport relation the number of points on x2t2 + y2t2 + x2y2 - t 4 in 
P2(F pB) is given by 

Thus 

NOTES 

p' - 1 - (-J(p, X»" - (-J(p, X»" = p' - 1 - n" - n". 

Z(u) = (1 - nu)(1 - nu) (1 _ u) 
(l - pu) 

= 1 - 2au + pu2 (1 _ u). 
(1 - pu) 

As we have mentioned, in his thesis E. Artin [2] introduced the congruence 
zeta function. In that work he establishes the analog of the Riemann hy
pothesis for about 40 curves of the type y2 = f(x), where f is a cubic or 
quartic polynomial. In 1934 Hasse proved that the result held in general for 
nonsingular cubics (the case of elliptic curves). The Riemann hypothesis for 
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arbitrary nonsingular curves was established in full generality by Weil in 
1948. His proof is far from elementary and uses deep techniques in algebraic 
geometry. 

Weil's conjecture that the zeta function of any algebraic set is rational was 
proved in 1959 by B. Dwork using methods of p-adie analysis [26]. 

In 1969 S. A. Stepanov succeeded in giving an elementary proof of the 
Riemann hypothesis for curves [222]. A complete account of Stepanov's 
method is given in the book by W. M. Schmidt, Equations over Finite Fields: 
An Elementary Approach [218J. This method was simplified further by E. 
Bombieri, who, using the Riemann-Roch theorem, gives a complete proof 
in five pages [98]. Sharper estimates in special cases have been obtained by 
H. Stark [221]. For an analysis of Deligne's proof and an historical discussion 
ofthe entire issue the re ader should consult N. Katz's "Overview of Deligne's 
proof ... " [161J. This paper also contains an extensive bibliography of the 
subject. See also the survey [248J. The discovery ofthese remarkable theorems 
is discussed by Weil in the first volume of his Collected Papers, [241J, pp. 
568-569. FinalIy we mention the paper by J. R. Joly, "Equations et varietes 
algebriques sur un corps fini" [160]. 

Section 5 on Gauss' conjecture is 10gicalIy out of place since it could have 
been given in Chapter 8. We felt it was appropriate at this point since the 
relation between this conjecture and Weil's Riemann hypothesis reveals once 
again the remarkable acuity of Gauss' insight and how his imposing presence 
continues to make itself felt to this very day. 

A new edition of the mathematical journal of Gauss, translated from 
Latin to German, with an historical review by K. Biermann and comments 
by H. Wussing is now available [137]. This important historical document 
records the major discoveries of Gauss between the years 1796 and 1814. 
It is interesting to note that both the first entry (Section 11 of chapter 9) 
and the last entry are concerned with cyclotomy. For more biographieal 
information on Gauss see T. HalI [143J and the recent biography by W. K. 
Buhler [101]. 

EXERCISES 

1. Suppose that we may write the power series 1 + alu + a2u2 + ... as the quotient 
oftwo polynomials P(u)/Q(u). Show that we may assume that P(O) = Q(O) = 1. 

2. Prove the converse to Proposition 11.1.1. 

3. Give the details of the proof that N s is independent of the field F s (see the conc1uding 
paragraph to Section 1). 

4. Calculate the zeta function of XOXl - X2X3 = O over Fp • 

5. Calculate as explicitly as possible the zeta function of aox~ + alxI + ... + a.x; 
over Fq , where q is odd. The answer will depend on whether n is odd or even and 
whether q == 1 (4) or q == 3 (4). 
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6. Consider x6 + x~ + x~ = O as an equation over F 4' the field with four elements. 
Show that there are nine points on the curve in P2(F 4)' Calculate the zeta function. 
[Answer: (1 + 2u)2/«1 - u)(1 - 4u)).] 

7. Try this exercise if you know a little projective geometry. Let N s be the number 
oflines in pn(Fp')' Find Ns and calculate 2.::'=1 Nsus/s. (The set oflines in projective 
space form an algebraic variety called a Grassmannian variety. So do the set of 
planes, three-dimensionallinear subspaces, etc.) 

8. If f is a nonhomogeneous polynomial, we can consider the zeta function of the 
projective closure of the hypersurface defined by f (see Chapter 10). One way to 
calculate this is to count the number of points on H iFq) and then add to it the 
number of points at infinity. For example, consider l = x3 over Fp" Show that 
there is one point at infinity. The origin (O, O) is clearly on this curve. If x =f. O, 
write (Y/X)2 = x and show that there are pS - 1 more points on this curve. AI
together we have pS points and the zeta function over Fp is (1 - pU)-l. 

9. Calculate the zeta function of y2 = x3 + x 2 over Fp • 

10. If A =f. O in Fq and q == 1 (3), show that the zeta function of y2 = x3 + A over Fq 

has the form Z(u) = (1 + au + qu2 )/(1 - u)(1 - qu), where a E Z and lai :os; 2ql/2. 

11. Consider the curve y2 = x 3 - Dx over F p , where D =f. O. Call this curve CI' Show 
that the substitution x = !(u + v2 ) and y = tv(u + v2) transforms CI into the curve 
C2 given by u2 - v4 = 4D. Show that in any given finite field the number of finite 
points on CI is one more than the number of finite points on C2 • 

12. (continuation) If p == 3 (4), show that the number of projective points on CI is 
just p + 1. If p == 1 (4), show that the answer is p + 1 + X(D)J(X, X2) + X(D)J(X, X2), 
where X is a character of order 4 on Fp • 

13. (continuation) If p == 1 (4), calculate the zeta function of y2 = x3 - Dx over F 
in terms of n and X(D), where n = - J(X, X2). This calculation in somewhat sharpened 
form is contained in [23]. The result has played a key role in recent empirical work 
ofB. J. Birch and H. P. F. Swinnerton-Dyer on elliptic curves. 

14. Suppose that p == 1 (4) and consider the curve x4 + y4 = 1 over Fp • Let X be a 
character of order 4 and n = - J(X, X2). Give a formula for the number of projective 
points over F p and calculate the zeta function. Both answers should depend only 
on n. (H int: See Exercises 7 and 16 of Chapter 8, but be careful since there we were 
counting only finite points.) 

15. Find the number of points on x2 + y2 + x 2y2 = 1 for p = 13 and p = 17. Do it 
both by means of the formula in Section 5 and by direct calculation. 

16. Let F be a field with q elements and Fs an extension of degree s. If X is a character of 
F, let X' = X o N F,/F' Show that 
(a) x' is a character of Fs' 
(b) X =f. P implies that x' =f. p'. 
(c) Xm = e implies that x'm = e. 
(d) x'(a) = x(a)S for a E F. 
(e) As X varies over all characters of F with dividing m, x' varies over all characters 
of Fs with order dividing m. Here we are assuming that q == 1 (m). 
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17. In Theorem 2 show that the order ofthe numerator ofthe zeta function, P(u) has 
degreem- 1«m _1)n+l + (_l)n+l(m -1». 

18. Let the notation be as in Exercise 16. Use the Hasse-Davenport relation to show that 
J(x'l>X~, ... ,X~)=(-1)(S-I)(n-l)J(Xl,X2, ... ,Xn)S, where the Xi are nontrivial 
characters of F and XIX2 ... Xn # E. 

19. Prove the identity I ..1.(f)tdegf = TI (l - ..1.(f)tdegf)-l, where the sum is over all 
monic polynomials in F[t] and the product is over all monic irreducibles in F[t]. 
..1. is defined in Section 4. 

20. If in Theorem 2 we consider the base field to be Fs instead of F, we get a different 
zeta function, Z~)(u). Show that Z~)(u) and Z iu) are related by the equation 
Z~)(uS) = Z iu)Z ipu).·· Z i pS-1U), where p = e21ti/s. 

21. In Exercise 6 we cotlsidered the equation x~ + xf + x~ = O over the field with 
four elements. Consider the same equation over the field with two elements. The 
trouble here is that 2 of. 1 (3) and so our usual calculations do not work. Prove that 
in every extension of Z/2Z of odd degree every element is a cube and that in every 
extension of even degree, 3 divides the order of the multiplicative group. U se this 
information to calculate the zeta function over Z/2Z. [Answer: (1 + 2u2)/ 

(1 - u)(l - 2u).] 

22. Use the ideas developed in Exercise 21 to show that Theorem 2 continues to hold 
(in a suitable sense) even when the hypothesis q == 1 (m) is removed. 

23. Let Pl < P2 < P3 < ... denote the positive prime numbers arranged in order. Let 
N m = pipi· .. P: and let Em denote the field with qNm elements. Show that Em 
can be considered as a subfield of Em+ 1 and that E = U Em is an extension of Eo = F, 
a finite field with q elements, with the following property; for every positive integer 
n, E contains one and only one subfield Fn with qn elements. 



Chapter 12 

Aigebraic Number Theory 

In this chapter we shall introduce the concept of an 
algebraic number field and develop ils basic properties. 
Our treatment will be classical, developing directly only 
those aspects that will be needed in subsequent chapters. 
The study of these fields, and their interaction wilh other 
branches of mathematics forms a vast area of current 
research. Our objective is to develop as much of the 
general theory as is needed to study higher-power recip
rocity. The reader who is interested in a more systematic 
treatment of these fields should consult any one of the 
standard texts on this subject, e.g., Ribenboim [207], 
Lang [168], Goldstein [140], Marcus [183]. 

We will assume that the reader has some familiarity 
with the theory of separable field extensions as can. be 
found,for example, in Herstein's Topics in Algebra [150]. 
Some of the results assumed are given in the Exercises. 

§ 1 Alge braic Preliminaries 

In this section we will recall some facts from field theory and prove some 
results about discriminants. 

Let L/K be a finite algebraic extension of fields. The dimension of L/K, 
[L: K], will be denoted by n. 

Suppose al' a2' ... ' an is a basis for L/K and a E L. Then aai = Lj aijaj, 
with aij E K. 

Definition. The norm of a, N L/K(a), is det(ai). The trace of a, tL/K(a), is a11 + 
a22 + ... + ann · 

It is easy to check that this definition is independent of the choice of a 
basis. In what follows, norm and trace will be denoted by N and t since the 
extension L/ K will be fixed. 

If a, PE L and a E K then N(ap) = N(a)N(p), t(a + p) = t(a) + t(P), 
N(aP) = anN(P), and t(aa) = at(a). If a :F O then N(a)N(a- 1) = N(aa- 1) = 
N(l) = l.Thus,ifa:F O,N(a):F O,andN(a- 1) = N(a)-l.IfL/Kisseparable, 
then t is not identically zero. If char K = O this is easy to see since then t(l) = 

172 
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n # O. The only fields of characteristic p > O that we will consider are finite 
fields and in this case the result foUows from Proposition 11.2.1(d). 

Suppose Lj K is separable and let al' a 2, ... , an be the distinct isomorphisms 
of L into a fixed algebraic c10sure of K which leave K fixed. For IX E L denote 
ailX) by IXU). The elements IXU) are caUed the conjugates of IX. Here 1X(1) is IX. 

One can show using linear algebra (see Exercises 21-23). t(lX) = 1X(1) + 
1X(2) + ... + lX(n) and that N(IX) = 1X(1)1X(2) ... lX(n). If IX EL consider f(x) = 

(x - 1X(1»)(X - 1X(2») ... (x - lX(n»). Then f(x) E K[x]. The coefficient of xn- l 

is - t(lX) and the constantterm is (-l)nN(IX). The reader should verifythat our 
definitions of norm and trace generalize those of Chapter 11, Section 2. 

Definition. If IXI' 1X2"'" IXn is an n-tuple of e1ements of L we define the 
discriminant L1(IXI" .. , IXn) to be det(t(lXilX)). 

Proposition 12.1.1. lf L1(IX I, ... ,lXn) # O then IXI"'" IXn is a basis for LjK. 
lf LjK is separable and IX I, ... , IXn is a basisfor LjK then L1(IXI" .. , IXn) # O. 

PROOF. Suppose IXI"'" IXn are linearly dependent. Then there exist 
al' ... , an E K, not aU zero, such that L ajlXj = O. Multiply this equation by 
IX j and take the trace. One finds 

L ait(lXi lX) = O, j = 1, 2, ... , n. 
i 

This shows that the matrix (t(lXilXj)) is singular and so its determinant is 
zero. 

Now suppose IX I, ... , IXn is a basis and L1(IXI" .. , IXn) = O. Then the system 
of linear equations 

L Xit(lXi lX) = O, j = 1, .. . ,n, 
i 

has a nontrivial solution Xi = ai E K, i = 1, ... , n. Let IX = L ailXi # O. 
Then, t(lXlX) = O for j = 1,2, ... , n, and since IX I, ... , IXn is a basis it foUows 
that t(IX{3) = O for aU {3 E L. This implies t is identicaUy zero which it is not 
since Lj K is separable. This establishes the second assertion. D 

Proposition 12.1.2. Suppose IX I, ... , IXn and {3l> ... ,{3n are bases for LjK. Let 
lX i = Lj aji{3i' Then L1(IX I"'" IXn) = det(aiYL1({3I"'" {3n)' 

PROOF. Take the trace of both sides of the identity lXilXk = Li LI aijakl{3i{3" 
Let A = (t(lXilX)), R = (t({3j{3,)), and C = (ai)' Then we find the matrix 
identity, A = C' RC, where C' is the transpose of C. Taking the determinant 
of both sides of this matrix identity and noting that det C = det C' gives the 
result. 

Proposition 12.1.3. For IXI' 1X2"'" IXn EL and LjK separable we have 

L1(IXl>' .. , IXn) = det(IX~J))2. 
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PROOF. t(rxia) = aP)ajl) + a~2)aY) + ... + a~n)rxt). Let A = (t(aia) and 
B = (rx\k». Then A = BB'. Taking determinants of both sides of this matrix 
equation gives the result. O 

Proposition 12.1.4. Suppose 1, 13, ... ,f3n- 1 are in L and linearly independent 
over K. Let f(x) E K[x] be the minimal polynomial for 13 over K. lf L/K is 
separable then 

.-1(1, 13, ... , f3n-1) = ( _1)(n(n-1))/2 N(f'(f3» 

where 1'(x) is the formal derivative of f(x). 

PROOF. The matri x «f3(j)Y) where j = 1, ... , n and i = 0, ... , n - 1 is of 
Vandermonde type and so its determinant is 

fl (f3{j) - f3(i». 
i <j 

Thus we have 

.-1(1, 13, ... , f3n - 1) = ( _1)(n(n - 1 ))/2 fl (f3{j) - f3(i). 

Now, f(x) = fli (x - f3(i), so 1'(f3{j) = fli (f3U) - f3(i» with i i= j. Since 
1'(f3(j» = (f'(f3»(j) the result follows by taking the product over j. O 

§2 Unique Factorization in Algebraic Number Fields 

Elementary number theory is concerned with the properties of the natural 
numbers 1, 2, 3, .... In the course of studying these properties it became 
necessary to take into account the ring of integers ?L and then the field of 
rational numbers iQ. In his attempt to understand biquadratic reciprocity 
Gauss introduced the ring ?L[i]. Likewise to study higher reciprocity laws and 
Fermat's Last Theorem (see Chapter 14) other rings were introduced. 
Eventually a general definition of an algebraic number fields and rings of 
algebraic integers emerged, principally through the efforts ofE. Kummer and 
R. Dedekind. 

Definition. A subfield F of the complex numbers is called an algebraic number 
field if [F : iQ] is finite. If Fis such a field, the sub set of F consisting of algebraic 
integers forms a ring D, called the ring of algebraic integers in F. 

Proposition 6.1.2 shows that an algebraic number field consists of alge
braic numbers (just take V = F and choose Yb . .. ,Yn to be a basis for F 
over iQ). 

Let Q be the set of alI algebraic integers. Then Proposition 6.1.5 shows Q 
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is a ring. Since D = Q n F. Dis also a ring. We will often refer to D simply 
as the ring of integers in F. 

It turns out that in general D is not a unique factorization domain 
(Exercise 7). However D does nave a property which is almost as good. 
Namely, every nonzero ideal can be written uniquely as a product of prime 
ideals. An integral domain with this property is called a Dedekind ring. 
In this section we will prove that D is a Dedekind ring following a method 
due to A. Hurwitz [154] (pp. 236-243). 

Throughout the discussion the word ideal will mean nonzero ideal. 
Hopefully, this will not cause confusion. 

Lemma 1. Suppose P E F. There is a b E "l., b =F O, such that bP E D. 

PROOF. P satisfies an equation aopn + alpn-l + ... + an = O with the 
aiE"l., ao =F O. Multiply both sides by ao- l and notice that (aof3)n + al (ao P)"-l 
+ ... + an ao - 1 = o. This shows ao P is an algebraic integer since for all i, 
aiab- l E"l.. O 

Proposition 12.2.1. Every ideal A of D conta ins a basisfor F over o. 

PROOF. Let PI' ... , Pn be a basis for F overO. By the preceding lemma there is 
a b E "l., b =F O, such that bPI, . .. , bPn E D. Choose a E A, a =F O. Then the 
elements bPla, ... , bPna are in A and are a basis for F over O. O 

In the first section we considered a field extension L/K and considered 
the trace, norm, and discriminant of a basis. Here we fix the extension F/O 
and consider all these concepts with respect to this extension. 

If a E D we claim N(a) and t(a) are in "l.. To see this notice that if a satisfies 
a monic polynomial with coefficients in Z so do the conjugates of IX. Thus 
N(a) and t(a) which are respectively the product and sum of the conjugates 
of IX are algebraic integers. They are also in O so by Proposition 6.1.1 theyare 
in "l.. The fact that the trace has this property shows that if al' ... , an is a 
basis for F over O and all the ai E D then ;:\(a1> . .. , an) E "l.. 

Before proceeding we remark that the discriminant of a basis can be 
negative. For example, let i = .j=t and consider the basis 1, i forO(i);tQ. A 
simple calculation shows ;:\(1, i) = -4. 

Proposition 12.2.2. Let A be an ideal in D and suppose al' ... , an E A is a basis 
for F/O with 1 Ll(a l , ... , an) 1 minimal. Then A = "l.a l + 71.a2 + ... + "l.IXn. 

PROOF. Since the absolute value ofthe discriminant of a basis in A is a positive 
integer, there is such a basis with 1 ;:\(IX l , ••• , an) 1 minimal. 

Suppose a E A and write a = Ylal + Y2a2 + ... + Ynan with Yi E O. 
We need to show that the Yi are in 71.. Suppose no1. Then some Yi fi: "l. and by 
relabeling ifnecessary we can assume Yl fi: "l.. Write Yl = m + () where m E"l. 
and O < () < 1. Let Pl = a - mal' P2 = a2,···,Pn = an· Then Pl, P2'···' 
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Pn E A and is a basis for Fj4:ll. Since P 1 = ()IX l + Y2 IX2 + ... + Yn IXn the matrix 
of transition between these two bases is 

( ~ Y: Y~ : :: ~) 
O O 1 O 
O O O 1 

By Proposition 12.1.2 we find !1(Pl> ... ' Pn) = ()2!1(IXl> ... ' IXn) which 
contradicts the minimality of I !1(IXl> ... , IXn) I since O < () < 1. Thus ali the 
Yi E 7l. and A = 7l.IXl + ... + 7l.IXn as asserted. O 

If IX l , IX 2 , .•• , IXn E A is a basis for F over Q and A = 7l.IXl + ... + 7l.IXn 
we say that IXl> ... , IXn is an integral basis for A. It follows from Proposition 
12.1.2 that the discriminants of any two integral bases for A are equal. This 
common value is called the discriminant of A, written !1(A). The discriminant 
of D is particularly important and, by "abuse of language," bF = !1(D) is 
called the discriminant of FjQ. 

We now apply the last proposition to deduce some important properties 
ofthe ring D. Recall our convention that ali ideals are nonzero ideals. 

Lemma 2. If A c D is an ideal then A n 7l. i= O. 

PROOF. Let IX E A, IX i= O. There exist ai E 7l. such that IXm + allXm- l + ... 
+ am = O. Since we are working in a field we may assume am i= O. But then, 
O i= am E A n 7l.. O 

Proposition 12.2.3. For any ideal A, DjA isfinite. 

PROOF. By the lemma there is an a E A n 7l., a i= O. Let (a) be the principal 
ideal generated by a in D. Since Dj(a) maps onto DjA it is enough to show 
Dj(a) is finite. In fact we will show it has precisely an elements. 

By Proposition 12.2.2 we may write D = 7l.w l + 7l.w2 + ... + 7l.wn. 
Let S = {I Yi W i I O ~ Y i < a}. We cIaim S is a set of coset representatives for 
Dj(a). Suppose W = L: miwi E D. Write mi = qia + Yi with O ~ Yi < a. 
Then cIearly W == I YiWi (a). Thus every coset of A contains an element of S. 
If L: YiWi and L: y'iWi are in S and in the same coset modulo (a) then using the 
linear independence of the Wi we see Yi - Y; is divisible by a in Z. Since 
O ~ Yi' Y; < a it follows that Yi = Y;. Thus S is a set ofcoset representatives and 
Dj(a) has an elements as cIaimed. O 

Corollary 1. D is a N oetherian ring, i.e., every ascending chain of ideals 
Al c A 2 C A3 C ... terminates. In other words, there is an N > O such that 
Am = Am+lfor ali m ~ N. 

PROOF. Since DjA l is finite there are only finitely many ideals containing 
Al. O 
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Corollary 2. Every prime ideal of Dis maxima/. 

PROOF. If P is a prime ideal then D/P is a finite integral domain. Such a ring 
is necessarily a field (see Exercise 19). Thus D/P is a field and so P is maximal. 

O 

The ring D is also integrally closed. This means that if (X E F satisfies a 
monic polynomial with coefficients in D then (X E D. This is not too hard to 
establish using Proposition 6.1.4. In standard algebra texts it is shown that 
if an integral domain is Noetherian, integrally closed, and every nonzero 
prime ideal is maximal then every ideal is a product of prime ideals in a 
unique way, i.e., such a ring is a Dedekind domain. We will establish the fact 
that D is a Dedekind domain in a different way using a very important 
property of number fields, namely that the class number of D is finite (see 
below). . 

Our initial goal is to prove the following two results: 

(i) If A, B, and Care ideals and AB = AC, then B = e. 
(ii) If A and Bare ideals and A c B, then there is an ideal C such that A = Be. 

These will be proved later. We begin by establishing a special case of (i). 

Lemma 3. Let A c D be an ideal. lf P E F is such that PA c A then P E D. 

PROOF. By Proposition 12.2.2 A is a finitely generated 7L module so the result 
follows from Proposition 6.1.4. O 

Lemma 4. lf A and Bare ideals in D and A = AB then B = D. 

PROOF. Let (Xl' (Xz, ... , (Xn be an integral basis for A. Since A = AB we can 
find elements bij E B such that (Xi = Lj bij(Xj. It follows that the determinant 
of the matri x (bij - c)i) is zero. Writing this out shows 1 E B, i.e., B = D. O 

Proposition 12.2.4. Let A, B c D be ideals and suppose W E D is such that 
(w)A = BA. Then (w) = B. 

PROOF. If PE B we see (P/w)A c A so by Lemma 3, P/w E D. It follows that 
B c (w) and so w - 1 B c D is an ideal. Since A = w - 1 BA, Lemma 4 shows 
w- l B = D and so B = (w) as required. O 

The following definition plays a major role in algebraic number theory. 

Definition. Two ideals A, B c Dare said to be equivalent, A '" B, if there 
exist nonzero (x, PE D such that ((X)A = (P)B. This is an equivalence relation. 
The equivalence classes are called ideal classes. The number of ideal classes, 
hF , is called the class number of F. (We will see that hF is finite.) 

We leave the easy verification that A '" B is an equivalence relation to 
the reader. 



178 12 Algebraic Number Theory 

It is worthwhile to point out that hF = 1 if and only if D is a principal 
ideal domain (PID). To see this suppose hF = 1 and let A be an ideal. Since 
A '" D there are nonzero a, P E D such that (a)A = (P)D = (P). Thus Pla E A 
and A = (Pla). Every ideal is principal. On the other hand it is obvious that 
if Dis a PID then hF = 1. 

Thus we see that the class number measures, in some sense, how far D is 
from being a PID (see Exercises 15, 16 and Masley [184]). 

The folIowing lemma is due to A. Hurwitz [154], p. 237. We will use it to 
show hF is finite. It is to be noticed that the lemma is a (weak) generalization 
of the Euclidean algorithm to an arbitrary number field. 

Lemma 5. There exists a positive integer M depending only on F with the 
following property. Given a, P E D, P =1 O, there is an integer t, 1 ~ t ~ M, 
and an element W E D such that 1 N(ta - wP) 1 < 1 N(P) 1. 

PROOF. We first reformulate the statement slightly. Let Y = alP E F. Then it is 
sufficient to show that for alI Y E F there is an M such that 1 N(ty - w) 1 < 1 
for some 1 ~ t ~ M and W E D. 

Let Wl> W2, . .. 'Wft be an integral basis for D. For Y E F, Y = 'L7= 1 YiWi 
with Yi E 10. Notice that 

1 N(y) 1 = ! I) (~YiWP»! ~ c( m~x yJ, 

where C = nj('Lilwfi>I). Choose an integer m >..jC and set M = mft • 

For Y E F, Y = 'L7= 1 YiWi, write Yi = ai + bi where ai E Z and O ~ bj < 1. 
Let [y] = 'L?=1 ajwi and {y} = 'L7=1 bjwi. Then Y = [y] + {y} where 
[y] E D and {y} has coordinates between O and 1. 

Map F to Euclidean n-space IR ft by cjJ('L?= 1 YiW/) = (Y1' Y2" .. ,Yn)' For 
any Y E F, cjJ( {y}) lies in the unit cube. Partition the unit cube into mn subcubes 
of side Iim. Consider the points cjJ( {ky}) for 1 ~ k ~ mn + 1. By the pidgeon
hole principle two of them, at least, must lie in the same subcube, say those 
corresponding to hy and ly. If we write hy = [hy] + {hy} and ly = [ly] + {ly} 
and subtract we find ty = W + [) where (assuming h > l) t = h - 1 ~ mn 

= M, W E D, and the coordinates of [) have absolute value less than or equal 
to Iim. 

By our previous remark, N([)) ~ C(l/m)" = C/mn < 1. O 

Theorem 1. The class number ofF isjinite. 

PROOF. Let A be an ideal in D. For a E A, a =1 O, 1 N(a) 1 is a positive integer. 
Choose PE A, P =1 O, so that IN(P) 1 is minimal. For any a E A there is a t, 
1 ~ t ~ M, such that 1 N(ta - wp) 1 < 1 N(P) 1 with W E D. Since ta - wp E A 
we must have ta - wp = O. It follows that M! A c (P). Let B = 
(I/P)M!A c D. B is an ideal and M!A = (P)B. Since PE A, M!P E (P)B 
and so M! E B. By Proposition 12.3.3 M! can be contained in at most finitely 
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many ideals. We have shown A '" B where B is one of at most finitely many 
ideals. Thus hp is finite, as asserted. O 

An interesting and significant application of this theorem is the following 
proposition. 

Proposition 12.2.5. For any ideal A c D there is an integer k, 1 ::;; k ::;; hp , 

such that Ak is principal. 

PROOF. Consider the set of ideals {A i 11 ::;; i ::;; hp + 1}. At least two of these 
ideals must lie in the same class, say Ai '" Aj with i < j. There exist ac, f3 E D 
such that (ac)A i = (f3)Ai. Let k = j - i and B = Ak• We will show that B is 
principal. 

Since,clearly,(ac)A i = (f3)BA iwe see (ac/f3)Ai c Aiso~';f3ED.Letro = ac/f3. 
Then (ro)A i = BAi. By Proposition 12.2.4, (ro) = B. O 

We remark that the set of ideal classes can be made into a group. Let A 
denote the class of A. We define the product of.ti and Ii to be AB. One can 
check without trouble that this is well defined, i.e., if A = Al and Ii = Iii 
then AB = AlB 1. Associativity follows from the fact that ideal multiplication 
is associative. The class of D serves as an identity element. Finally, the last 
proposition shows that an inverse to A is the class Ak - 1• The structure ofthe 
class group has been a major research problem ever since the concept was 
invented. 

One consequence of the fact that the ideal classes form a group is that 
AhF is principal for all ideals A. This will not be needed in the remainder of 
this chapter. 

We can now give proofs for the two results mentioned earlier (before 
Lemma 3). 

Proposition 12.2.6. lf A, B, and Care ideals, and AB = AC, then B = C. 

PROOF. By the last proposition, there is a k > O such that A k = (ac). Multiply 
AB = AC on both sides by Ak - 1 • We find (ac)B = (ac)c. It follows that 
B=C. O 

Proposition 12.2.7. lf A and Bare ideals, such that B ::::> A, then there is an 
ideal C such that A = BC. 

PROOF. As above there is a k > O such that Bk = (f3). 
Now, since A c B we have Bk - 1 A c Bk = (f3) so C = (1/f3)Bk - 1 A c D 

is an ideal. 
Thus, BC = (l/f3)BkA = (l/f3)(f3)A = A. O 

This proposition can be phrased "to contain is to divide." 
We now have all the tools we need to establish unique factorization into 

prime ideals. 
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Proposition 12.2.8. Every ideal in D can be written as a product of prime ideals. 

PROOF. Let A be a proper ideal. Since D / A is finite, A is contained in a maximal 
ideal P 1 (using Zorn's lemma one can show that in an arbitrary commutative 
ring with identity a proper ideal is contained in a maximal ideal). By the last 
proposition A = P 1 B 1 for some ideal B 1. If B 1 =f. D then B 1 is contained in a 
maximal ideal P 2 and so A = P lP 2 B 2 • If B 2 =f. D we can continue the 
process. Notice that A c: Bl c: B 2 ••• is a proper ascending chain of ideals. 
By Corollary 1 to Proposition 12.2.3 we see that in finitely many steps Bt = D. 
Thus A = P lP 2 ••• Pt. O 

Let P be a prime ideal. The descending chain P ::> p2 ::> p 3 ... is proper 
since if p i = p i+ 1 for some i then ppi = pi and so P = D by Lemma 4. 
This fact is the basis of the following definition. 

Definition. Let P be a prime ideal and A an ideal. Then ordp A is defined to 
be the unique nonnegative integer t such that pt ::> A and pt+ 1 -p A. 

Proposition 12.2.9. Let P be a prime ideal and A and B ideals. Then 

(i) ordp P = 1 
(ii) lf p' =f. P is prime ordp p' = O 

(iii) ordp AB = ordp A + ordp B 

PROOF. The tirst assertion is dear. As for (ii) as sume ordp p' > o. Then 
p ::> P'. Since prime ideals are maximal P = p' contradicting the assump
tion. 

Let t = ordp A and s = ordp B. By Proposition 12.2.7 we have A = ptAl 
and B = pSBl . By the same proposition we must have P :p Al and P :p Bl. 

Now, AB = ps+tAlBl . If ps+t+ 1 ::> AB then AB = p s +t+ lC and so by 
Proposition 12.2.6, PC = AlBI. This implies P ::> AlBI and since P is prime 
that P ::> Al or P ::> B 1. This is a contradiction. 

Thus ordp AB = t + s = ordp A + ordp B. O 

Theorem 2. Let A c: D be an ideal. Then A = n pa(P) where the product is 
over the distinct prime ideals of D, and the a(P) are nonnegative integers ali 
but finitely many of which are zero. Finally, the integers a(P) are uniquely 
determined by a(P) = ordp A. 

PROOF. The product representation follows from Proposition 12.2.8. 
Let P o be a prime ideal and apply ordpo to both sides of the product given 

in the theorem. Using Proposition 12.2.9 we see 

ordpo A = L a(P) ordpo(P) = a(P o)· o 
p 
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§3 Ramification and Degree 

Let P be a prime ideal of D. By Lemma 2, P n 7L is not zero. Since it is clearly 
a prime ideal of 7L it must be generated by a prime number p. 

Definition. The number e = ordp(p) is called the ramification index of P 
(here (p) is the principal ideal generated by pin D). 

DjP is a finite field containing 7Ljp7L. Thus the number of elements in DjP 
is ofthe form pf for somef ~ 1. The numberfis called the degree of P. 

Let PE 7L be a prime number and let Pl , P2, ... , Pg be the primes in D 
containing (p). Let ej and}; be ramification index and degree of Pj. By 
Theorem 2, (p) = P'l'P'!/ ... P;g. 

There exists a remarkable relation among the numbers ei'};' and n. 

Theorem 3. II= 1 eJ; = n. 

We postpone the proof until we have developed some necessary back
ground. 

Proposition 12.3.1. Let R be a commutative ring with identity. Suppose Al' 
A2, ... , Ag are ideals such that Ai + Aj = Rfor i #- j. Let A = AIA2'" Ag. 
Then 

PROOF. Let I/Ii be the natural map from R to RjA j and define 1/1: R -> 

RjA l EB··· EB RjAg by ljJ(y) = (l/Il(Y)' 1/12(Y)"'" I/Iiy»· We wilI show 1/1 is 
onto and the kernel is A. 

To show ljJ is onto, it is sufficient to show that for any Yl' Y2' ... , Yg E R 
the set of simultaneous congruences x == Yi(A i), i = 1, ... , g is solvable. 

Expanding the product (Al + A2)(A l + A3)'" (Al + Ag) = R we see 
that alI the summands, except the last, are in Al' Thus Al + A2 A3 ... Ag = R. 
There exist elements V l EAl and Ul E A2 ... Ag such that Ul + V l = 1. Then 
Ul == 1 (Al) and Ul == O (A;) for i #- 1. Similarly, for each j there is a uj 
such that Uj == 1 (A) and uj == O (A;) for i #- j. It is then clear that x = 
YIU l + Y2 U2 + ... + YgUg is a solution to our set of congruences. 

Having shown that 1/1 is onto, we now investigate the kernel. Clearly, 
ker 1/1 = Al n A2 n··· n Ag. We must show that under the hypotheses the 
intersection is equal to the product. This can be done by induction on g. 
Suppose g = 2. Then, since Al + A2 = R, there exist al EAl and a2 E A2 
such that al + a2 = 1. If a E Al n Az then a = aal + aa2 E AIA2' This shows 
Al n A2 cAlA 2' The reverse inclusion is obvious so the result folIows for 



182 12 Algebraic Number Theory 

g = 2. Now suppose g > 2 and we know the result for g - 1. Then Al Îl 
A2 Îl' .. Îl Ag = Al Îl A2 A3 ... Ag. However, Al + A2 A3 ... Ag = R by the 
first part of the proof. Thus, A 1 Îl A 2 A 3 ... Ag = A 1 A 2 ... Ag and the proof 
is complete. D 

This proposition is called the Chinese Remainder Theorem for rings. We 
return from a general commutative ring R to D. 

Proposition 12.3.2. Let P c D be a prime ideal and let p! be the number of 
elements in D/P. The number of elements in D/pe is pe!. 

PROOF. The assertion is true for e = 1. If e > 1 then D/pe has pe-l/pe as a 
subgroup and the quotient is isomorphic to D/pe-l (second law of isomor
phism). If we can show pe-l/pe has p! e1ements then the result will folIow 
by induction. 

Since pe C pe-l properly we can find an a E pe-l such that a f/= pe. We 
claim (a) + pe = pe - 1. Since pe c (a) + pe the IaUer ideal must be a power 
of P. Since (a) + pe C pe-l we must have (a) + pe = pe-l. 

Map D to pe- I/pe by y --+ ya + pe. This is easily seen to be a homo
morphism onto. An element y is in the kerne1 if and only if ya E pe, i.e., iff 
ordp(ya) ~ e. Now, ordp(ya) = ordp(y) + ordp a = ordp(y) + e - 1. Thus 
y is in the kernel iff ordp(y) ~ 1 which is equivalent to saying y E P. Thus 
D/P ~ pe-l/pe and so the latter group has p! elements. D 

We can now prove Theorem 3. Remember (p) = Pl'P~2 ... P:g. It is 
not hard to see that P'f' + P,? = D for i of:- j (see Exercise 25). By Proposition 
12.3.1 

D/(p) ~ D/Pl' EB D/P~2 EB ... EB D/P:g. 

The proof of Proposition 12.2.3 shows ID/(p) I = pn. On the other hand 
Proposition 12.3.2 shows ID/P,'" I has ped , elements. Thus 

It folIows that n = etil + e2 f2 + ... + egfg as asserted. D 

When F /iIJ is a Galois, that is, when alI the isomorphisms of F into C 
are actualIy automorphisms, Theorem 3 can be strengthened. Suppose 
F /iIJ is Galois and let G be the Galois group. If A is an ideal and a E G let 
aA = {aala EA}. One easily checks that aA is again an ideal. AIso, aD = D. 
Thus D/aA = aD/aA ~ D/A. In particular this shows that if P is a prime 
ideal, then a P is also a prime ideal. 

Proposition 12.3.3. Let p E 7L be a prime number. Suppose Pi and Pj are prime 
ideals of D containing p. Then there is a a E G such that aPi = Pj' 
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PROOF. Suppose there is a prime ideal Po containing p and not in the set 
{UPi 1 U E G}. By Proposition 12.3.1 we can find an rx E D such that rx == O (P o) 
and rx == 1 (uPJ for alI u E G. 

Then N(rx) = naEG urx E Po n 7L = p7L. It folIows that N(rx) E P i and so 
urx E Pi for some u since Pj is prime. But then rx E u- 1 Pi contradicting 
rx == 1 (u- 1 PJ O 

Theorem 3'. Suppose F /Q is a Galois extension. Let p E 7L be a prime number 
andwrite(p) = P1'p~2 ... P:9. Thene 1 = e2 = ... = egandf1 = f2 = ... = h.lf 
e and f denote these common values, then efg = n. 

PROOF. For a given index i there is a u E G such that UP 1 = Pi. Since D/P 1 ~ 
D/uP 1 = D/Pi we findf1 = J;. Thus alI theJ;'s are equal. 

Apply u to both sides of (P) = p~'p~2 ... P~9. Since PE 7L it is clear that 
u(p) = (P). Thus 

(P) = (uP1Y'(UP2Y2 ... (uPg)eg • 

In this product we see the exponent of ~ = u P 1 is el. In the first expression 
the exponent of Pi is ei. By uniqueness of prime factorization we must have 
el = ei and so alI the e/s are equal. 

FinalIy, since L ei J; = n we see immediately that efg = n. O 

We conclude this section by ~iscussing, without proofs, some important 
facts about number fields. In our applications we will be able to do without 
this general theory. 

Let P c D be a prime ideal with ramification index e. Let P n 7L = p7L. 
We say that P is a ramified prime if e > 1. One can show that P is ramified 
only if p divides ()F = L\(D), the discriminant of F. In particular, only finitely 
many primes are ramified. If P)'()F then (p) is a product of distinct prime 
ideals in D. An important result of Minkowski asserts that if [F: Q] > 1 
then 1 ()F 1 > 1. In fact Minkowski found a more precise result, namely an 
explicit lower bound for 1 ()F 1. An important consequence is that every 
number field strictly bigger than Q contains ramified primes. 

Now suppose F /Q is a Galois extension with group G. Associate with a 
prime ideal P the group G(P) = {u E G 1 uP = Pl. G(P) is called the de
composition group of P. D/P is a finite field containing 7L/p7L. The field 
D/P is a Galois extension of 7L/p7L. Call the Galois group G. There is a homo
morphism from G(P) to G given as folIows. If u E G(P) and ii denotes the 
residue class of rx in D/P define ii by the equation ii(ii) = urx. This is well 
defined, ii E G, and u - ii is a homomorphism. One can show this homo
morphism is onto (Exercise 26). Let T(P) be the kernel. T(P) is called the 
inertia group of P. We have 

G(P)/T(P) ~ G. 

It is not hard to see that 1 G 1 = f and 1 G(P) 1 = n/g = efo It folIows that 
1 T(P) 1 = e. Thus, if P is unramified G(P) ~ G. 
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From the theory of finite fields G is a cyclic group generated by the 
automorphism 4>p which takes a to aP. If P is unramified there is a unique 
(Jp E G(P) such that iip = 4>p. This automorphism (Jp is called the Frobenius 
automorphism associated to P. Notice that the order of (Jp is equal to the 
order of 4>p which is 1, the degree of P. As it turns out, a large part of the 
arithmetic theory of algebraic number fields centers around the properties 
of the Frobenius automorphism. We will see illustrations of this in the next 
chapter. 

NOTES 

The fact that the ring ofintegers in an algebraic number field form a Dedekind 
ring is due to R. Dedekind and appears in the eleventh supplement to 
Dirichlet's Vorlesungen uber Zahlentheorie [127]. This result was subse
quently also proven by Kronecker, Hilbert, and Hurwitz. The inertia and 
decomposition groups were introduced by Hilbert (1894) in his "Grundzuge 
einer Theorie des Galoisschen Zahlkarpers" (see also §39 of Hilbert's 
"Zahlbericht" [151] and Dedekind [121], VoI. 2, pp. 43-49). 

It can be shown more generally that if D is a Dedekind ring with field of 
fractions k and K is a finite separable extension of k the integral closure of 
D in K (Exercise 27) is a Dedekind ring. This follows from a theorem of E. 
Noether characterizing Dedekind rings as Noetherian domains which are 
integrally closed and in which every nonzero prime ideal is maximal. For this 
approach see Samuel-Zariski [214]. In our approach, as in other classical 
approaches, essential use is made ofthe fact that the residue class ring modulo 
a nonzero ideal is finite. The idea of deriving the Dedekind property from the 
finiteness ofthe class number is due to Hurwitz.1t will be noticed that in our 
approach no use is made of the fact that the number of elements in the residue 
class ring is a multiplicative function ofthe ideal. Butts and Wade [103] have 
shown that the multiplicativity of this map implies the Dedekind property. 
The usual classical approach is to show by a suitable generalization of Gauss' 
lemma (Exercise 4, Chapter 6) that the ideal classes form a group. 

Recently the characterization of fields F with c1ass number 2 due to 
Carlitz (see Exercises 15 and 16) has been generalized by A. Czogala [117]. 
He proves, among other things, that a number field has an ideal c1ass group 
which is cyc1ic of order 2, cyc1ic of order 3, or the Klein four group iff the 
product of two irreducibles may be rewritten as the product of at most three 
other irreducibles. 

A deep result conjectured by Hilbert and proved by Furtwăngler asserts 
the existence, for each number field F, of an extension E satisfying the follow
ing conditions. First of all the degree of E over F is equal to the c1ass number of 
F. Every prime ideal ~ of F decomposes into the product of hF/f distinct 
prime ideals in E where fis the order of the ideal c1ass of ~ in the c1ass group. 
Every ideal of F becomes principal in E. Finally the ideal c1ass group of F 
is isomorphic to the Galois group of E over F. The field E is unique and is 
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called the Hilbert class field of F. The existence of the Hilbert class field is a 
valuable tool in studying the structure of the ideal class group. 

The actual calculation of the class number is a difficult matter. Even for 
quadratic number fields of small discriminant the calculation requires 
estimates (due to Minkowski) which we have omitted. These matters are 
discussed in most standard texts on algebraic number theory. We recommend 
the treatment in D. Marcus [183]. This book contains a large number of 
interesting exercises. 

In more recent texts it is customary to describe the ideal class group in 
terms of fractional ideals. If D is an integral domain with field offractions F, a 
fractional ideal A is a D submodule of F for which there exists an element d 
in D with dA c D. Fractional ideals can be multiplied in the obvious way. 
It can be shown that D is a Dedekind ring iff the (nonzero) fractional ideals 
form a group [214]. The subgroup of fractional ideals of the formj D with 
j in F are the principal fractional ideals. It is not difficult to show that the 
ideal class group of an algebraic number field is isomorphic to the quotient 
group of the group of fractional ideals by the subgroup of principal fractional 
ideals. 

EXERCISES 

1. Find the minimal polynomial for J3 + j7. 
2. Compute the discriminant ofil)(fi + }5). 

3. Describe the units in i(JI(}5). 

4. Let D be the ring of integers in i(JI(Jd). Show that, given N > O, there are at most 
finitely many integers IX E D with max( IIX 1, I IX' 1) ::; N, where IX' is the conjugate of IX. 

5. Generalize Exercise 4 to an arbitrary number field. 

6. If D is the ring of integers in an algebraic number field and llJ is a prime ideal such 
that llJ = (IX) then show that IX is irreducible. 

7. Show that the class number ofi(JI(j=5) is greater than one. 

8. Let F be a number field. Show that the discriminant i5F is congruent to O or 1 modulo 
4. This is one ofStickelberger's theorems. The proofis tricky (cf. [207], p. 97). 

9. Compute the discriminant ~(1, IX, 1X2), relative to i[JI(IX), where IX is a root of the 
reducible cubic x3 + px + q, p, q E i[JI. 

10. IfR c SareintegraldomainslXESissaidtobeintegraloverRiflXm + b11Xm - 1 + ... 
+ bm = O for suita bie m; b l' ... , bm E R. S is called integral over R if every element of 
S is integral over R. Prove that if S is integral over R then S is a field iff R is a field. 

11. Let 1X 1, •.• , IX. E D, the ring ofintegers in a number field F, ~(1X1"'" IX.) i= O. Show 
that if ~(1X1" •. , IX.) is a product of distinct primes (i.e., ~ is square free) then 1Xl>"" IX. 
is an integral basis. Conclude that if d is square free d == 1 (4) then (1 + Jd)/2, 1 

form an integral basis for the ring of integers in i(JI(Jd). 
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12. Show that sin(n/12) is an algebraic number. 

13. Show that (3,1 + R) is a proper ideal in zeR]. Is it prime? 

14. Construct an irreducible cubic polynomial over l(Jl with only real roots. 

15. Let F be an algebraic number field, D its ring of integers. Suppose the cIass number 
of Fis 2. Show that if n is an irreducible such that (n) is not prime then (n) = '-li 1 '-lIz 
where '-lI1, '-lIz are (not necessarily distinct) prime ideals. 

16. (L. Carlitz) Let F, D be as in Exercise 15. Show that if a E D, a = nI' ... ' n, = 
AI, ... , As are two decompositions of a into the product or irreducibles then s = t. 
[Note: The converse is also truei (cf. Carlitz [106J).J 

17. Letf(x), g(x) be the respective minimal polynomials of a and 13 of respective degrees 
n and m. Let the roots in C off(x) and g(x) respectively be a = al' a2' ... ' an and 
13 = 131, 13 z, ... , f3m· Recall by Exercise 16, Chapter 6, there are no repeated roots. 
Choose t EI(Jl so that a; + tf3j =1- a + tf3,j =1- 1, all i. Put y = a + tf3. Show that 
(a) f(y - tx), g(x) have greatest common divisor (in C[xJ) x - 13. 
(b) (on the other hand) the greatest common divisor off(y - tx) and g(x) is in 

l(Jl(y)[x]. 
(c) 13 EI(Jl(y), a E l(Jl(y). 

18. (Theorem on the primitive element.) If F is an algebraic number field show that 
there exists an element y E F such that Q(y) = F. 

19. Show that a finite integral domain is a field. 

20. Let K = F z(x) and L = K(Jx). Show that the trace map is identically zero. (Recall, 
F z is the finite field with two elements.) 

21. Let F be an algebraic number field of degree n. If a E F, let T be the linear transforma
tion defined by T(y) = ay. Show that det(xI - T) = f(X)' where t = n/deg(f), 
andf(x) is the minimal polynomial of a. 

22. Let F c E be algebraic number fields. Show that any isomorphism of F into C 
extends in exact1y [E:FJ ways to an isomorphism of E into C. 

23. Let F be an algebraic number field of degree n and let al> ... , an be the distinct 
isomorphisms of F into C. Show that, for a E F, the notat ion being as in Exercise 21, 
f(x)' = IT7= 1 (x - ala)). 

24. The notation being as in Exercise 23 show that 
n 

N F/IJi.(a) = IT a;(a) and tF/IJi.(a) = I a;(a). 
i= 1 i= 1 

25. Let F be an algebraic number field with ring of integers D. Show that if P and Q are 
distinct prime ideals then (pa, Qb) = D, where a and bare positive integers. 

26. Let P be a prime ideal in the right of integers D of an algebraic number field F. If F 
is Galois show that the natural map from the decomposition group of P to the Galois 
group of the residue cIass field is onto. 

27. If k is a field containing a ring D the set of all elements in k which are integral over D 
(Exercise 10) is called the integral cIosure of D in k. Show that the integral cIosure 
is a ring and that it is integrally cIosed. 
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28. Let D be the ring of integers in a number field F. Suppose (P) = p2 A for p prime in 
7L and a prime ideal P. Show 
(a) There exists a E PA, a rj: p2 A. 
(b) (a/W E pD all {J E D. 
(e) (tr(a{J»p == tr((a{J)p) (pD). 
(d) pltr(a{J) all {J E D. 
(e) pl~, the discriminant of F. 
(Be sure to use the fact that a rj: pD.) 

29. Let F be a Galois extension ofQ with abelian Galois group. Show that if p EQ is 
unramified in F then fIp = fIr for prime ideals P and P' dividing p in F, where fIp 
denotes the Frobenius automorphism. 

30. Let p be an odd prime and consider Q(JP). If q #- p is prime show that fIq(JP) = 

(p/q)JP where fIq is the Frobenius automorphism at a prime ideal in Q(JP) lying 
above q. 

31. Let F be an algebraic number field and ~ an ideal in the ring of integers of F. Show 
that there is a finite extension L of F with ring of integers S such that ~S is principal. 

32. Let P be a prime ideal in the ring of integers D of a number field F. If a == b (P~ and 
ordp b < t show that ordp a = ordp b. 

33. Let K c L be number fields with rings of integers R and S respectively. If A and B 
are ideals in R such that AS divides BS then show that A divides B. 

34. The notation being as in Exercise 32 show that AS n R = A. 



Chapter 13 

Quadratic and Cyclotomic Pields 

In the last chapter we discussed the general theory of 
algebraic number fields and their rings of integers. We 
now consider in greater detail two important classes of 
these fields which were studied first in the nineteenth 
century by Gauss, Eisenstein, Kummer, Dirichlet, and 
others in connection with the theory of quadratic forms, 
higher reciprocity laws and Fermat's Last Theorem. The 
reader who is interested in the historical development of 
this subject should consult the book by H. Edwards [128] 
as well as the classical treatise by H. Smith [72]. 

We will develop in this chapter only those results that 
will be needed for the applications in later chapters. The 
fundamental result describes the manner in which rational 
primes decompose into a product of prime ideals. However, 
we could not resist giving yet another proof of the law of 
quadratic reciprocity based on the decomposition laws of 
these fields. 

§1 Quadratic Number Fields 

An algebraic number field F will be called a quadratic number field if 
[F: Q] = 2. Let D c F be, as usual, the rings of integers in F. Our first goal 
will be to find an explicit integral basis for D. 

Let F = Q(ac). The element ac must satisfy a quadratic equation ax2 + 
bx + c = O with a, b, c E 71.. Thus 

-b ± Jb2 - 4ac 
ac= 2a . 

Let A = b2 - 4ac. Then, clearly, F = Q(JA). Let A = A~A2 where 
Al> A2 E 71. and A 2 is square-free. Then F = Q(~). Changing notation, we 
have shown that every quadratic number field has the form Q(Jd) where d 
is a square-free integer. 

If a is any isomorphism of F/Q into C we apply a to (Jd)2 = d and 
find (aJd)2 = d. Thus aJd = ±Jd. It follows that F/Q is a Galois 
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extension. The Galois group has two elements, the identity and an 

automorphism taking fl to - Jd. 
Every element of F has the form a = r + sfl with r, s E Q. The nontrivial 

automorphism takes a to a' = r - sfl. Thus, t(a) = a + a' = 2r and 
N(a) = aa' = r2 - ds2. 

If Y E D then t(y) and N(y) E Z. Conversely, if these conditions hold then y 
satisfies O = (x - y)(x - y') = x 2 - t(y)x + N(y) E Z[x] showing that y E D. 
Thus y E D iff t(y) and N(y) E Z. 

Proposition 13.1.1. lf d == 2,3 (4) then D = Z + zfl. 
lf d == 1 (4) then D = Z + Z« -1 + fl)/2). 

PROOF. Suppose y = r + sfl, r, SE Q. Then y E D iff 2r and r2 - s2d E Z. 
Since 2r EZit follows from the second condition that 4S2d E Z. Since d is 
square-free it follows that 2s E Z. Set 2r = m and 2s = n. Then, r2 - ds2 E Z 
implies m2 - dn2 == 0(4). 

Recall that a square is congruent to either O or 1 modulo 4. 
If d == 2,3 (4) then m2 - dn2 == m2 + 2n2 or m2 + n2 (4). The only way 

that m2 + 2n2 or m2 + n2 can be divisible by 4 is for both m and n to be even. 
This is the case iff r and s are in Z. This establishes the fust assertion. 

If d == 1 (4) then m2 - dn2 is congruent to m2 - n2 modulo 4. But 
m2 - n2 == 0(4) iffm and n have the same parity, i.e., they are either both odd 

or both even. Thus D = {(m + nfl)/2Im == n (2)). Notice 

m+nfl m+n (-I+ fl ) 
2 =-2-+ n 2 . 

Since m == n (2), (m + n)/2 E Z. Thus D c Z + Z( -1 + fl)/2. To 
establish the reverse inequality we simply notice that (-1 + .jd)/2 E D since 
d2 == 1 (4). D 

We can now calculate the discriminant of quadratic number fields. 

Proposition 13.1.2. Let JF denote the discriminant of F. 
lfd == 2,3 (4) then JF = 4d. 
lfd == 1 (4) then JF = d. 

PROOF. If d == 2,3 (4) set W 1 = 1 and W2 = fl. Then 

(t(Wi W) = (~ ~d). 
Thus JF = det(t(wiwj» = 4d. 

If d == 1 (4) set Wl = 1 and w2 = (-1 + fl)/2. Then 

(t(WiWj» = (- ~ (1; ~)/2). 
Thus JF = det(t(wiWj» = d. D 
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Having investigated D and bF we now want to determine how rational 
primes pE lL split in D. From Theorem 3' of Chapter 12 we know efg = 2, 
so we have three cases; e = 2,f = 1, g = lor e = 1,f = 1, g = 2, or e = 1, 
f = 2, g = 1. We say, respectively, that p ramifies, splits (decomposes), or is 
inertial (remains prime). 

If p is a prime in lL let P be a prime ideal in D containing p. Let P' = 
{y'IYEP}. 

Proposition 13.1.3. Suppose p is odd. 
(i) Ifp~bF and x 2 == d (p) is solvable in lL then (p) = PP', P #- P'. 

(ii) Ifp~bF and x2 == d (P) is not solvable in lL then (p) = P. 
(iii) IfplbF then (P) = p2. 

PROOF. In case (i) suppose a2 == d (p) with a E lL. We claim that (P) = 
(p, a + yId)(p, a - yId). In fact, (p, a + yId)(p, a - yId) = (p)(P, a + yId, 
a - yId, (a2 - d)/p). The latter ideal is D since it contains ~ and 2a and these 
two numbers are relatively prime. We claim (p, a + .J d) #- (p, a - yId). 
If equality held then the ideal would contain p and 2a and so would equal D 
and it would follow that (P) = D. Thus P splits as asserted. 

In case (ii) we claim P has degree 2.1f degree P is 1 then D / P has p elements. 
Since lL/plL injects into D/P it would follow that every coset of D/P is repre

sented by a rational integer. Let a E lL be such that a == yId (P). Then a2 == 
d (P) and a2 == d (P) contrary to assumption. Thus p remains prime as 
asserted. 

Finally, in case (iii) we claim (p) = (p, fl2. In fact, (p, ·jJY = (P) 
(p, yId, d/p). The latter ideal is D since p and d/p are relatively prime (re
member that d is square-free). Thus p ramifies as asserted. O 

We now discuss the decomposition of the prime p = 2. Remember that by 
Proposition 13.1.2 we have 2~ bF if and only if d == 1 (4). 

Proposition 13.1.4. Suppose p = 2. 

(i) If2~bF and d == 1 (8) then (2) = PP' and P #- P'. 
(ii) If2~ bF and d == 5 (8) then (2) = P. 

(iii) If21bF then (2) = p 2• 

PROOF. If d == 1 (8) we claim that (2) = (2, (1 + yId)/2) (2, (1 - yId)/2). In 

fact (2, (1 + yId)/2)(2, (1 - yId)/2) = (2)(2, (1 + yId)/2, (1 - yId)/2, 
(1 - d)/8). The latter ideal is D since it contains 1 = (1 + yId)/2 + 
(1 - yId)/2. Moreover, (2, (1 + yId)/2) #- (2, (1 - yId)/2) since otherwise 
the ideal contains 1 and it would follow that (2) = D. 

If d == 5 (8) we claim P has degree 2. If not (as in part (ii) of the last pro-

position) there is an integer a E lL such that a == (1 + yId)/2 (P). Since 

(1 + yId)/2 satisfies x 2 - x + (1 - d)/4 = O we would have a2 - a + 
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(1 - d)j4 == O (P) and so a2 - a + (1 - d)j4 == O (2). For all a E 7L, a2 - a is 
even. It follows that (1 - d)j4 == O (2) or d == 1 (8) contrary to assumption. 

Now suppose 21bF • We must have d == 2, 3 (4). If d == 2 (4) then (2) = 

(2, ,jd)2 and if d == 3 (4) then (2) = (2, 1 + ,jd)2. We 1eave the simple 
verification to the reader. D 

We note that we can state the decomposition law for odd primes in a 
succint manner using the Legendre symbol. Namely, if (bFjp) = 1 then p 
splits, if (bFjp) = -1 then p remains prime, and if (bFjp) = O then p ramifies. 
Furthermore the decomposition of p, p odd, depends only on the residue 
class of p modulo bF. For if d == 2 or 3 modulo 4 then bF = 4d and the result 
follows from Proposition 5.5.3 and Exercise 37 ofChapter 5. If d == 1 (4) then 
we may argue as follows. Since d == 1 (4) we have bF = d. Thus 

(~) = (-I)«P-l)/2)(br l)/2)(:J = (:J. 
The value of (pjbF) depends only on the residue class of p modulo bF. 

N ext we determine the structure of the group of units in D. It is simple to 
see that CI. is a unit iff N(CI.) = ± 1. Consider first the case of an imaginary 
quadratic field, so that d < O. Let Ud denote the group of units in D. 

Proposition 13.1.5. lf d < O and square free then 
(a) U- 1 = {1,i, -1, -i}. 
(b) U -3 = {± 1, ±w, ±w2}, where w = (-1 + ~)j2. 
(c) Ud = {1, -1}ford < -3,ord = -2. 

PROOF. If d == 2 or 3 (4) then any unit may be written in the form x + ,jdy, 
x, YE 7L. Thus N(CI.) = ± 1 is equivalent to x2 + Idli = 1. If d = -1 we 
obtain (a). If Idl > 1 then clearly ~ = {+ 1, -1}. 

If d == 1 (4) write = (x + ,jdy)/2 where x == y (2). Then N(CI.) = ± 1 is 
equivalent to x2 + Idly2 = 4. If d = -3 the solutions to x2 + 3y2 = 4 give 
part (b) while if Idl > 3 the equation x2 + Idly2 = 4 clearly gives Ud = 

{+ 1, -l}. This completes the proof. D 

Thus the determination of the unit group is quite simple in the imaginary 
case. The case of a real quadratic field is considerably more difficult. 

If d > O and square-free the equation x2 - dy2 = 1 is called Pell's 
equation. In Chapter 17, Section 5 it is shown that this equation has a solution 
in nonzero integers x, y. The proof is elementary. Assuming this result we 
describe the units in D in the real quadratic case. 

Proposition 13.1.6. lf Dis the ring ofintegers in If)(,jd), d > O then there exists 
a unit u > 1 such that every unit is of the form ± um, m E 7L. 

PROOF. By Proposition 17.5.2 there exist positive nonzero integers x, y such 

that x 2 - dy2 = + 1. Thus x + ,jd Y = u is a unit in D, u > 1. Let M be a 
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fixed real number, M > u. By Exercise 4, Chapter 12 there are at most a 
finite number of a E D with 1 al < M, 1 a' 1 < M where a' is the conjugate of a. 
If 13 is a unit 1 < 13 < M then N(f3) = 1313' = ± 1. If 13' = -1/13 then - M < 
-1/13 < M and if 13' = 1/13 then also -M < 1/13 < M. Thus here are only 
finitely many units 13 with 1 < 13 < M and there is at least one, viz., u. Let c 
be the smallest positive unit c > 1. If r is any positive unit then there is a 
unique integer s (not necessarily positive) with CS ~ r < cs+ 1• Then 1 ~ 
rc- s < candsincerc-sisaunitwehaverc-s = 1.Ifrisnegativethen -ris 
positive and - r = cS • This completes the proof. D 

The unique unit c defined in Proposition 13.1.6 is called the fundamental 
unit of O(,j'd). The set of d > O for which the norm of c is -1 has not been 
determined. However there are many interesting results in that direction (see 
[196J, pp. 124-126). It has been conjectured that for d = p, p == 1 (4) and 
prime, and c = (u + vJp)/2 that pi v [86]. The fundamental unit, even for 
small discriminants, can be difHcult to compute. For example, the fundamental 
unit of Q(J94) is 2143295 + 221064}94. 

These results on units are special cases of the important Dirichlet unit 
theorem which gives the structure of the group of units in an arbitrary 
number field. This theorem states that the graup of units modulo the sub
group of raots of unity in the field is a finitely generated group with r + s - 1 
generators, where s is the number of pairs of complex conjugate roots and ris 
the number of real roots of a generator for the field. In the case of quadratic 
fie1ds this number is c1early O or 1 according as the field is imaginary or real, 
which agrees with the above results. 

As regards the class number there is an exceedingly rich theory for quad
ratic number fields. In fact there exist explicit formulas, discovered by 
Dirichlet. We give a particularly elegant special case. Suppose q > 3 is a 
prime and q == 3 (4). Let F = O( ~). Let Vand R represent the sum of the 
quadratic nonresidues and quadratic residues modulo q, respectively, among 
the numbers 1, 2, 3, ... , q - 1. Then hF = (l/q)(V - R). 

For example, let q = 7. Then V = 3 + 5 + 6 = 14 and R = 1 + 2 + 4 
= 7. Thus hF = ~14 - 7) = 1. 

If we re strict our attention to d < O then C. L. Siegel proved that In 
hF/ln 1 bF 11/2 --+ 1 as 1 bF 1 --+ 00. It follows that there are at most finite1y many 
d < O for which O(J=d) has c1ass number below a fixed bound. 

Gauss conjectured that the only d for which the c1ass number of O(J=d) 
is 1 are d = -1, -2, -3, -7, -11, -19, -43, -67, and -163. The first 
generally accepted proof was provided by H. Stark. In essence a praof had 
been given earlier by K. Heegner, but because of obscurities in the exposition 
his proof was at first not thought to be valid. 

For positive d, Gauss conjectured that infinitely many ofthe fields O(Jd) 
ha ve class number 1. This, however, remains an open problem. 

A beautiful formula that determines the c1ass number of a real quadratic 
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field of discriminant p, p a prime congruent to 1 modulo 4, is eh = n (sin(nj/p»- xV) where e is the fundamental unit, X is the Legendre symbol, 
and the product is over the numbersj = 1, ... , (p - 1)/2. A similar formula 
holds for arbitrary discriminant. For these results and their proofs see 
Borevich and Shafarevich [9], Chapter 5. 

We conclude this section by mentioning several other results whose proofs 
are beyond the scope of an elementary treatment. Consider an imaginary 
quadratic field of discriminant d. Then the class number of this field is 
divisible by 2'-1 where t is the number of distinct prime divisors of d. Thus the 

class number of Q(J -210) is divisible by 8. It turns out that the class 
number is exactly 8. A similar result holds for real quadratic number fields. 

The folIowing most remarkable fact has been discovered by F. Hirzebruch. 
Let p be a prime congruent to 3 modulo 4 and assume that the class number of 
Q(.JP) is one. Then the class number of the imaginary quadratic field 

Q(J=P) is one third of the alternating sum as - as- 1 + as- 2 - ••• ± al' 
where the continued fraction of .JP is, in the standard notation, 

(ao, al' az, ... , as)' (see Stark [73], Chapter 7). For example, both Q(J6"7) 
and Q(J - 67) have class number one and 

V67 = (8, 5, 2, 1, 1, 7, 1, 1, 2, 5, 16). 

§2 Cyclotomic Fields 

Let m be a positive integer and (m = e21ti/m• The number (m satisfied x m - 1 
= O as do alI the powers of (m. Thus, we have xm - 1 = (x - l)(x - (m)'" 
(x - (::: - 1). It folIows that the field F = Q( (m) is the splitting field of the 
polynomial xm - 1. Thus F /Q is a Galois extension. 

We call F = Q«(m) the cyclotomic field of mth roots of unity. It was first 
studied by Gauss in connection with his investigations into the construct
ability ofregular polygons (see Chapter 9, Section 11). 

Proposition 13.2.1. Let G be the Galois group of F /Q. There is a monomorphism 
o: G --+ U(lL/mlL) such that for a E G 

a(m = (~a). 

PROOF. Since (::: = 1 we have (a(m)m = 1. Thus a(m = (~a) where O(a) is an 
integer modulo m. If 't' = a-l then (m = 't'a(m = 't'«(~a) = (~t)(/(a). Thus 
O('t')O(a) = 1 (where 1 is the coset of 1 in lL/mlL). Thus O: G --+ U(lL/mlL). It is 
easily checked that O is a homomorphism. Finally, if O(a) = 1 then a(m = (m 
implying a is the identity of G since (m generates F over Q. O 

Corollary. [Q«(m): Q] divides lj>(m). 

We will show later that in fact [Q«(m): Q] = lj>(m). 
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Definition.Let<l>m(x) = n(a,m)=l (x - (:!.)wherel::; a < m.Thispolynomial 
is called the mth cyclotomic polynomial. 

The roots of <l>m(x) are precisely the primitive mth roots ofunity, i.e., those 
mth roots of unity of order m. Clearly the degree of <l>m(x) is cfJ(m). 

Proposition 13.2.2. xm - 1 = nd/m <l>ix). 

PROOF. 

m-l 
xm - 1 = n (x - (~) = n n (x - (~). 

i=O d/m (i,m)=d 

We claim n(i,m)=d (x - (~) = <l>m/ix). The proposition will follow from 
this. 

If(i, m) = d, let i = dj. The (~ = (~ = (~/d' Moreover, U, m/d) = 1. Thus 

n (x - (~) = n (x - (~/d) = <l>m/ix ). O 
(i,m)=d (j,m/d)=l 

Corollary. <l>m(x) E Z[x]. 

PROOF. We proceed by induction on m. <l>l(X) = x - 1. Now suppose the 
corollary has been established for integers Iess than m. By the proposition, 
<l>m(x) = (xm - 1)/ f(x), where f(x) is a monic polynomial which by the 
induction hypothesis is in Z[x]. It follows by "long division" that <l>m(x) E 

ZW. O 

An alternate proof of the corollary goes as follows. Every (J E G permutes 
the primitive mth roots ofunity. Thus the coefficients of <l>m(x) are left tixed by 
G and so are in Q. Since they are clearly algebraic integers they must be in Z. 

From now on we write (m = (, F = Q(O, and D for the ring of integers in F. 

Proposition 13.2.3. Suppose p is a rational prime and p,.f'm. Let P be a prime 
ideal in D containing p. Then the cosets of 1, " (2, ... ,(m-l in D/P are all 
distinct. If f denotes the degree of P then pl == 1 (m). 

PROOF. For W E D Iet w denote its coset in D/P. 
Divide both sides of xm - 1 = n (x - (i) by x - 1. We tind 

m-l 
1+x+···+xm - 1 = n(x-(i). 

i= 1 

Let x = 1 in this identity. We tind m = n (1 - (i) where 1 ::; i ::; m - 1. 
Thus m = n (1 - (i). Since m "# O it follows that ~i "# 1 for 1 ::; i ::; m - 1, 
and so ~i "# ţj for O::; i,j ::; m - 1. 

The elements {~i I O ::; i ::; m - 1} form a subgroup of order m in the 
multiplicative group of D/P. The Iatter group has order pl - 1. Therefore 
pl == 1 (m). O 
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Theorem 1. The mth cyclotomic polynomial, <J)m(x), is irreducible in Z[x]. 

PROOF. Let f(x) E Z[x] be the monic irreducible polynomial for C. The fact 
that f(x) has coefficients in Z follows from the fact that C is an algebraic 
integer (Exercise 16, Chapter 6). If p,.r m is a prime we will show that CP is also a 
root of f(x). If a E Z, and (a, m) = 1, then by factoring a into a product of 
primes it will follow that ca is a root of f(x). Thus deg f(x) ~ cJ>(m). On the 
other hand, since <J)m(O = O, f(x) divides <J)m(x) which has degree cJ>(m). It 
will then follow that f(x) = <J)m(x). 

Now, let p be a prime, p ,.rm, and let P be a prime ideal of D containing p. As 
usual, ifw E D then w will denote the residue c1ass ofw in DIP. We have xm - 1 
= f(x)g(x) and so xm - 1 = !(x)g(x) in ZlpZ[x]. By the last proposition 

xm - 1 has distinct roots in DIP. It follows that J(x) and g(x) have no com
mon root. Suppose f(CP) =f. O. Then g(CP) = O and g(CP) = O. The coefficients 
of g(x) are in ZlpZ and are thus equal to their own pth power. From this we 
see O = g(CP) = g(C)P and so O = g(O. It follows that Jm =f. O which is not 
true because f(O = O. One conc1udes f(CP) = O as asserted.. O 

Corollary 2. The map () of Proposition 13.2.1 is an isomorphism of G onto 
U(ZlmZ). 

PROOF. Both G and U(ZlmZ) have cJ>(m) elements. Since () is one-to-one it must 
be onto. O 

By Corollary 2 we see that for every a E Z with (a, m) = 1 there is a 
(Ia E G such that (IaC = ca. The map a -+ (Ia gives rise to a homomorphism 
from U(ZlmZ) to G which is inverse to 8. 

Ifp is a prime, p,.rm, we wish to study more c10sely the automorphism (Ip' 

Before we do so, some preliminary work is needed. 

Lemma 1. Let F 10 be an algebraic number field of degree n. Let D c F be the 
ring of integers and 1X1' 1X2' ... , IX" E D a field basis for FIO. Let .::\ = .::\(1X1' 

1X2' ••• ,IX") be the discriminant of this basis. Then L\D c ZIX1 + ZIX2 + ... 
+ ZIX". 

PROOF. Let w E D. We have w = L rjlXj with rj E O. Multiply both sides by IXj 

and take the trace. We tind t(WIX) = L rjt(lXjlXj)' The elements t(WlXj) and 
t(lXjlXj) are ali in Z since they are traces of algebraic integers. Using Cramer's 
rule to solve for the rj we see that each rj is an integer divided by .::\. The 
result follows. O 

Lemma 2. The discriminant .::\ = .::\(1, C, ... , Ct!>(ml -1) divides mt!>(ml. 

PROOF. Differentiate both sides of xm - 1 = <J)m(x)g(x). We tind mxm- 1 = 
<J);"(x)g(x) + <J)m(x)g'(x). Substitute x = C. The result is mCm-l = <J);"(C)g(C). 
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Now take the norm ofboth sides. Vsing Proposition 12.1.4 and the fact that 
N(O = ± 1 we find ±m4>(m) = IlN(g(O). We note by Theorem 1, that, 1, 
" ... , ,4>(m)-l is a field basis for 0(0/0 so that 1l(1, " ... , ,t/>(m)-l) i:- O. D 

Proposition 13.2.4. Let p E 7L be a prime such that p ,f' m. Let w E D the ring of 
integers in 0('). There is an element L ai,i E 7L[(J such that w == L ai,i(p). 

PROOF. Let Il = 1l(1, ', ... , ,4>(m)-l). By Lemma 2, p,f' Il. Thus there is a 
Il' E 7L such that ll'll == 1 (p). Thus w == ll'llw (P). By Lemma 1, Ilw E 7L[(J. 
Thus the result. D 

We remark that in fact D = 7L[ n but this is not so easy to prove for general 
m. When m is a prime however, the proof is reasonably easy (see Proposition 
13.2.10). 

Corollary. Suppose p,f'm and n > O is such that p" == 1 (m). Then,for w E D we 
have wpn == w (p). 

PRooF.Bytheproposition, w == L ai,i (P)with theai E 7L. Sinceaf == ai (p)we 
must have wP == L ai,pi (P). Repeating this process n times and using the fact 
that p" == 1 (m) implies ,pn = , yields the result. D 

Proposition 13.2.5. lf p is a prime and p,f'm the every prime ideal P in D 
containing p is unramified. 

PROOF. Assume P is ramified. Then (p) c p2. Let w be an element of P not in 
p2. By the above corollary wpn == w (P) and 80 wpn == W (p2). Since p" ;;::: 2 it 
follows that w E p2, a contradiction. D 

We will see later that the converse of this proposition is "almost" true. 
See Proposition 13.2.8. 

Recall that, for p prime, p,f'm the automorphism up sends' to ,p. 

Proposition 13.2.6. For ali w E D we have u p w == wP (P). 

PROOF. By Proposition 13.2.4 we have w == L ai,i (P). Apply up to both sides. 
Wefindthatupw == Lai,Pi(p).SincetheaiE7LwehaveLai,Pi == Laf'Pi == 
(L ai,i)p (P). Thus upw == wP (P) as asserted. D 

Corollary. Let P be a prime ideal of D containing p. Then u pP = P. 

PROOF. If WEP then UpW == wP == O (P) and so upP c P. Since upP is a 
maximal ideal we have equality. D 

Theorem 2. Let p be a prime, p,f' m. Let f be the smallest positive integer such 
that pl == 1 (m). Then in D c 0(0 we have 

(p) = P1P2 ••• Pg , 

where each Pi has degree f and g = 4J(m)/ f. 
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PROOF. We first observe that it follows directly from the definition that f is the 
order of the automorphism (1 P" 

Now, pl! = ID/P 11 where fl is the degree of Pl' Since D/P 1 is a finite fie1d 
we have W p/l == W (P 1) for all w E D and fl is the smallest positive integer with 
this property. 

By the 1ast proposition, we have w == (1~(w) == WPf(P 1) for all W E D. It 
follows that fl ~ f. 

On the other hand, (p/l == ( (P 1) implies (pft = ( by Proposition 13.2.3. 
Thus pl! == 1 (m) and it follows that f ~ it-

We now see f = fl = degree of Pl' All the Pi have degree f. By Proposi
tion 13.2.5 all the Pi are unramified. Using the relation efg = cf>(m) we con
clude g = cf>(m)/f. D 

Corollary. With the notation of the theorem, let P be one of the Pi' Define 
G(P) = {(1EGI(1P = Pl. Then G(P) is a cyclic group generated by (1p' 

PROOF. By the corollary to Proposition 13.2.6 we know (1 p E G(P). Let <(1 p) 
be the cyclic group generated by (1p' Then <(1p) c G(P). By Proposition 
12.3.3 we have gIG(P)1 = cf>(m). Thus 1 G(P) 1 = cf>(m)/g = f = 1 <(1p) 1 and 
we are do ne. D 

Theorem 2 is a very satisfactory result on the decomposition of primes 
which do not divide m. One can also find the decomposition of those primes 
which do divide m. We content ourselves with the following important special 
case. 

Proposition 13.2.7. Let I be a prime in 7L. Then, in 10«(,), I ramifies completely. 
More precisely, let L = (1 - (,), Then Lis' a prime ideal and (1) = L '- 1• 

Moreover L has degree 1. 

PRooF.As in the proof ofProposition 13.2.3 we have I = n (1 - m where the 
product is over 1 ~ i ~ I - 1. 

Let Ui = (1 - (i)/(1 - O = 1 + ( + ... + (i-l. We claim that Ui is a unit. 
Since l,ti there is aj E Z such that ij == 1 (1). Thus, Ui- 1 = (1 - 0/(1 _ (i) = 
(1 - (ii)/(1 - (i) = 1 + (i + ... + «(iy-l is an algebraic integer which 
proves the claim. 

It follows that 1= n (1 - (i) = (1 - 0'- 1 n Ui and so (1) = L'- 1• Using 
the relation efg = cf>(I) = I - 1 we see L must be prime, e = I - 1, g = 1, 
andf = 1. D 

Proposition 13.2.8. Let P be a prime ideal in iQ«(m) and set P n 7L = p7L. lf p is 
odd then P is ramified if.f p 1 m. lf p = 2 then P is ramified iJf 41 m. 

PROOF. By Proposition 13.2.5 we know that p,tm implies P is unramified. 
Suppose p is odd and p 1 m. Then iQ«(p) C iQ«(m)' Let Dp and Dm be the rings 

of integers in iQ«(p) and iQ«(m) respectively. By the last proposition pDp = 
(1- (p)P-l.Write(1 - (p)Dm = P 1P 2 · .. P t wherethePi are,notnecessarily 
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distinct, prime ideals in Dm. Then pDm = (P 1P2 ··· p t)p-l. Since p - 1 > 1 
alI the primes in Dm containing pare ramified. 

Now suppose p = 2. If21m but 4,j'm then m = 2mo, with mo odd. In this 
case, -emo is a primitive mth root of unity so Q(em) = Q(emo). Since 2,j'mo, 
P is unramified. 

Finally, suppose p = 2 and 41m. Then e4 = F-1 = i E Q(em). Since 
(1 - i)2 = -2i we see 2Dm = «(1 - i)Dm)2 and it follows, as before, that all 
the primes in Dm containing 2 are ramified. O 

Suppose p is a prime and p,j'm. For later use (in the next chapter) we need 
to know how p decomposes in the field Q(ep , em) . 

. 
PROOF. Since e:::n = en and e::'n = em we have Q(em, en) c Q(emn)· 

On the other hand, since (m, n) = 1 there exist integers u and v such that 
um + vn = 1. Thus emn = e::.,::e~n = e~e~ E Q(em, en). O 

Proposition 13.2.9. Let p be a prime such that p,j' m. Let D be the ring of 
integers in Q(ep , em). Then 

pD = (P 1P2 ·•· Pg)p-l, 

where the Pj are distinct prime ideals of degree f and g = cP(m)! f. The integer f 
is the least positive integer such that pf == 1 (m). 

PROOF. Since Q(ep ) c Q(ep , em) we see, as in the proof ofthe last proposition, 
that all the ramification indices of primes in D containing pare divisible by 
p - 1. Thus 

pD = (P 1P2 • ··Pg.y'(p-l) 

where the Pj are distinct prime ideals of degree f', say, and e' ~ 1 is some 
integer. 

Let Dm be the ring of integers in Q(em). By Theorem 2 

pDm = PJ'2··· Pg 
where the Pj are prime ideals in Dm of degree f and g = cP(m)! f. 

By considering the prime decomposition of PjD and comparing with 
equation (*) we see f' ~ f and g' ~ g. 

From equation (*) and Lemma 3 we see 

(p - l)cP(m) = cP(Pm) = e'(p - l)f'g' ~ e'(p - l)f cPjm). 

It follows that cP(m) ~ e' cP(m). Thus e' = 1 and all the inequalities are 
equalities, i.e., f' = f and g' = g = cP(m)! f. This conc1udes the proof. O 

We conc1ude this section by showing that D = Z[ea when 1 is prime. This 
result holds even when 1 is not prime but the proof is more difficult (see, for 
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example, pp. 265-268, [207]). The case when lis prime will be needed in 
Chapter 17 where a special case of Fermat's conjecture is discussed. 

Proposition 13.2.10. lf I is prime then D = Z['l]' 

PROOF. Clearly Z['l] c D. If rx E D there exist ao, al'"'' al-2 rational 
numbers such that rx = ao + al' + ... + al_2,1-2. We show first ofall that 
lai E Z, i = 0, ... , I - 2. For if tr denotes the trace map from 10(0 to 10 then 
one computes easily tr ,j = -1 if li j, using say, Corollary 1 of Theorem 1. 
Thus one sees that tr(rxCS) = -ao - al - ... - as-l + (1- 1)as - as+l 
- ... - al-2' Therefore tr(rxCs - rxO = la., s = O, ... , I - 2. Since rxCs -
rx' E D it follows that las E Z. If A = 1 - 'then by Proposition 13.2.7 one has 
(AY - 1 = (1). By the above there exist bo, ... , bl - 2 in Z such that Irx = 
bo + b 1 A + ... + bl - 2 ,11- 2. Thus AI bo and taking norms shows that II bo. 
Thus AI - 1 1bo and reduction modulo ,12 given A21b1A so that Alb1• Again this 
implies II b1• Clearly, successive reduction modulo higher powers of Aleads to 
Ilbj,j = 0, ... , I - 2 and division by I then shows that rx E Z[(a. D 

§3 Quadratic Reciprocity Revisited 

As an application of some of the theory developed in this chapter we give yet 
another proof of quadratic reciprocity. The idea for this proof goes back, in 
essence, to Kronecker. 

Let p be an odd prime and consider the field iQ('p)' We c1aim that this field 
contains the square root of( _1)<p-l)/2p = p*. This follows from Proposition 
6.3.2. However, in order to make our present considerations independent of 
the theory of Gauss sums, we give a direct proof using the relation 

i= 1 

We combine the terms corresponding to i and p - i as follows 

(1 - ,i)(1 - ,p-i) = (1 _ ,i)(1 - Ci) = -Ci(1 _ ,i)2. 

Thus 

(p- 1)/2 (p 1) 
p = (_1)(p-1)/2,b }I (1 - ,i)2 where b = -1 - 2 - ... - ; . 

Let CE Z be such that 2c == 1 (p). Then 'b = Wc)2. It follows that p* is a 
square in 10(0 as asserted. Let .2 = p*. 

Now suppose q is an odd prime q i= p. Consider the automorphism (Jq. 

Then (J q. = ±. with the plus sign holding iff (J q is in the Galois group of 
iQ«(J)/iQ(.). Since the Galois group G of 10(0/10 is isomorphic via cp to 



200 13 Quadratic and Cyclotomic Fields 

U(7L/p7L) and the latter group is cyclic of order p - 1 we see (Jq r = r iff (Jq is a 
square in G and this is so iff q is a square in U(Z/pZ). In other words 

Let Q be a prime ideal in D c iQ(O containing q. By Proposition 13.2.6 we 
have 

(Jq r == r q (Q). 

Thus (q/p)r == rq (Q) implying (p*/q) == p*<q-l)/2 == rq - 1 == (q/p) (Q). 
This latter congruence implies (p*/q) = (q/p) since Q does not contain 2. 
It may be thought that this proof, pretty as it is, is much more complicated 

than the previous proofs and so does not add much. This is not the case, 
because the ideas involved provide the key to studying higher reciprocity 
laws. 

NOTES 

There is an introduction to the arithmetic of quadratic number fields in 
J. Sommer's Introduction il la Theorie des Nombres Algebriques (Hermann: 
Paris, 1911). This book is based upon D. Hilbert's lectures in 1897-1898. See 
also F. Châtelet [111], W. Adams and L. Goldstein [84], and H. Stark [73]. 

As mentioned earlier all imaginary quadratic fields whose ring of integers 
farm a unique factorization domain have been determined. The imaginary 
quadratic fields of class number two have also been determined. There are 18 
such fields, the one with smallest discriminant being iQ(J -427). 

In the case of cyclotomic fields Masley has shown that if m is a positive 
integer, m i= 2 (4), then there are exactly 29 values of m for which iQ((rn) has 
class number one. Furthermore, the prime cyclotomic fields iQ((p) of class 
number one.are given by p = 3,5, 7, 11, 13, 17, 19 a result due to Uchida and 
MontgomerY. For more details see the surveys by Masley [184], [185]. 

For a more thorough treatment of the arithmetic of quadratic and 
cyclotomic number fields the reader should consult the treatise of Borevich 
and Shafarevich [9]. 

In Section 3, we saw that iQ(J( _1)<P-l)/2p) is a subfield of iQ((p). More 
generally, according to a theorem of Kronecker and Weber any algebraic 
number field which is Galois with an abelian Galois group is a subfield of 
iQ((rn) for some m. For a proof ofthis difficult theorem see P. Ribenboim [207]. 

EXERCISES 

1. Show that an algebraic number field of odd degree cannot contain a primitive nth 
root of unity n > 2. 

2. Let F be a real quadratic field. Show that if F has an element of norm - 1 then no 
prime p == 3 (4) is ramified. 
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3. Prove that if F is an algebraic number field such that e21til' E F for some n ;?: 3 then 
the norm of any nonzero element of F is positive. 

4. Find the fundamental unit forQ(J5),Q(Jis),Q(J2),Q(J3),Q(J62<i). 

5. Show that a quadratic number field cannot contain JP and Jq for two distinct 
primes p and q. 

6. List the subfields OfQ('8). 

7. Let F be a real quadratic fie1d. Show that there are algebraic integers in F arbitrarily 
close to 1 and distant from 1. 

8. Show that the class number ofQ(Jlo) is not 1. 

9. Let p be an odd prime and consider Q('p). 
(a) ShowthatN(1 + O = 1 whereNdenotesthenormfromQ('p)toQ. 
(b) Show that D (1 + 'S) = A, the product being over the squares modulo p, is in 

Q(JP). 
(c) If p == 1 (4), show that A = (t + uJP)/2 with t == u (2). 
(d) Conclude from (a) that «t2 - pu2)/4)(p-I)/2 = + 1 so that 
(e) t2 - pu2 = ±4. 
(f) Show that A # -1 by showing that A > O (compare Exercise 3). 

Now let p == 5 (8). 

(g) Show that A # 1 by considering the polynomial D. (1 + x') - 1, 
s = 12,22, ... , «P - 1)/2)2. (See also Exercise 9, Chapter 16.) This exercise is 
adapted from Hartung [145]. 

10. For which d does Q(Jd) have an integral basis of the form IX, IX' where IX' is the 
conjugate of IX? 

11. Show that - (C + ,2) is a unit in Q(O, , = e21tiI5. What is the re1ation between this 

unit and the units in Q(J5)? 

12. Show that sin(nj/p)/sin(n/p) is a unit in Q(,p), 1 :::; j :::; p - 1. 

13. Show that if p == 1 (4), p prime, then the ring of integers in Q(,p) always contains an 
infinite number of units. 

14. Let p be prime. Show that the discriminant 8 of Q(,p) is Di<i (,i - ,i)2, 1 :::; i, 
j:::;p-1. 

15. The notation being as in Exercise 14 show 
(a) -pC i/(l - 'J) = D (,i - ,i), the product over alI i,j, i # j, 1 :::; i,j :::; p - 1. 
(b) Multiply for j = 1,2, ... , p - 1 to obtain 8 = (_I)(p-I)/2pp- 2. 

16. Use Proposition 13.2.8 to show that i ~ Q(,p), p odd. 

17. U se Propositions 13.2.7 and 13.2.8 to show that 'q ~ Q(' p) if p and q are odd primes 
p # q. 

18. Show that if p is a prime congruent to 3 modulo 4 then Q(JP) is contained in the 
cyclotomic field Q('4p). 

19. Show that any quadratic number field is contained in a cyclotomic field. 
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20. Show that the fundamental unit of the real quadratic field Q(JiO is 3 + JiO and 
using the formula given in the text determine the class number of the field. 

21. Let a E 7L, a not a square, a;: 0(4) or a;: 1 (4). Detine the Kronecker symbol Xa 
as follows: If pla, Xa(P) = O. If p i- a, is an odd prime then Xa(P) = (a/p) the Legendre 
symbol; Xa(2) = 1 if a ;: 1 (8), Xa(2) = -1 if a ;: 5 (8). Finally Xlb) = TI:; 1 Xa(P;) 
if ±b = Pl ... p,. Show 
(a) For b odd Xa coincides with the Jacobi symbol. 
(b) Ifb > O,(a, b) = l,a = 2'cwithcodd thenxib) = X2(b)'Xb(C)( _1)«c-l)/2)«b-l)/2) 
(c) Xa(x) = Xa(y) if x ;: y (a). 

22. Let K be a quadratic number field with discriminant d, and let Xd be the Kronecker 
symbol. Show, for p any prime, 
(a) p splits in K iff X~) = 1. 
(b) p is inertial iff X~) = -1. 
(c) p ramifies iff X~) = O. 

23. Using the table in Stark [73], p. 340, along with the tables in Borevich-Shafarevich 
[9], pp. 422-425 verify the Hirzebruch formula stated at the end of Section 1 for 
the primes 7,19,23,31,43,47,67,83. Furthermore check the class numbers for the 
imaginary quadratic fields using Dirichlet's formula. Show that, knowing the class 

number ofQ(J=9I) to be 2, Q(J9i) is not a principal ideal ring. 

24. Let K be the field of pth roots of unity, p an odd prime. Show, without using Gauss 
sums, that the unique quadratic subfield of K has discriminant ( _1)(p-l)/2p. 

25. The situation being as in the preceding problem, letfbe the order of q modulo p, 
p, for an odd prime q #- p. If E denotes the quadratic subfield of K show that q 
splits in E iff E is contained in the subfield D of degree (p - 1)//. Show furthermore 
that this is the case iff q is a square modulo p. Using the preceding exercise derive 
a new proof of the law of quadratic reciprocity. 

26. Count the number of proofs to the law of quadratic reciprocity given thus far in this 
book and devise another one. 

27. Show that there are no primes which remain prime inQ(Cs). Can you generalize? 



Chapter 14 

The Stickelberger Relation and 
the Eisenstein Reciprocity Law 

Having developed the basic properties of cyclotomic fields 
we will prove two beautiful and important theorems which 
play a fundamental role in the further development of the 
theory of these fields. 

The Eisenstein reciprocity law genera/izes some of our 
previous work on quadratic and cubic reciprocity. It /ies 
midway between these special cases and the more general 
reciprocity laws investigated by Kummer and HUbert, 
proven first by Furtwangler and then in full generality by 
Artin and Hasse. In the last section ofthis chapter we will 
give two interesting applications of Eisenstein's result. 
The first concerns Fermat' s Last Theorem and the second 
the theory of power residues. 

The Stickelberger relation is the basis for the proof 
we give of Eisenstein reciprocity. Its importance goes far 
beyond that. In recent years the theory of cyclotomic 
fields has been dramatically advanced principally due to the 
efforts of K. Iwasawa. In his work the Stickelberger 
reiat ion occupies a central position. It has also turned out 
to be of importance in arithmetic algebraic geometry. 

§l The Norm of an Ideal 

We will need a few more results from the general theory of algebraic number 
fields. 

Let KjQ be an algebraic number field, D the ring of integers in K, and 
A an ideal. We define N(A), the norm of A, ta be the number of elements in 
DjA. We continue ta assume that ideals are nonzero. 

Proposition 14.1.1. If A, B c Dare ideals, then N(AB) = N(A)N(B). 

PROOF. If A and Bare relatively prime, then DjAB ~ DjA EB DjB sa the 
assertion is clear in this case. 

Let A = ~IPi2 ... P~' be the prime decomposition of A. We claim 
N(A) = (N(P 1)t1(N(P2»a2 ... (N(PtW'. On the basis of what has been 

203 
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said it will be sufficient to prove N(P") = (N(P»" for any prime ideal P. 
This, however, is just a reformulation of Proposition 12.3.2. 

Now, in the general case, decompose A and B into a product of prime 
ideals, multiply, apply the above result, and rearrange terms. The result 
follows. O 

Proposition 14.1.2. Suppose K/IQ is a Galois extension with group G. Then 

n u(A) = (N(A». 
t1eG 

PROOF. Since both sides are multiplicative in A it suffices to prove the result 
when A is a prime ideal P. 

Let P 1> P 2, ... , P 9 be the distinct prime ideals in the set {u(P) I u E G}. 
Then IGI = gIG(P)1 where G(P) = {u E Glu(P) = Pl. Since efg = n = 
[K : Q] = I G I we see I G(P) I = ef. Thus, using Proposition 12.3.3 and 
Theorem 3', Chapter 12 

n u(P) = (P 1 P 2 ••. P g)eJ = (P)J = (pJ), where Pi n lL = plL. 
t1eG 

Since N(P) = ID/PI = pl, this completes the proof. o 

Proposition 14.1.3. Let K/IQ be Galois with group G. Let IX E D and let A = (IX) 
be the principal ideal generated by IX. Let NIX be the norm oflX. Then N(A) = 
IN(IX)1. 

PROOF. (N(A» = Ou(A) = 00"«0:» = 0(0"0:) = (00"(0:» = (N(o:». Thus 
N(A) and N(IX) differ by a unit. Since they are both in lL they can differ 
only by sign. Since N(A) is, by definition, positive, we have N(A) = I N(IX) I 
as asserted. O 

We remark that the above proposition is true even if K/IQ is not a Galois 
extension. The proof in the general case is somewhat more complicated. 

§2 The Power Residue Symbol 

Let m be a positive integer, and denote by Dm the ring of integers in IQ(Cm). 
Let P be a prime ideal in Dm not containing m. Let q = N(P) = IDmfPI. By 
Proposition 13.2.3 we know that the cosets of 1, Cm, ... , C:::- 1 are distinct 
and q == 1 (m). 

Proposition 14.2.1. Let IX E Dm, IX fţ P. There is an integer i, unique modulo m, 
such that 

lX(q-1)/m == C~ (P). 
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PROOF. Sinee the multiplieative group of Dm/P has q - 1 elements we have 
ryF 1 == 1 (P). Thus 

m-l 

IT (lX(q-l)/m - ,~) == O (P). 
i=O 

Sinee P is a prime ideal there is an integer i, O ::; i < m sueh that lX(q-l)/m == 
,~ (P). If i ~ j (m) then'~ ~ ,~ (P), so i is unique modulo m. O 

Definition. For IX E Dm and P a prime ideal not eontaining m, define the 
mth power residue symbol, (IX/P)m, as follows: 

(a) (IX/P)m = O if IX E P. 
(b) If IXf/:P, (IX/P)m is the unique mth root of unity sueh that IX(NP-l)/m == 

(IX/P)m (P). 

Proposition 14.2.2. 

(a) (IX/P)m = 1 iffxm == IX (P) is solvable in Dm. 
(b) For alllX E Dm, IX(NP-l)/m == (IX/P)m (P). 
(e) (1Xf3/P)m = (IX/P)m(f3/P)m. 
(d) IflX == f3 (P) then (IX/P)m = (f3IP)m· 

PROOF. Sinee the result has been proven earlier for m = 2,3, and 4 we may 
safely leave the details to the reader. O 

Corollary. Suppose P is a prime ideal not eontaining m. Then ('; t = ,~P-l)/m. 

PROOF. From part (b) of the proposition, both sides of the above equality 
are eongruent modulo P. Sinee they are both mth roots of unity and m f/: P, 
it follows that they are equal. O 

It is important to extend the definition of (IXIP)m in sueh a way that 
(1X1f3)m makes sense when f3 is prime to m. This is done as follows: 

Definition. Suppose Ac: Dm is an ideal prime to m. Let A = P 1P2 ••• Pn be 
the prime deeomposition of A. For IX E Dm define (IX/A)m = ITi (IXIPi)m' 
If f3 E Dm and f3 is prime to m define (1X1f3)m = (IX/(f3))m. 

Proposition 14.2.3. Suppose A and Bare ideals prime to (m). Then 

(a) (1Xf3IA)m = (IXIA)m(f3IA)m· 
(b) (IXI AB)m = (IXI A )m( IXI B)m· 
(e) IflX is prime to A and xm == IX (A) is solvable in Dm then (IXIA)m = 1. 

PROOF. All three assertions are straightforward to prove using the last 
proposition and the above definition. We remark that the eonverse of part 
(e) is nottrue. O 
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We will need to see how the symbol (IX/A)m behaves with respect to auto
morphisms in the Galois group G of iIJ1«(m)/iIJ1. 

From now on we will use exponential notation for automorphisms. 
If a E G and IX E iIJ1«(m) we will write lXa instead of alX. Similarly if A is an ideal, 
we will write Aa instead of a(A). This notation is, in fact, more conventional 
and it has certain advantages. 

Proposition 14.2.4. Let A be an ideal prime to m and a E G. Then 

PROOF. Since both sides of the asserted equality are multiplicative in A it 
will be enough to check the case where A = P is a prime ideal. By definition 

IX(NP-l)/m == (~t (P). 

Applying a to this' congruence we find 

(lXaYNP-1)/m == (~): (pa). 

It follows that (lXa/pa)m == (IX/P)~ (pa) and so (lXa/pa)m = (IX/P)~. Note 
that we have used N(pa) = N(P). O 

We end this section by stating the Eisenstein reciprocity law. We need an 
important definition first. 

Let I be an odd prime number. Recall that in DI we have (1) = (1 _ (IY- 1 

and (1 - (1) is a prime ideal of degree 1. 

Definition. A nonzero element IX E DI is called primary if it is prime to I 
and congruent to a rational integer modulo (1 _ (1)2. 

In the case I = 3 we demanded IX == 2 (1 - (3)2 so the above definition 
is a bit weaker in this case. It is, however, sufficient for our purposes. The 
following lemma shows that primary elements are plentiful. 

Lemma. Suppose IX E DI and IX is prime to 1. There is an integer C E Z, unique 
modulo 1, such that (fIX is primary. 

PROOF. Let A. = 1 - (1. Since the prime ideal (A.) has degree 1 there is an 
integer a E Z such that IX == a (A.). Now, (IX - a)/A. E DI so there is a b E Z 
such that (IX - a)/A. == b (A.). Consequently, IX == a + bA. (A. 2 ). 

Since (1 = 1 - A. we have (f == 1 - cA. (A. 2). It follows that 

(fIX == a + (b - ac)A. (A. 2 ). 
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The integer a is not divisible by I since otherwise .11 IX and we are assuming 
IX is prime to 1. Choose c to be a solution to ax == b (1). Then (~ IX == a (.1 2 ) 

and so (~IX is primary. 
The uniqueness of c modulo I is c1ear from the proof. D 

Theorem 1 (The Eisenstein Reciprocity Law). Let I be an odd prime, a E 7L 
prime to 1, and IX E DI a primary element. Suppose moreover that IX and a are 
prime to each other. Then 

The proof of this elegant theorem will be given in Section 5. It is a conse
quence of the Stickelberger relation which will be stated in the next section 
and proven in Section 4. Since this process is long, and somewhat involved, 
the reader may wish to skip to the last part of the chapter, Section 6, 
where three interesting applications of Eisenstein reciprocity are given. 

§3 The Stickelberger Relation 

From the very way they are defined Gauss sums are elements of cyc1otomic 
fields. We will investigate the prime ideal decomposition of Gauss sums 
in these fields. 

Let F be a finite field with pi = q elements, X a multiplicative character 
of order m, and 1/1 a nontrivial additive character. Then the values of X are 
mth roots of unity and the values of 1/1 are pth roots of unity. Consequent1y, 
g(X, 1/1) = Lt8F X(t)l/I(t) E O«(m, (p). The arithmetic of this field was dealt 
with in the last chapter. 

Before beginning it is necessary to normalize matters by specifying the 
characters X and 1/1. This is done as follows. 

Let P be a prime ideal in Dm C O«(m) and suppose m ~ P. Let p7L = 
P n 7L and N(P) = q = pl. Finally set F = Dm/P. Re fall that pi == 1 (m). 

We define a multiplicative character XP on F as follows. Let O =F tE F 
and let Y E Dm be such that y = t. Here y is the residue c1ass of y modulo P. 
Let 

By Proposition 14.4.2, Xp(t) is well defined and is a multiplicative character. 
The reason for taking the inverse of the power residue symbol instead of the 
symbol itself will become apparent later. 
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For the additive character we choose the character ljJ defined in Chapter 10, 
Section 3. We recall the definition. First one defines tr: F ~ 7!../p7!.. by tr(t) = 
t + tP + tP2 + ... + tPf - l • Then ljJ is defined by 1jJ(t) = (~(t). 

With these choices we define g(P) = g(Xp, 1jJ). We also define <D(P) = 
g(p)m. 

Proposition 14.3.1. 

(a) g(P) E Q((m, (p). 
(b) Ig(P)1 2 = q. 
(c) <D(P) E Q((m). 

PROOF. (a) has already been discussed. (b) follows in the same way as when F 
is the prime field. (c) follows from Proposition 8.3.3 which is stated over 
7!../p7!.. but generalizes easily to F. 

We will give another praof of (c) based on Galois theory. Consider the 
diagram of fields 

The Galois group of Q((mp)/Q is given by the automorphisms (Te where 
(c, pm) = 1. We remark 

(i) (Te leaves Q((m) element-wise fixed iff c == 1 (m). 
(ii) (Te leaves Q((p) element-wise fixed iff c == 1 (p). 

To show <D(P) E Q((m) it will suffice to show <D(p)"e = <D(P) whenever 
c == 1 (m). 

Apply (Te with c == l(m) to g(P) = I Xp(t)ljJ(t). Since b(t)"e = b(t) and 
ljJ(t)"e = ljJ(t)" we have 

g(p)"e = I Xp(t)ljJ(ct) = Xp(C)-lg(p). 

Raising both sides to the mth power shows that <D(P) is invariant under (Te 

as asserted. O 

Before proceeding to discuss the prime decomposition of g(P) and <D(P) 
in the general case it is illuminating to review the situation when m = 2, 3, 
and4. 

When m = 2, Q((2) = Q. If p is the positive generator of P we have 
g(p)2 = ( _1)<P-l)/2p. 

When m = 3, Q((3) = Q(J=3). Suppose P has degree 1 and P = (n) 
where n is primary. From the results of Chapter 9, Section 4, we may deduce 
g(p)3 = <D(P) = pii = nii2 (bar denotes complex conjugation). 
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For m = 4, 0('4) = 0(J=1). Suppose P is a prime ideal of degree I 
and P = (n) where n is primary. From Chapter 9, Section 7, we may deduce 
g(p)4 = <I>(P) = pii.2 = nii.3 (again, bar denotes complex conjugation). 

To see the pattern, and to state the generalization a notational device 
known as "symbolic powers" is very useful. Suppose K/O is a number 
field, Galois over O, with group G. The group ring Z[G] is defined as the 
set of formal expressions LO'EG a(a)a where the coefficients a(a) E Z. Later, 
we will show how to make this set into a ring. If cx E K we define 

cxl:a(O')O' = n a(cx)a(O'). 
O' 

If A is an ideal we define its symbolic power by an element of the group 
ring in the same way. 

Let a be the nontrivial automorphism of Q(~)/Q. Our result for 
m = 3 takes the form <I>(P) = nI + 20'. 

Similarly if"C denotes the nontrivial automorphism of Q(J=1)/Q our 
result is <1>( P) = n I + 3<. 

In general we cannot expect a factorization of <I>(P) into irreducible 
elements since Dm is not always a unique factorization domain. However, 
these special cases generalize beautifully as follows. 

Theorem 2 (The Stickelberger Relation). Let P be a prime ideal in Dm not 
containing m. T hen 

(<I>(P» = pl:/O',-I. 

The sum is over alli s; t < m which are relatively prime to m. 

The proof of Theorem 2 is long. It will occupy the next section entirely. 

§4 The Proof of the Stickelberger Relation 

We begin with three elementary results which will be needed later. 

Lemma 1. Let p > I be a positive integer. Every positive integer can be 
written uniquely in theform Li'=o aipi where O S; ai < p. 

PROOF. Let a be a positive integer. There is a unique nonnegative integer n 
such that p" S; a < p" + 1. By the division algorithm we have a = a"p" + r 
where O S; r < p". The number a" is less than p since otherwise a ~ p"+ 1. 

Apply the same process to r, etc. In finitely many steps we have an expression 
for a of the required form. 

The uniqueness can be shown as follows. Suppose L aipi = L bipi where 
O S; ai' bi < p. Then p divides ao - bo. Since I ao - bo I < p we have ao = bo. 
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Subtract ao from both sides, divide by p, and repeat the reasoning. This 
yields al = b l . In tinitely many steps we see ai = b i for all i. O 

Definition. Let q = pf. IfO ~ a < q - 1 write a = 'I.{;:d aipi with O ~ ai < P 
and detine S(a) = "lJ=-OI ai. For an arbitrary positive integer a detine S(a) = 
S(r) where a == r (q - 1) and O ~ r < q - 1. 

Definition. For a real number u detine <u) as u - Eu] where Eu] is the largest 
integer less than or equal to u. The number <u), which is in the interval 
[O, 1), is called the fractional part of u. 

Lemma 2. S(a) = (p - 1) 'L{;:01 <pia/(q - 1». 

PROOF. Both sides are unchanged if a multiple of q - 1 is added to a. Thus 
we may assume 1 ~ a < q - 1. 

Write a = ao + alP + ... + af_Ipf- 1 where O ~ ai < p. Since pf = 
q == 1 (q - 1) we have 

a = ao + alP + ... + af-Ipf-t, 

pa == af-l + aop + ... + af_ 2pf- 1 (q - 1), 

p2a = af-2 + af-IP + ... + af_ 3pf- 1 (q - 1),etc. 

The right-hand sides of these congruences are allless than q - 1 so that 
<pia/(q - 1» is equal to the right-hand side of the ith congruence divided 
by q - 1. Thus 

f-l(pia ) 1 'I. -- = --S(a)(1 + p + ... + pf- l ). i=O q - 1 q - 1 

This yields the lemma. O 

Lemma 3. 'L~:î S(a) = (f(p - 1)(q - 2»/2. 

PROOF. Write a = ao + alP + ... + af_Ipf- 1 with O ~ ai < p. Notice 
that q - 1 = (p - 1) + (p - 1)p + ... + (p - 1)pf- l . It follows that 
q - 1 - a = (p - 1 - ao) + (p - 1 - al)p + ... + (p - 1 - a f_l)pf- l 

andso 

S(a) + S(q - 1 - a) = f(p - 1). 

Sum both sides from a = 1 to a = q - 2. The result is 2 'L~:i S(a) = 

f(p - 1)(q - 2). O 

The Gauss sum g(P) considered in the last section is an element of 
Q«(m, (p). The proof of Theorem 2 which we will give requires that we work 
in the bigger tield Q«(q_ b (p). This has the advantage that all the (q - 1)st 
roots of unity can be used freely. On the other hand, more tields means more 
confusion. We will try to minimize the confusion by carefully keeping 
track of which tield we are working in. 
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The following diagram will be useful in following the arguments. 

pc7L 

In the above diagram P, ~, and & are prime ideals in the indicated ring 
of integers. Recall from Section 3 that p ţ m, f is the order of p modulo m, 
so that pJ == 1 (m), and q = pJ. For the remainder ofthis section A.p = 1 - 'p. 

Lemma4. 

(1) ord~(pD(q_1)P) = p - 1. 
(2) ord~(A.p) = 1. 
(3) ord~(P) = p - 1. 

PROOF. To prove (1) apply Proposition 13.2.9 with m (in the notation of 
that proposition) replaced by q - 1. Since & lies over p it appears in the 
decomposition of pD and one has ord~ pD(q-1)p = P - 1. Again by the 
same proposition and Proposition 13.2.7 one has pDp(Q-1) = (pDp)Dp(q_1) = 
A.~-lDp(q_1) = (&1· ··&h)P-\ where, say, &1 = &. Hence A.pDp(q-1) = 
& 1 ... &h and (2) follows. To prove (3) one sees easily using Theorem 2 
of Chapter 13 and Proposition 13.2.9 that PP2 •·• Ph· D(q-1)p = (&&2··· 
&hy-1 where all the primes are distinct and P, P2 , ••• , Ph are pairwise 
relatively prime. Thus PD(q-1;P = &p-1 and the result follows. O 

LemmaS. Dm/P ~ Dq-d~. 

PROOF. There is a natural monomorphism from Dm/P to Dq_ d~. To show 
this is an isomorphism it suffices to show both fields have the same number 
of elements. By Theorem 2 of Chapter 13 we have I D q _ d~ I = pJ' where f' 
is the smallest positive integer such that pI' == 1 (q - 1). Since q = pJ it 
is clear thatf' = fand so IDq-d~1 = pJ = IDm/PI. O 

By Proposition 13.2.3 we know that the elements 1, 'q-1' ... , ':= î have 
distinct images in Dq_ d~. The following definition imitates the definition 
of the mth power residue symbol. 

Definition. For IY. E Dq-1 define 

(a) (IY./~) = O if IY. E ~. 
(b) If IY. fţ~, (IY./~) is the unique (q - l)st root of unity such that IY. == 

(IY./~) (~). 
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One easily checks that (a.P/~) = (a./~)(P/~) and a. == p (~) implies 
(a./~) = (P/~). The following lemma is also clear from the definitions. 

We now define a multiplicative character on IF ~ Dq_ d~ as follows 

w(t) = (;). 

where Y E Dq-1 is such that y = t. The proof that w is well defined and is a 
multiplicative character is immediate from the previous remarks. 

Lemma 7. W(C~-1) = '~-1. 

PROOF. Immediate from the definition. o 

Consequently, w has order q - 1 and thus generates the group of multi
plicative characters on IF. 

Definition. Let a be a nonnegative integer. Define ga = g(w -a, t/I). 

We note that g(P), defined in the last section, is equal to ga for a = 
(q - l)/m. 

Theorem 2 is a consequence of the following result. 

Theorem 3. ordgo(ga) = S(a), where 1 :s; a < q. 

PROOF. To begin with we show that ordgo(g1) = 1. Recall 

g1 = L W(t)-1,~(t). 
telF 

Using Lemma 7 we will convert this into asum over the powers of 'q-1. 
Let mi be a positive integer such that mi == tr(C~-1) (p). Aiso recall that 
'p = 1 - Ap. Then 

q-2 

g1 = L ,;! 1(1 - Apr. 
i=O 

Now, miAp == ('~-1 + ':~1 + ... + ,::~li)Ap (&,2). Substituting we find 
q-2 

g1 == - L ';!1('~-1 + ':~1 + ... + ,~~-t'i)Ap(&,2). 
i=O 
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All the sums l];;J (<:~11)i, j = 1,2, ... ,f - 1 are zero while j = O gives 
the value q - 1. Since q = pf == 0(&>2) we have 

g1 == Ap (&>2). 

By Lemma 4, part (2), we see Ap E &> but Ap $ &>2. Thus ord&> g1 = 1. 

Let s(a) = ord&> ga. We will establish a number of properties of the 
function s(a). 

(i) s(a + b) s s(a) + s(b) provided 1 s a, b, a + b < q - 1. 

By Theorem 1 of Chapter 8 we have gagb = J(w- a, w-b)ga+b. Taking 
ord&> of both sides yields the result. 

(ii) s(a + b) == s(a) + s(b) (p - 1). 

Notice that the Jacobi sum J(w- a
, w- b) is in Q«(q-1). It then follows 

from the fact that ~D(q-1)p = &>(p-1) that p - 1 divides ord&>(J(w-a, w- b». 
The resuIt is thus aga in an immediate consequence of the relation gagb = 
J(w- a, w-b)ga+b· 

(iii) s(pa) = s(a). 

To see this observe g pa = L w( t) - pat/J( t) = L w(tP) - at/J(tP). We ha ve 
used the fact that tr(t) = tr(tP) which is clear from the definition of trace. 
Now t --+ tP is an automorphism of IF. We conclude that gpa = ga and so 
s(pa) = s(a). 

In the first part of the proof we found s(1) = 1. U sing (i) and (ii) we see 
s(a) = a for 1 s a < p. 

For any a between 1 and q - 1 write a = ao + a1P + ... + af _ 1pf- 1, 
O S ai < p. Using (i) and (iii) we find 

f-1 

s(a) s L s(aj[l) = L s(a) = L aj = S(a). 
j=O j j 

We now have s(a) s S(a) for all a in the range under consideration. To 
prove the theorem it will be enough, in the light of Lemma 3, t9 show 

(iv) 
q-2 ~ f(P - l)(q - 2) 
a~1s(a) = 2 . 

In general, for Gauss sums, we have the relation g(X- 1 ) = X( -1)g(X) 
(here "bar" denotes complex conjugation). Thus gagq-1-a = w( _l)aq = 
w( -IYpf. We know by Lemma 4 that ord&>(p) = p - 1. It follows that 

s(a) + s(q - 1 - a) = f(p - 1). 

Sum both sides over a from 1 to q - 2. The resuIt is 2 L~:6 s(a) = 
f(P - 1)(q - 2). 

This completes the proof of Theorem 3. O 



214 14 The Sticke1berger Re1ation and the Eisenstein Reciprocity Law 

Corollary.ordp(<D(P)) = (m/(p - l))S«q - l)/m). 

PROOF. Using Lemma 4, part (3), we have (p - 1) ordp(<D(P)) = ord9"(<D(P». 
Now, ord9"(<D(P» = m ord9"(g(P» = mS«q - 1)/m) where the last equality 
follows from the theorem because g(P) = ga with a = (q - 1)/m. O 

This corollary gives the first step in deriving the full prime decomposition 
of <D(P). To go further we first notice that the only prime ideals in Dm con· 
taining <D(P) are those containing p. This follows from parts (b) and (c) of 
Proposition 14.3.1 which show 

I <D(P) 12 = qm = pfm. 

If P' is another prime ideal of Dm containing p then by Proposition 12.3.3 
there is an automorphism at of 1O«(m)/1O such that P' = pa,-I. For 1 ~ t < m 
and (t, m) = 1 define P t = pa,-I. 

Lemma 8. ordp,(<D(P» = (m/(p - 1»S(t«q - 1)/m». 

PROOF. It follows quickly from the definitions that 

ordp,(<D(P» = ordp(<D(p)a,). 

Choose an integer t' such that t' = t (m) and t' = 1 (p). Then 

g(p)a" = (L xp(r)rjJ(r»)a" = L Xp(r)'rjJ(r). 
reF reF 

Thus, we have 

The second term in the above equality is g': where a = t«q - 1)/m). 
The proof of the lemma is now concluded by the same reasoning as in the 
corollary to Theorem 3. O 

We may now, finally, conclude the proof of Theorem 2. 
By the corollary to Theorem 2 of Chapter 13 the group 

G(P) = {a E G(IO«(m)/IO)lpa = P} 

is the cyclic group generated by a P' 

Let t 1 , t 2 , ••• , tg be a set of integers representing the cosets of U(7L/m7L) 
modulo the cyclic subgroup generated by the image of p. In other words, 
if 1 ~ t < m, (t, m) = 1 then t = tipi (m) for a unique pair (i, j), O ~ j < J, 
1 ~ i ~ g. By Lemma 8 the prime decomposition of <D(P) is given by 

m 9 (q - 1) py' where y' = --1 L S ti -- at~ 1. 
p - i=1 m 



§5 The Proof of the Eisenstein Reciprocity Law 215 

Using Lemma 2 we can write y' as follows 

, " (" / piti)) - 1 Y = m f 7 \ mari . 

The index i goes from 1 to g and the index j goes from O to f - 1. Since a p 

leaves P fixed, y' has the same effect on P as 

" ,,(plti) - 1 - 1 Y = m L. L. - ari a pj 
i j m 

(t) = m L - ar- 1 

rmodm m 

= L tar- 1 where 1 ~ t < m and (t, m) = 1. 

This conc1udes the proof. o 

For future reference we note 

(cI>(P)) = p mO 

where (J = Lrmodm (tjm)ar-l, (t, m) = 1. The element (J E O[G] is called 
the Stickelberger element. 

§5 The Proof of the Eisenstein Reciprocity Law 

We will need two results on roots of unity. 

Lemma 1. The only roots of unity in O('m) are ±,~ i = 1, 2, ... , m. 

PROOF. In the proof of Theorem 1 we only need this result when m iş an odd 
prime. We will leave the proof for general m as an exercise and assume 
m = 1, an odd prime. 

Suppose 'n E OG,). If 41 n then J"=l E 0(',). However, 2 is ramified in 

0(J"=l) and is not ramified in 0(',). Thus 4,r n. If n = 2no, no odd, then 
{'~} = {±,~o}, we may as sume that n is odd. If l' is an odd prime dividing 
n then ,,, E 0(',). However, l' is ramified in 0(',,) and 1 is the only prime 
ramified in 0(',). Thus 1 = l' and n must be a power of 1, la say. Since fjJ(la) = 
[a-l(1 _ 1) is the dimension of 0(',.) over O and I - 1 is the dimension 
of 0(',) over O we must have a = 1. The result follows from this. O 

Lemma 2. Let KjO be an alg'ebraic number field and let al' a2' ... ' an be the 
n = [K: O] isomorphisms of K into IC. lf Q( E K is such that I Q(ai 1 ~ 1 for ali 
i = 1, 2, ... , n then Q( is a root of unity. 
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PROOF. a is a root of 
n 

f(x) = TI (x - alT;) E Z[x]. 
i= 1 

The hypothesis of the lemma implies that the coefficient of xm inf(x) is 
an integer bounded by the binomial coefficient (::'). Thus only finitely many 
polynomials of degree n is Z[x] can arise in this way. 

If a satisfies the hypothesis of the lemma so do all the powers of a. Since 
finitely many polynomials can have only finitely many roots it follows that 
two distinct powers of a must be equal. Thus a is a root of unity. D 

The next step is to define <I>(A) for an arbitrary ideal of Dm, A prime to m, 
and to investigate the properties of this function. In particular, it will be 
important to determine <1> on principal ideals. 

Definition. Let A c Dm be an ideal and as sume A is prime to m. Let A = 
P 1 P 2 ... P n be the prime decomposition of A. Define 

Proposition 14.5.1. Let A, B c Dm be ideals prime to m, a E Dm an element 
prime to m, and recall y = L ta t- 1 1 :::;; t < m and (t, m) = 1. Then 

(a) <I>(A)<I>(B) = <I>(AB). 
(b) I<I>(AW = (NA)m. 
(c) (<I>(A» = AY 
(d) <I>«a» = s(a)aY where s(a) is a unit in Dm. 

PROOF. (a) is clear from the definition. 
Since both sides of (b) are multiplicative in A we can assume A is a prime 

ideal P. In that case 1<I>(P)12 = Ig(p)1 2 m = (NPr by Proposition 14.3.1, 
part (b). 

Both sides of (c) are multiplicative in A so again we may suppose A is a 
prime ideal P. In this case the result is the assertion of Theorem 2. 

To do part (d) notice 

(<I>«a») = (a)Y = (aY) 

by part (c). Thus <I>«a» and aY generate the same principal ideal. D 

From now on we will write <I>(a) instead of <I>«a». 
It will be important to determine the unit s(a) more closely. In fact we 

will show it is a root of unity. 

Lemma 3. Suppose A c Dm is an ideal prime to m and let a be an automorphism 

ofQ«(m)/Q. Then 

<l>(A)1T = <l>(AIT). 
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PROOF. To see this it is convenient to write g(P) in the folIowing form 

g(P) = L (~)~1(~(~), 
where the sum is over a set of representatives for the cosets of D"./P. 

Let a be an automorphism of iQ«(m, (p)/iQ which restricts to U on iQ«(m) 
and the identity on iQ«(p) (see the proof to Lemma 8). By Proposition 
14.2.4 we have 

g(P)~ = L (;:r1(~(~). 

Since tr(fi) E Z/pZ we have tr(fia ) = tr(fi). It folIows that g(P)ii = g(pa). 

Raising both sides to the mth power gives the result when A is a prime ideal. 
By multiplicativity the result folIows in general. D 

Lemma4. For rt.EDm , 1 rt.Y 12 = 1 Nrt. Im. 

PROOF. The automorphism U -1 is complex conjugation on iQ«(m) since it 
takes (m to (;;; 1 = (m. Thus 

Irt.YI2 = rt.Yrt.ya-1 = rt. y(l+a_ d. 

Now, U-1y=u- 1Ltut- 1 =Ltu=:. Clearly, Um-t=U- t, and Y= 
L (m - t)U;;;~t. Thus, using t = m - (m - t) we find 

(1 + U -1)Y = m L Ut- 1. 

Since Nrt. = n rt.a,-l = rt.Ia,-1 the result folIows. D 

Proposition 14.5.2. Let rt. E Dm, rt. prime to m. Then <l>(rt.) = e(rt.)rt.Y where 
e(rt.) = ± (~for some i. 

PROOF. In the light ofpart (d) ofthe last proposition it is enough to prove the 
assertion about e(rt.). We have I <I>(rt.W = (N(rt.»m by Proposition 14.5.1 and 
Irt.YI2 = 1 Nrt. Im by Lemma 4. By Proposition 14.1.3, N(rt.) = INrt.I. 

Putting alI this together we conc1ude that 1 e(rt.) 1 = 1. Using Lemma 3 
we find in the same way that I e(rt.)a I = 1 for alI U E G. It now folIows from 
Lemma 2 that e(rt.) is a root of unity. FinalIy' since e(rt.) E iQ«(m) we have 
e(rt.) = ±(~ by Lemma 1. D 

We are now in a position to begin the proof of the Eisenstein reciprocity 
law. The pattern of proof of the folIowing proposition should be familiar 
from our proofs of quadratic, cubic, and biquadratic reciprocity. It is itself 
a "reciprocity" statement. 

Proposition 14.5.3. Suppose P, P' c Dm are prime ideals both prime to m. 
Supposefurther that NP and NP' are relatively prime. Then 
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PROOF. Let q' = p'J' = NP'. RecaB q' == 1 (m). The foBowing congruences 
are taken modulo p' in Dm 

On the other hand 

g(P)q' == L Xp(t)q' tjJ(t)q' 

== L xp(t)tjJ(q't) 

== (~tg(P). 

g(P)q'-l = <l>(p)(q'-lJjm == (<l>;:,)t (P'). 

It follows that 

(<l>;:,)t == (N;')m (P'). 

Since m 1. P' the two sides of this congruence must be equal. D 

Corollary 1. Suppose A, B c Dm are ideals prime to m and that N A and N B 
are prime to each other. Then 

PROOF. As usual, the corollary follows from the proposition by multi
plicativity. D 

Corollary 2. Suppose A and B are as in Corollary 1 and moreover that A = (a) 
is principal. Then 

(B(a)) (~) = (NB) . B m NB m a m 

PROOF. To begin with 

Notice that (a/ t1,-I/B)m = (at1,-I/B)~ = (at1,-I/B),:; = (a/Bt1')m by Proposi
tion 14.2.4. Thus 

(aY
) (a/t1'-I) ( a ) ( a ) 

B m = r; B m = r; Bt1, m = N B m' 

To obtain the final equality we have used Proposition 14.1.2. o 
From now on we will as sume m = 1, an odd prime number. 

Lemma 5. Ii A c Dt is an ideal prime to 1, then <l>(A) == ± 1 (/). 
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PROOF. It is enough to show that <I>(P) == -1 (l) where P c D, is a prime 
ideal prime to 1. Well, 

<I>(P) = g(P)' == L xAt)''''(t)' (1) 
1 

== L ",(It) == -1 (1). 
1*0 

The last congruence follows from the fact that 1-+ ",(It) is a nontrivial 
additive character on D,/P and so the sum of its values over all t is zero. 
Since ",(O) = 1 the result follows. D 

Recall that IX E D is called primary if IX is prime to I and IX == X (1 - (,i, 
for some x E Z. 

Lemma 6. lf IX E D is primary, then B(IX) = ± 1. 

PROOF. Since (1 - (,) is the unique prime above lin D, we have (1 _ (,)" = 
(1 - (,) for all (J E G. It follows that (1 - (,y c (1 - (,). 

Since <l>(1X) = B(IX)IXY we have by Lemma 5 that B(IX)IXY == ± 1 (l). 
Since IX == x (1 - (,)2 with x E Z we find 

IXY == xY == x1+2+ ... +('-1)(1 _ (,)2. 

Now, X('-1)/2 == ± 1 (1), so 

IXY == (±1)' == ±1 (1 _ (,)2. 

It follows that B(IX) == ± 1 (1 - (,)2. From Proposition 14.5.2 we know 
B(IX) = ± (l. To conclude the proof we must show that I divides i. This 
follows from the uniqueness part of the lemma in Section 2, but it may be 
worthwhile to do it directly. 

We have (l == ± 1 (1 - (,)2. Writing (, = 1 - (1 - (,) we find 

1 - i(1 - (,) == ± 1 (1 _ (,)2. 

The plus sign must hold since otherwise 1 - (, would divide 2. But then, 
subtracting 1 from both sides, we see 1 - (, divides i which implies II i. D 

Proposition 14.5.4. lf IX E D, is primary, and B is an ideal prime to 1, and NB 
is prime to IX, then 

PROOF. By Corollary 2 to Proposition 14.5.3 we need only show (B{IX)/B), = 1. 
Since IX is primary B{IX) = ± 1 by the above lemma. Since lis odd, (± 1)' = 

± 1 and we are done. D 

We can now complete the proof of Theorem 1. 
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Let p E 71.. be a prime, p =F 1, and p prime to O! in DI' Let P be a prime ideal 
in DI containing p. Then N P = pl. In the proposition we have just proven 
we substitute P for B. The result is 

Since fii - 1 = [0('1): O] we have (J, 1) = 1. Thus 

From this and (one last time) multiplicativity, we deduce (O!/a)1 = (a/O!)I 
for alI a E 71.. prime to I and O!, provided O! is primary. O 

§6 Three Applications 

In Chapter 5 we proved that if a is an integer such that X2 == a (p) is solvable 
for alI but finitely many primes then a is a square. This has been generalized 
to nth powers by E. Trost. The result was later rediscovered by N. C. Ankeny 
and C. A. Rogers. The result states that if xn == a (p) for alI but finitely many 
primes p then a = bn if 8 ,r n and a = bn or a = 2n/ 2bn if 81 n. Using Eisenstein 
reciprocity we will prove a portion of this when n = I an odd prime. See 
also [211], [134] and the Notes to Chapter 5. 

Theorem 4. Suppose a E 71.. and that 1 ,r a where 1 is an odd prime. lf Xl == a (p) 
is solvable for ali but finitely many primes p then a = bl• 

PROOF. We can restate the theorem as folIows. If a is not an Ith power then 
there are infinitely many primes P such that Xl == a (p) is not solvable. 

Assume a is not an Ith power in 71... Let aDI = P~1 P~1 ... p:n be the prime 
decomposition of a in DI' We c1aim that l,r ai for at least one ai' To see 
this, let Pi71.. = P i n 71... Since l,r a we have I =F Pi and so Pi is unramified in 
DI' Consequently ordpi a = ordpi a = ai' If Ilai for alI i it would folIow that 
a is an Ith power in 71... We may thus assume l,r an' 

Let {Q1' Q2' ... , Qk} be a finite set of primes Qi different from the Pi and 
from (1 - '1)' 

Using the Chinese Remainder Theorem we can find an element 't" E DI 
such that 't" == 1 (Qi) for i = 1, 2, ... , k, 't" == 1 (1), 't" == 1 (Pj) for j = 1, 2, ... , 
n - 1, and 't" == O! (Pn) where O! is chosen so that (O!/Pn)1 = '1' 

Since't" == 1 (1), 't" is primary. Thus, on the one hand 
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On the other hand, let (r) = R 1R 2 ••• Rm be the prime decomposition 
ofr. Then 

It follows that for some j, (a/R)I i' 1. 
From the congruences that r satisfies it follows immediately that R j rţ 

{Ql' Q2"'" Qk} U {(1 - (I)) u {P l,···, Pn}· 
We have shown that there are infinitely many prime ideals Q such that 

Xl == a (Q) is not solvable. Let q"lL = Q n "lL. Then Xl == a (q) is not solvable 
and there are infinitely many such q since every rational prime is contained 
in only finitely many prime ideals in DI' O 

The second application of Eisenstein reciprocity we wish to make is to 
Fermat's conjecture. This states that ifn > 2 is an integer there is no solution 
to x n + yn + zn = O in non-zero integers. The fascinating history of this 
conjecture will be sketched in a later chapter. 

It is easy to see that if Fermat's conjecture is true for n then it will be true 
for any multiple of n. Since any integer bigger than 2 is either divisible by 4 
or by an odd prime we may re strict our attention to the cases n = 4 or 
n = 1 an odd prime. The case n = 4 was settled, affirmatively, by L. Euler. 

When 1 is an odd prime it is traditional to consider two cases. We say 
we are in case one if Xl + yl + Zi = O and 1 ,r xyz. Otherwise we are in case 
two. In 1909 A. Wieferich published the following important result ([166], 
VoI. 3). 

Theorem 5. 1f Xl + yl + Zi = O is solvable in non-zero integers such that 
l,r xyz then 21- 1 == 1 (12). 

It has been shown that the only two primes less than 3 x 109 which 
satisfy 21- 1 == 1 (12) are 1093 and 3511. It is not known if there are infinitely 
many primes of this type. 

In 1912 Furtwangler proved a theorem which contains Theorem 5 as a 
corollary. Namely, 

Theorem 6. Let x, y, and z be non-zero integers, relatively prime in pairs, such 
that Xl + yl + Zi = O. Assume l,r yz. Let p be a prime factor of y. Then 
pl-l == 1 (F). 

It is a simple exercise to see that the condition that x, y, and z be relatively 
prime in pairs is no loss of generality. 

To see how Theorem 5 follows from Theorem 6, as sume l,r xyz. Since 
Xl + yl + Zi = O not all three numbers x, y, and z can be odd. By symmetry 
we can assume 21y. By Theorem 6 we have 2/- 1 == 1 (F). 
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We proceed to prove Furtwangler's theorem. Let ( = (1 be a primitive 
Ith root of unity. We have 

(x + y)(x + (y) ... (x + (l-l y) = (-z)'. 

Lemma 1. Suppose i "# j and O :::; i, j < 1. Then x + (iy and x + (jy are 
relatively prime in Dl' 

PROOF. Suppose A c Dl is an ideal containing x + (iy and x + (jy. Then 
((j - (i)X and ((j - (i)y are in A. Since x and y are relatively prime it follows 
that (j - (i is in A. It follows that A = 1 - ( E A. Since (A) is a maximal 
ideal, either (A) = A or A = Dl' If (A) = A, then from equation (*) we see 
(-z) E (A) which implies z E (A) and Ilz, contrary to assumption. Thus 
A = Dl and we are done. D 

CoroIlary. The ideals (x + (iy) are perfect Ith powers. 

Consider the element a = (x + y)'-2(X + (y). We daim 

(i) The ideal (a) is a perfect Ith power. 
(ii) a == 1 - uA (A2) where u = (x + y)'-2y. 

Property (i) follows from the corollary to the lemma. 
To prove property (ii) notice x + (y = x + Y - yA. Thus, 

a = (x + y)'-l - AU. 

Now, Xl + yl + Zi == X + Y + z (1). If II(x + y) it would follow that Ilz 
contrary to assumption. Therefore l,r (x + y) and (x + y)'-l == 1 (/). 
Property (ii) follows. 

Consider CUa. We have 

CUa = (1 - A)-Ua == (1 + uA)(l - UA.) == 1 (A2). 

It follows that C Ua is primary. By Eisenstein reciprocity we have 

( p) (CUa) (()-U(a) 
CUa I = P I = P I P l' (**) 

Since the ideal (C Ua) = (a) is an Ith power, the left-hand si de of (**) is 
equal to 1. 

Since plY, a == (x + y)'-l (p). Thu& 

(~) = ((X + y)'-l) = ( P I 1)1 = 1, 
P I P 1 (x + y) 

because the ideal (x + y) is an Ith power. 
It now follows from (**) that ((Ip)'î = 1. To condude the proof we must 

evaluate ((lp)l' 
Let pDI = P 1P2 ··· Pg be the prime decomposition of pin DI' We know 

NPi = pI and, since p "# 1, e = 1, and so gf = 1- 1. 
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By the corollary to Proposition 14.2.2 

(f) = fl (l) = fl (pl-l)/l = (g[(pl-l)/ll. 
P 1 i Pi 1 i 

The relation «(Ip)'î = 1 now leads to the congruence 

pI - 1 
ug - l - == 0(/). 

Since 9 Il - 1,1,( g. Since u = (x + yY-2y, 1,( u. Thus 

pI - 1 
-1- == 0(1) or pI == 1 (n. 

The theorem is now immediate since f Il - 1. 
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o 

We conclude with an application of Theorem 2 which concerns the struc
ture of the ideal class group of I(Ji(FÎ) where 1 > 3 is prime 1 == 3 (4). Let 
p be an odd prime p == 1(1). Then since p splits completely in 1(Ji«(I) it also 

splits in 1(Ji(J=l) (why?). One can also see this by observing (-lip) = 
( -1)(P-l)/2(pl1)( _1)«P-l)/2)((l-1)/2) = (PI1) = 1 and applying Proposition 

13.1.3. In the ring of integers D of 1(Ji(J=l) write p = ~~. If D denotes the 
ring ofintegers in 1(Ji«(I) we have 

Lemma 2. ~D = fl p<1s where P is a prime ideal of D, P n D = ~, and s runs 
over the nonzero squares modulo 1. 

PROOF. The set of as in the statement of the lemma form the Galois group of 
1(Ji«(I) over 1(Ji(J=l). Since pD = pI~;;l<1' and anC~) = ~ for a nonsquare n 
modulo I it follows that ~D is divisible by precisely the aiP), each with 
exponent 1. O 

By Theorem 2 we have (g(PY) = p II<1'- " t = 1, 2, ... , 1 - 1. Applying 
La., s a square modulo I gives (fY.)D = ~l:I<1,-1 • D = ~IS . ~l:n • D where 
fY. E D and n runs over the nonsquares modulo 1 in the interval [1, 1 - 1]. 
Put R = L s, N = L n. By Exercise 34 of Chapter 12 it follows that fY.D = 
~R~N. If [m] denotes the equivalence class of the ideal m and 1 is the unit 
class then [~r 1 = [~]. Thus [~]N-R = 1. On the other hand if 1 ::;; r ::;; 
1 - 1 by Exercise 7 (or Lemma 3, Section 3, Chapter 15), one hasg(p)<1r- r = f3 
for some f3 E D. Raising to the lth power, using Theorem 2, and applying 
Las gives, for r a square, (~R~N)'-l D = (yYD for some y E D.1t follows that 
([~J<N-R)/l)'-l = 1 (it is easy to show liN and lIR). But from the above 
([~J<N-R)/IY = 1. Since (r - 1,1) = 1 we have proven the following result. 

Proposition 14.6.1. Let ~ be a prime ideal of degree 1 in 1(Ji(J=l) for I > 3 
a prime such that 1 = 3 (4). Then, [~J<N-R)/l = 1. 
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While it is elementary that (N - R)/1 is an integer it is by no means 
obvious that it is positive. All known proofs of this fact use analysis. We 
will give a short proof due to Moser in the Exercises to Chapter 16. For 
other proofs of the positivity as well as many other interesting results of 
this type see the paper by B. Berndt [94]. It turns out, as mentioned in Chapter 
13 that (N - R)/1 is indeed the class number of 0(J=l) but again the 
proof is analytic. When, by direct calculation N - R = 1 it follows that ~ 
is a principal ideal. If one assumes, as can be shown, that each ideal class 
contains a prime ideal of degree 1 then one can conclude that for such 1, 
0(J=l) is a unique factorization domain. In this manner one checks that 
the imaginary quadratic fields with discriminant - 7, -11, - 19, - 43, 
- 67, -163 all have class number 1. Referring again to the proposition 
~(N-R)/l = (oc) where oc = (x + J=ly)/2; x, y E Z. Taking norms gives the 
following interesting corollary. 

Corollary.ljp == 1(/),1 == 3(4),1> 3,then4p(N-R)/1 = x2 + ly2,withx,YEZ. 

NOTES 

In his paper "Uber eine Verallgemeinerung der Kreistheilung" (1890) [224], 
the Swiss mathematician Ludwig Stickelberger (1850-1936) (see [148]) 
succeeded in determin ing the prime decomposition of a Gauss sum attached 
to an arbitrary multiplicative character defined on a finite field (Theorem 2 
ofthis chapter). Actually he proved a more precise result. Namely, using the 
notation of this chapter 

( A.)8(a) 
ga== -- (&>8(a) + 1). 

ao ! a 1 ! ... a f - 1 ! 

This, of course, implies Theorem 2. The special case of this theorem when m 
is prime and p == 1 (m) had already been proven by Kummer in 1847. It 
is interesting to note that Kummer derived the result by first determining 
the decomposition in O('m) of certain Jacobi sums, which in turn was made 
possible by the congruence J(ar, iOn) == - [(m + n)!jn! m!](P), known to 
Jacobi, Eisenstein and Cauchy. (See Kummer [164], VoI. 1, pp. 361-364, 
pp. 448-453, and Exercises 1 and 2). An elegant proof of Kummer's result 
can also be found in Hilbert's "Zahlbericht" [151] (Theorem 135), where 
the use of Jacobi sums is avoided by using an argument involving ramifi
cation. This special case of Stickelberger's theorem was the missing link in 
the program initiated by Gauss, Eisenstein and Jacobi to establish higher 
power reciprocity laws. Indeed, in 1850 [132] Eisenstein published his 
proof of the reciprocity law bearing his name (Theorem 1), making use of the 
then relatively new language of ideal numbers due to Kummer. A complete 
proof can be found also in VoI. 3 of Landau [166] as well as in Hilbert's 
"Zahlbericht" (Theorem 140), where in order to overcome the restriction 
that p == 1 (/) he uses the finiteness of the class number for O('/)! Hilbert 
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views the Eisenstein law as an indispensible lemma for the Kummer reci
procity law. The proof of Theorem 2 that we have given follows that found 
in the important paper by Hasse and Davenport [23J (see also Chapter 7 
of Joly [160J), while the derivation of Eisenstein's law from Kummer's 
Theorem c10sely follows the treatment in Weil's elegant historical study 
"La cyc1otomie jadis et naguere" [238]. This paper of Weil along with his 
review of Eisenstein's "Mathematische Werke" [239J and his introduction 
to the collected papers of Kummer [164J provide a detailed and insightful 
history of the efforts of Jacobi, Eisenstein, and Kummer to prove higher 
power reciprocity laws with the use of Gauss sums. In this text we have 
followed this development up to the work of Eisenstein. The subsequent 
development leads to the research of Kummer, Hilbert, Furtwangler, and 
Takagi, and eventually, to the celebrated Artin law of reciprocity. For the 
history of these developments see Iyanaga [158J and Hasse [110J. For an 
interesting, and perhaps more elementary, discussion of the nature of 
reciprocity laws see Wyman's paper "What is a reciprocity law?" [246J. 

The use of Theorem 2 to show that the ideal c1ass group of Q(Fl), 
1 == 3 (4) is annihilated by (1/l) L~-:\ x(x/l) goes back to Kummer and 
appears as Theorem 145 of Hilbert's "Zahlbericht". The corollary to 
Proposition 14.6.1 was originally observed by Jacobi who, on its basis, 
conjectured the class number formula for Q(Fl). (See also the comment 
of Weil [238J, pp. 252-253.) Stickelberger, in the above-mentioned paper, 
returns to this application of cyc1otomy to the arithmetic of quadratic 
forms and obtains similar results for Q(';=;;;), for general m. 

There are other applications of Theorem 1 to Fermat's Last Theorem. 
For example, a well-known result of Mirimanoff states that if x, y, and z 
are integers such that xP + yP + zP = O, P '" xyz then 3P-l == 1 (P2) (see 
Theorem 1041, Landau [166]). Also Vandiver has shown, using similar 
methods, that if xP + yP + zP = O, (x, y, z) = 1, p > 3 then xP == x (p3), 
yP == Y (p3), Z3 == Z (p3) (Landau [166J, Theorem 1046). For further results 
on Fermat's Last Theorem that utilize Eisenstein reciprocity see Lecture 9 
of the beautiful book by P. Ribenboim 13 Lectures on F ermat's Last Theorem 
[206J. 

EXERCISES 

Throughout these exercises the notation is as in this chapter. 

1. Show that if 1 ~ n < q - 1, 1 ~ m < q - 1 then 
(a) J(ro-', ro- m) == -[(m + n)!jn!m!] (P) 
(b) If 1 < a < q - 1, a = ao + alP + ... + af_lpf - 1 then J(ro- 1, ro-(a-l) == 

ao (P). 

2. In the proof ta Theorem 2 we showed that 9 1 == Ap (&,2). 
(a) If 1 ~ a < P - 1 show ga == ( _1)a+ 1 A;/a! (&,a+ 1) where a. == f3 (&'") means 

ordao(a. - f3) ~ n. 
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(b) If the Stickelberger congruence go == (_1)1 +S(a)A.~(a)lao !al! ... a'_l!(&,l +S(O) 

holds for some 1 ::;; a < q - 1 and pa < q - 1 then show it also holds for gpa' 
(c) Establish the general Stickelberger congruence. 

3. Show that if m > 2 then g(p)p-l/2 is not an algebraic integer (see also Chowla 
[113]). 

4. Let r and s be positive integers mi- r + s. Show that (Jet;" xJ,» = pa where IX = 
l: {(rtlm) + (stim) - ([(r + s)t]lm»u,-1 the sum being over t, 1::;; t < m, 
(t, m) = 1. 

5. Check that the argument in Section 4 showing gl == A.p (&,2) is valid for p = 2, 
modd. 

6. If (r, pm) = 1, 1 ::;; r < pm, then g(P)"'-' E Q(em)' 

7. Verify Lemma 1 of Section 5. 

8. Let p == 1 (m), where m is prime. Without using Exercise 4 show that J(X, 1), 
1 ::;; k ::;; p - 2 is a product of distinct prime ideals each with exponent 1. Use 
Exercise 1 to determine the decomposition of J(X, Xk) and use Proposition 8.3.3 
to give a direct proof, in this case, of Theorem 2 (Kummer). 

9. Let KIF be a Galois extension with cyc1ic Galois group of order p and generator u. 
Define, for x E K,J(x) = 1 + x + xu(x) + ... + xu(x)··· UP-3(X). Let p be prime, 
F = Q(ep-I), K = Q(ep, ep-l)' Show that g(X) = H:} x(xK~ = epf(ep-Ie~-I), 
where t is a primitive modulo p, X(t) = ep-I and u is the automorphism of KIF 
for which u(ep-I) = ep-I and u(ep) = e~. Conc1ude that the Gauss sum is the great 
grandfather of cohomology theory (Kummer [164], p. 10). 

10. Use Theorem 2 to show that Q(g(p)m) is the fixed field of the decomposition group 
of p, also kilown as the decomposition field of p. 

11. For a prime I and positive integers r, s, and t satisfying r + s + t = I put H"s" = 
{h Ih E FI*, hr + hs + ht = I} where â' denotes the smallest nonnegative residue of a 
modulo 1. Show that H"s.t is a set of coset representatives for the subgroup of order 
2 in Ff, 

12. Consider the curve r over F p defined by y' = x'(l - xl, the notation being as in 
Exercise 11. 
(a) Show that the zeta function of r can be written z(u) = g(u)/(l - u)(l - pu), 

whereg(u) = Op(l + J(Xp,fp)u')wherePrangesovertheprimeidealsinQ(el) 
over p and the notation is as in the text; i.e., XP is the Ith power residue symbol. 

(b) Show that (JiP, fp» = pr.<1", where k E H"s". 
(c) Show that ifthe order of p modulo I (i.e.,f) is even, then complex conjugation is in 

the decomposition group of P. 
(d) Iffis even, (J(iP, z,» = (pfl2). 

(e) J(iP, z,) = upfl2, where u is an Ith root of unity. 
(f) Show that u = 1. 

(Exercises 11 and 12 are from a paper by B. H. Gross and D. E. Rohrlich [142].) 

13. Let I be prime, X "" Il a multiplicative character of FI' Put Bx = (111) l:~-:' \ ax(a). 
Consider the elements of the group ring of the Galois group G of Q(el)}O with 
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eoeffieients in 0«(1) defined by e/1/(I- 1» L~-:'\ x(a)-l au , (J = (1/1) L::~ tat-\ 

where aiCi) = (f. Show 
(a) exC(,)l:c 1«(,) = x( -1)(/ - n- 21. 
(b) -1 = (l - (,)«(, + 2(f + ... + (1- 1)(i- 1). 

(e) ei -(d(1 - (,» = Bxl:i(,)· 

(d) (Je x= -Belex, where one defines (L::l a,al)(L::~ bta,) = L::~ cta, with 
c, = Luv"I(I) aubv, 1::; u, v < l. 

(This exereise is taken from Iwasawa [157J, pp. 115-117.) 

14. Letpandlbeprime,1 > 3.lfp"# landa E k::[(zJisreal,(a, l) = 1 show that (a/p) I = 1. 

15. Let p "# I be primes, I > 3. Show 
(a) «(zlp), = (j(I-I)/f)«pf-I)/I), wherefis the order of p modulo l. 
(b) «(,M, = 1 implies pl-I == 1 (12). 

16. Read Satz 1039 and Satz 1041 in Landau [166J, VoI. 3. 

17. Let m = 1, an odd prime, and let fi' be a prime ideal in O«(pl) eontaining (1 - (,). 
Show 
(a) g(P) == -1 (1 - (1). 
(b) g(P) == -1 + c(1 - (,) (fi'2) with C E k::[(p]. 
(e) (-g(P»'" == (-g(P»' (fi'2) for (t, l) = 1 and a, the automorphism of O«(pl) 

sueh that a,«(p) = (p and a/(l) = (1. 
(d) g(P)"'-' == (-1)'+ I «1 - (1)2). 
(e) If 1 ::; a, b < 1, [ta + b then J(x'j" xi) == -1 (1 _ (,)2. 

This exereise is taken from Iwasawa [156]. 



Chapter 15 

Bernoulli Numbers 

In this chapter we will introduce an important sequence of 
rational numbers discovered by Jacob Bernoulli (1654-
1705) and discussed by him in a posthumous work Ars 
Conjectandi (1713). These numbers, now called Bernoulli 
numbers, appear in many different areas of mathematics. 
In thefirst section we give their definition and discuss their 
connection with three dţfferent classica/ prob/ems. In the 
next section we discuss various arithmetical properties of 
Bernou/li numbers including the C/aussen-von Staudt 
theorem and the Kummer congruences. The first of these 
results determines the denominators of the Bernoulli 
numbers, and the second gives information about their 
numerators. In the last section we prove a theorem due to 
J. Herbrand which re/ates Bernoulli numbers to the 
structure of the ideal class group of iQ«(p). The material 
in this section is somewhat sophisticated but we have in
cluded it anyway because it provides a beautiful and 
important application of the Stickelberger relation which 
was proven in the last chapter. 

§1 Bernoulli Numbers; Definitions and Applications 

We begin by discussing three problems, each of historic interest. 
The first concerns finding formulas for summing the kth powers of the 

first n integers. Jacob Bernoulli was aware of the following facts 

n(n - 1) 
1 + 2 + 3 + ... + (n - 1) = 2 ' 

2 2 32 (1)2 n(n - 1)(2n - 1) 
1 +2 + + ... + n- = 6 ' 

n2(n - 1)2 
13 + 23 + 33 + ... + (n - 1)3 = 4 ' 

as well as corresponding, less well known, formulas for exponents up to 10. 
For each exponent k the sum l k + 2k + ... + (n - l)k turned out to be a 
polynomial in n of degree k + 1. In his efforts to determine the coefficients 
of these polynomials for general k, Bernoulli was led to define the numbers 

228 
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which bear his name. He was completely successful in answering the original 
problem and proudly remarks (in his book Ars Conjectandi) that in less 
than a half of a quarter of an hour he was able to sum the tenth powers of 
the first thousand integers [220]. 

Another outstanding problem of that period was to evaluate the sum 

1 1 1 1 
(2) = 1 + "4 + "9 + 16 + 25 + ... 

and more generally (2m) where (s) = L::'; J n-S is the Riemann zeta 
function. After long effort L. Euler showed in 1734 that (2) = n2/6. 
Subsequently he determined (2m) for all positive integers m. 

The third problem is the celebrated Fermat's Last Theorem. If n is an 
integer greater than 2, Fermat asserted that xn + yn = z" has no solution 
in positive integers. This assertion has never been proved in general. It is 
easily seen that the conjecture is true if it is true whenever n = p, an odd 
prime. In 1847 E. Kummer proved the conjecture is true for a certain set of 
primes called regular primes. A prime p is called regular if it does not divide 
the class number of (!)«(p)' Furthermore, Kummer discovered a beautiful 
and elementary criterion for regularity which involves divisibility properties 
of the first (p - 3)/2 nonvanishing Bernoulli numbers. 

We will discuss these three problems in turn. 
Define Sm(n) = 1m + 2m + ... + (n - 1r. We first give a simple in

ductive method for.evaluating these sums. The binomial theorem implies 

(k + l)m+ 1 _ km+ 1 = 1 + (m 7 l)k + (m ; 1 )k2 + ... + (m; 1 )km. 

Substitute k = 0, 1, 2, ... , n - 1 and add. The result is 

nm+ 1 = n + (m 7 l)sJ(n) + (m; l)Sin) + ... + (m; l)Sm(n). (1) 
If one has formulas for SI(n), Sin), ... , Sm-l(n) then Equation (1) 

allows one to find a formula for Sm(n). Bernoulli observed that Sm(n) is a 
polynomial of degree m + 1 in n with leading term nm + l/m + 1. This follows 
easily by induction from Equation (1). AIso, the constant term is always 
zero. The value of the other coefficients is less obvious. By direct computa
tion one finds the coefficient of n to be -!, i, 0, -lo, 0, 12' 0, - 31°' 0, i6 
for m = 1, 2, ... , 10. Further empirical observation of the formulas led 
Bernoulli to the following definition and theorem. 

Definition. The sequence of numbers Bo' BJ, B2' ... , the Bernoulli numbers, 
are defined inductively as follows. Bo = 1 and if Bl' B2, . .. ,Bm-l are already 
determined then Bm is defined by 

m-J (m + 1) 
(m + l)Bm = - k~O k Bk' (2) 
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Written out this becomes the sequence of linear equations 

1 + 2BI = O 

1 + 3B 1 + 3B 2 = O 

1 + 4BI + 6B2 + 4B3 = O 

1 + 5B1 + lOB2 + 10B3 + 5B4 = O. 

One finds Bl = -t, B2 = t;, B3 = O, B4 = -lo, Bs = O, B6 = l2' ... , etc. 
We shall prove later that the nonzero Bernoulli numbers alternate in sign. 
Furthermore we shall see that the Bernoulli numbers with odd index bigger 
than 1 vanish. 

Lemma 1. Expand t/(el - 1) in a power series about the origin as Jollows 
t/(el - 1) = 2::'=0 bm(tm/m!). Then Jor ali m, bm = Bm. 

PROOF. Multiply both si des by el - 1 to obtain 

Equating coefficients of tm + 1 gives 1 = bo for m = O and 

f (m + l)bk = O 
k=O k 

in general. This is the same as the system of Equation (2) which defines the 
Bernoulli numbers. Since Bo = bo = 1 it folIows that Bm = bm for alI m. D 

We now give the answer obtained by Bernoulli to the question of eval
uating the sums Sm(n). 

Theorem 1. For m ~ 1 the sums Sm(n) satisJy 

(m + I)Sm(n) = kt (m ; 1 )Bknm+ l-k. 

PROOF. In ~I = 2::'=0 km(tm/m!) substitute k = 0, 1,2, ... , n - 1 and add. 
This results in 

00 tm 
1 + el + e21 + ... + e(n-I)1 = 2: Sm(n),. 

m=O m. 
(3) 

The left-hand side is 

Equating the coefficients of tm on the right-hand sides of Equations (3) 
and (4) and multiplying by (m + 1)! gives the result. D 
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We may reformulate the result of Theorem 1 by introducing an important 
class of polynomials known as Bernoulli polynomials. Define 

Bm(x)= Jo (:)BkXm- k. 

Thus B 1(x) = x - t, B2(x) = x 2 - x +!, etc. Then Theorem 1 may be 
stated as 

1 
Sm(n) = --1 (Bm+ 1(n) - Bm+ 1)' m+ 

We remark in passing that Lemma 1 yields an easy proof that B2k+ 1 = O 
for k ~ 1. Since B1 = -t we have 

t t 00 ~ 

fi - 1 + 2" = 1 + k~2Bk kl" 

The left-hand side is the same as (t/2)«et + 1)/(et - 1» which is un
changed if t is replaced by - t, i.e., it is an even function of t. This implies the 
coefficients of odd powers of t on the right-hand side are zero. 

We now turn to the relationship between Bernoulli numbers and the 
numbers (2m) for m = 1, 2, 3, .... The following result is due to Euler and 
constitutes one of his most remarkable ca1culations. For the history of this 
result and its relation to the functional equation of the Riemann zeta function 
the reader should consult the article of Raymond Ayoub [88]. 

Theorem 2. For m a positive integer 

)m+ 1 (2n)2m 
2(2m) = (-1 (2m)! B2m · 

PROOF. The proof ofthis result requires a fact from classical analysis. Namely, 
we need the partial fraction expansion for cot x. 

1 00 x 
cot x = - - 2 I 2 2 2 • 

X n=1nn-x 
(4) 

There are several ways to derive this expansion. Perhaps the simplest 
way is to substitute t = 1 in the Fourier expansion of cos (Xt. Alternatively, 
the result follows from taking the logarithmic derivative of the infinite 
product expansion of sin x 

sin x = x Il 1 - 22 . 00 ( x2 ) 
n= 1 n 11: 

This is a standard result in texts on complex variables but it is possible 
to give a completely elementary proof (see Chapter 2 of Koblitz [162]). 
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Using the formula for the geometric series we can expand the right-hand 
side of (4) in a power series about O. This yields 

00 x2m 
xcotx = 1 - 2 I (2m)z;;;. 

m=l n 

We expand the left-hand side of Equation (5) in another way. Recall 

eix + e- ix 

cos x = 2 and 

From these expressions we derive 

eix _ e- ix 

sin x = ----::---
2i 

. 2ix 00 (2ix t 
xcotx = IX + 2ix 1 = 1 + I Bn --,-. 

e - n=2 n. 

(5) 

(6) 

Comparing coefficients of x 2m on the right-hand sides of Equations (5) 
and (6) yields 

This is Euler's result. o 

As examples, take m = 1,2 and 3. Since B2 = i, B4 = -lo, and B6 = i2 
we tind (2) = n2/6, (4) = n2/90, and (6) = n6/945. 

A consequence of Theorem 2 is that ( _1)m+ 1 B2m > O for m ~ 1. This is 
because '(2m) is a positive real number for such m. Thus, the even indexed 
Bernoulli numbers are not zero and alternate in sign. 

Theorem 2 also enables one to estimate the growth of B2m . Namely, 
one sees 

2(2m)! 
IB2m l > (2n)2m' (7) 

Here we have used the simple observation that (2m) > 1. Using the 
obvious inequality en > nn /n! (look at the series expansion for en) we tind 

( m)2m 
IB 2m l > 2 ne . (8) 

This shows that the even indexed Bernoulli numbers grow at a very rapid 
rate. A consequence which we will use later is I B2n/2n I -+ 00 as n -+ 00. 

We summarize the above properties of Bernoulli numbers in the following 
proposition. 

Proposition 15.1.1 

(a) For k > 1 and odd, Bk = O. 
(b) (_1)m+ lB2m > Ofor m = 1,2, .... 
(c) IB2m/2ml-+ 00 as m -+ 00. 
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The third problem that we discuss in this section deals with the relationship 
between Bernoulli numbers and the Fermat equation xP + yP = zp. This 
discussion will be purely expository for the result of Kummer is quite deep 
and requires analytic techniques that we have not developed. However we 
will introduce the important notion of a regular prime and state the Claussen
von Staudt congruence which we will prove in the following section. First of 
alI we introduce the notion of a p-integer. 

Let p be a prime number. A rational number r E O is said to be a p-integer 
if ordir) ~ O. In other words r is a p-integer if r = alb, a, b E 7L and p..r b. 
One also says with slight ambiguity that p does not divide the denominator 
of r. It is an important observation that the set of p-integers forms a ring. 
Denotethisringby7Lp .lfrandsbelongto7Lp writer == s(p")ifordp(r - s) ~ 
n, or equivalently, if r - s = alb, p..r b and pn I a, a, b E 7L. The folIowing 
theorem proved independently by T. Claussen and C. von Staudt describes 
the denominator of B2m . No such complete description ofthe prime divisors 
of the numerator is known. 

Theorem 3. For m ~ 1, B2m = A2m - Lp- 112m lip where A2m E 7L and the 
sum is over ali primes p such that p - 112m. 

Corollary. lf P - 1 ..r 2m then B2m is a p-integer. lf p - 112m then pB2m + 1 
is a p-integer. More precisely ifp - 112m then 

ord(pB2m + 1) = ord P(B2m +~) = 1 + ord(B2m +~) ~ 1 

50 that pB2m == -1 (P). Finally we notice that 6 always divides the denominator 
of B2m , m ~ 1, since 2 - 1 and 3 - 1 divide 2. 

Kummer introduced the notion of a regular prime as follows. 

Definition. An odd prime number PE 7L is said to be regular if p does not 
divide the numerator of any of the numbers B2' B4' ... , Bp - 3 • If P is not 
regular it is called irregular. The prime 3 is regular. 

By the corollary to Theorem 3, B2' B4' ... ,Bp _ 3 are p-integers. Therefore 
p is regular if ordp B2i = O for i = 1, ... , (p - 3)/2. It is easily seen that the 
units in 7Lp are precisely the elements x with ordp x = o. Thus p is regular 
if B2' B4' ... , Bp _ 3 are units in 7Lp • Equivalently p is irregular if some B2io 
1 < i ~ (P - 3)/2 is a nonunit in 7L p • The first irregular primes are 37 and 
59 for it is known that ord37(B 32) = 1 and ordS9(B44) = 1 [234]. The 
first few irregular primes are 37, 59, 67, 101, 103, 149 and 157. It was proven 
by Jensen in 1915 that there are infinitely many irregular primes of the form 
4n + 3. In the next section we give a short proof due to L. Carlitz (1953) 
that infinitely many irregular primes exist. It has not been proven that 
infinitely many regular primes exist. This is somewhat unfortunate in view 
of the folIowing remarkable result of Kummer (1850). 
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Theorem 4. Let p be a regular prime. Then x P + yP = zP has no solution in 
positive integers. 

Actually Kummer proved that Fermat's conjecture is true if p does not 
divide the class number of Q(,p)' In other words the criterion is that for any 
nonprincipal ideal A in Z['pJ, AP is not principal. This condition is equivalent 
to the regularity of p. We will not prove this, but the material in the third 
section of this chapter is closely related. 

C. L. Siegel has given a plausible argument to suggest that the density of 
irregular primes is 1 - e- 1/2 = 0.3935 ... W. Johnson has checked this for 
primes less than 30,000 with good results [159J. S. Wagstaff has established 
the validity of Fermat's conjecture for all primes less than 125,000 [234]. 
Furthermore the information found by Johnson has now been extended by 
him to all primes less than 125,000 [234]. 

If a prime p is irregular one can ask how many nonzero Bernoulli numbers 
in the set {B 2, B 4, ... , B p- 3} are divisible by p. This n umber is called the 
index of irregularity of p. The firsţ prime of index 2 is 157. One of the most 
remarkable discoveries made with t4e aid of the computer is the existence 
of two primes of index 5 [234]. Finally we point out that thus far no pair p, 
B 2i , 1 ~ i ~ (p - 3)/2 has been found for which ordp B2i > 1. For the 
above remarks and their relation to the celebrated Iwasawa invariants see 
the paper by W. Johnson in the bibliography. 

§2 Congruences Involving Bernoulli Numbers 

We will now prove a number of arithmetic properties of the Bernoulli 
numbers. 

To begin with we direct our efforts toward proving Theorem 3 of the 
preceding section. Notice that for m ;;:: k one has 

(m: 1) = m:: ~ 1 (;) 
as follows immediately from the definition of the binomial coefficients. Thus, 
Theorem 1 of the last section becomes 

m (m) nm + 1 - k 

Smen) = I k Bk 1 k' 
k=O m + -

(9) 

Now, using (i:) = (m~k) we see that 

Smen) = k~O (;)Bm- k t: 11 

= B n + (m)B -1 n2 + ... + nm
+ 1 . 

mIm 2 m+1 (10) 

In addition to Equation (10) we need the following simple lemma. 
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Lenuna 1. Let p be a prime number and k 2:: 1 an integer. Then 

(a) l/(k + 1) is p-integral. 
(b) pk/(k + 1) == O(P) ifk 2:: 2. 
(c) l-2/(k + 1) is p-integral ifk 2:: 3 and p 2:: 5. 

235 

PROOF. To prove (a) we show that k + 1 ~ pk for k 2:: 1. If k = 1 the result is 
true. If k + 1 ~ pk then k + 2 ~ pk + 1 < 2l ~ pk+l. Now write k + 1 = 
paq where (q, p) = 1. Then pk/(k + 1) = pk-a/q. Since l/(k + 1) 2:: 1 we 
conclude that k 2:: a, Le., we have proven (a). To prove (b) we notice that 
k + 1 < pk for k 2:: 2. The proof is the same as for (a). Therefore k > a 
which proves (b). 

As for part (c) use induction to show that k + 1 < l-2 for k 2:: 3 and 
p 2:: 5. This time one concludes that k - 2 > a, so that pk-2/(k + 1) = 
pk-2-a/q is p-integral (and in fact divisible by p). O 

Proposition 15.2.1. Let p be a prime and m 2:: 1 an integer. Then pBm is p
integral. Ifm 2:: 2 is even then pBm == Sm(P) (P). 

PROOF. The tirst assertion states that if p divides the denominator of Bm then 
p2 does not. First of alI, pBl = - p/2 which is indeed p-integral for alI p. 
We proceed by induction. 

Suppose m > 1. Applying Equation (10) with n = p we see that, since 
Sm(P) E Z, it suffices to prove that 

( m) nk+ 1 (m) pk 
k Bm-k k + 1 = k pBm-k k + 1 (11) 

is p-integral for k = 1,2, ... , m. By induction pBm-k is p-integral for k 2:: 1. 
Aiso by Lemma 1, part (a), pk /(k + 1) is p-integral.lt folIows pBm is p-integral. 

To establish the congruence it is enough to show that 

ordp(~)(PBm-k k : 1) 2:: 1 for k 2:: 1. 

By Lemma 1, part (b) this is true for k 2:: 2. For k = 1 we need to show 

ordp ( I (PBm - l)P ) 2:: 1, 

which is also true since m is even. Actually, for m even, Bm-l = O for m 2:: 4, 
and so it is only necessary to check it for m = 2 where it is obvious. O 

Lenuna 2. Let p be a prime. Then if p - 1 % m, Sm(P) == O (P). If p - Iim 
then Sm(P) == -1 (p). 

PROOF. Let g be a primitive root modulo p. Then 

Sm(P) = 1 m + 2m + ... + (p - lr 

== lm + gm + g2m + ... + g(p-2)m(p). 
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Thus (gm - l)Sm(P) == g"'(P- 1) - 1 == O (p). If p - 1 % m then gm t= 1 (P) and 
Sm(P) == O (P). On the other hand, if p - 11 m then Sm(P) == 1 + 1 + ... + 1 == 
p - 1 == -1 (p). D 

We are now in a position to prove Theorem 3. Assume m is even. Then by 
Proposition 15.2.1 we know pBm is p-integral and pBm == Sm(P) (P). By the 
lemma just proven it follows that Bm is a p-integer if p - 1 % m and pBm == 
-l(P)ifp -Iim. Thus 

1 
Am = Bm + L -

p-llmP 

is a p-integer for all primes p. It follows that Am E 7L and the proof is complete. 
The reader may suspect by this time that the consequences of Equation 

(10) have not been exhausted. The following proposition is another important 
consequence of that equation. Write the mth Bernoulli number Bm = U "jVm 
where (Um , Vm) = 1. We are assuming m to be even. 

Proposition 15.2.2. lf m is even, m ~ 2 then for alt n ~ 1 we have 

VmSm(n) == Umn (n2). 

PROOF. Consider the terms in Equation (10) for k ~ 1 and fixed n 

(~)(Bm-k kn:
1
1)n2 = Arn2

• 
(12) 

We will show that for pin and p oF 2, 3 ordp(Ak') ~ O. Furthermore if 21 n 
then ord2(Ar) ~ -1 and if 31 n then ord3(Ar) ~ -1. This will imply that 
the greatest common divisor of n and the denominator of Ar is a divisor of 
6 and thus this will also be true of the sum of the A~. In other words one 
can write 

An2 

Smen) = Bm n + IB' 

where (B, n) = 1 and 116. Multiplying by BVm and recalling that 61 Vm by 
Corollary 2 to Theorem 3 the result follows immediately. 

In order to prove the ordp estimates we use the Corollary of Theorem 3 
which implies that ordp(Bm- k) ~ -1 for all m - k ~ O and all p. Assume 
first of all that p oF 2, 3, pin. The cases k = 1, 2 are simple by inspection 
using the fact that Bt = O for t > 1 and odd, and that B1 = -!, and that 
ordp 3 = O. If k ~ 3, then 

ordp ( Bm-k kn: 11) ~ -1 + (k - 1) ordp n - ordp(k + 1) 

~ k - 2 - ordp(k + 1) ~ O (13) 

by part (c) of Lemma 1. 
Consider now p = 2. If k = 1 then Bm-l = O for m > 2 (m is even) 

while for m = 2, Ar becomes 2· Bl . t = -! which has ord -1. For k > 1 
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we notice that Bm _ k = O unless k is even or k = m - 1. But k even implies 
ord2(k + 1) = O while for k = m - 1, A:::- 1 = _!nm - 2 which has ord2 

gre ater than or equal to -1. 
Finally consider the case p = 3,31 n. Then ordiAi) ~ -1 and ordiA3') ~ 

1 as one easily checks. But for k ~ 4 one shows exactly as in the lemma that 
ord3(3k - 2/(k + 1» ~ O so that ordiA;:') ~ O. This completes the proof. O 

As a simple numerical illustration of this proposition consider B 2 = i, 
u 2 = 1, V2 = 6 and let n = 6. The congruence reads 

6(12 + 22 + 32 + 42 + 52) == 6 (36) 

and more generally 

Corollary. Let m be even and p a prime such that p - 1 ,r m. Then 

Sm(P) == BmP (p 2 ). 

PROOF. By Theorem 3, p,r Vm. In the proposition, put n = p, and divide 
both sides of the resulting congruence by Vm which is permissible since 
p,r Vm· The result follows. D 

We are now in a position to prove the very useful congruences of G. 
Voronoi. According to the book of U spensky and Heaslet [230], V oronoi 
discovered these congruences in 1889 while stiH a student. 

Proposition 15.2.3. Let m ~ 2 be even and define U m and Vm as in the last 
proposition. Suppose a and n are positive integers with (a, n) = 1. Then 

(am - I)Um == mam-lVmnf.'r-l[jaJ (n), 
j=' n 

(14) 

where [Il(] is the unique integer k such that k :$; Il( < k + 1. 

PROOF. For 1 :$; j < n write ja = qjn + rj where O :$; rj < n. Then Ua/n] = 
qj and since (a, n) = 1 the two sets {1, 2, 3, ... , n - 1} and {r" r2"'" rn-d 
are identical. By the binomial theorem 

ram == rj + mqjnrj-l (n 2 ). 

Since rj == ja (n) we have 

ram == rj + mam- 1n[j: Jr- 1 (n 2 ). 

Summing over j = 1, 2, ... , n - 1 gives 

Sm(n)am == Smen) + mam-lnnilr-l[jaJ (n2). 
j= 1 n 

The result now follows from the congruence of Proposition 15.2.2. O 
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Corollary. Let p be a prime, p == 3 (4). Set m = (p + 1)/2. Then ifp > 3 

where (x/p) denotes the Legendre symbol. 

PROOF. Notice m - 1 = (p - 1)/2 so by Euler's criterion am - 1 == (a/p) (p) 
for aII integers a. 

In Voronoi's congruence set a = 2 and n = p. Using the above remark 
we find 

Now, [2j/p] = O for 1 5:, j < m - 1 and [2j/p] = 1 for m 5:, j < p. Also, 
2m == 1 (P) and p"r Vm by Theorem 3. Thus 

Since '2.]:: f U/p) = O, the proof is complete. o 

This coroIIary can be used to prove an interesting resuIt relating cIass 
numbers to Bernoulli numbers. Let p be a prime, p == 3 (4) and consider the 
imaginary quadratic number field Q(J=P). Let h denote its cIass number. 
It can be shown that if p > 3 

2- - h- '2. -( (2)) (x) 
P 15,x<p/2 P 

For a proof, see Chapter 5, Section 4 of the book by Borevich and 
Shafarevich [9]. Combining the coroIIary with this formula for h gives the 
foIIowing remarkable congruence. 

h == - 2B(p+ 1)/2 (p). 

The Voronoi congruences lead to many properties of Bernoulli numbers. 
The foIIowing proposition is often attributed to J. C. Adams. It gives some 
information about the numerator of Bm. 

Proposition 15.2.4. lf P - 1 "r m then Bm/m is a p-integer. 

PROOF. By Theorem 3, Bm is a p-integer. Write m = ptmo where p"r mo. 
In the Voronoi congruence, Equation (14), put n = pt. Then (am - 1)Um == 
O (l). Choose a to be a primitive root modulo p. Since p - 1 "r m we have 
p"r am - 1. Thus, Um == O (pt), and Bm/m = Um/mVm is a p-integer. O 
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As a numerical illustration take m = 22 and p = 11. Then B22 = 
11·131· 593/2·3·23 so B 22/22 is integral at 11. Indeed it is a unit at 11. 
As a further example take m = 50 and p = 5. One can factor B 50 as follows 

B _ 5·5·417202699·47464429777438199 
50 - 2.3.11 

Clearly, B50/50 is a unit at 5. Less clear is the fact that the 17 digit number 
in the numerator is a prime! 

The following theorem in the case e = 1 is due to Kummer. These con
gruences are now referred to as the Kummer congruences. 

Theorem 5. Suppose m ~ 2 is even, p a prime, and p - 1 ,r m. Define Cm = 
(1 - pm-1)Bm/m. IJm' == m (cP(pe)) we ha ve Cm, == Cm (pe). 

PROOF. Write, as usual, Bm = Um/Vm. Let t = ordpm. Proposition 15.2.4 
shows p/l Um. In Equation (14) set n = pe+l. Since pl divides both m and Um 
we may divide the resulting congruence throughout by pl. Since (m/pl)Vm 
is prime to p we arrive at the following congruence 

( m l)B pe+t-1 [' ] a - m = m- 1 " 'm-1 ~ (pe) - a i.. ] e+1 . 
m j=1 p 

(15) 

This congruence willlead the way to a full proof of the theorem. We will 
give the proof first in the case e = 1. This case reveals the main idea, which 
is quite simple, and avoids a slightly messy calculation which is necessary 
whene> 1. 

In the above congruence assume e = 1. On the right-hand side we may 
omit those j which are divisible by p. If p ,r j, then jP- 1 == 1 (p). AIso, since 
p,r a, aP - 1 == 1 (p). Thus modulo p the right-hand side is unchanged if 
we replace m by m' with m' == m (p - 1). It follows that 

_(a_m'_------,---l)_Bm_, = (am - l)Bm ( ) 
m' - m p. 

Choose a to be a primitive root modulo p. Since p - 1 ,r m we have 
am' - 1 == am - 1 t= O (P). Consequently, 

Bm' _ Bm( ) -, =-p. 
m m 

When e > 1 this procedure must be modified because the terms involvingj 
divisible by pare not so easily disposed of. What we do is to separate them 
out and rewrite the corresponding sum. More precisely, 

pe+t-1 [' ] p.+t-1 [' ] p.+t-I-1 [' ] 
" 'm-1 ~ = " 'm-1 ~ + m-1 " 'm-1 _za_ 
.i.. ] pe+1 .i.. ] pe+1 P .i.. z pe+I-1' 
J=l J=1 ,=1 

(p, j)= 1 
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Consider the congruence (15) with e replaced by e - 1 and recaIl that 
m - 1 ~ 1. We tind 

p a - m = m-1 m-1 " 'm-1 _za_ (pe) m-1( m 1)B p.+t-1-1 [' ] 

- paL" z e+t- 1 • 
m i=1 p 

Putting all this together, yields 

-p a - m= m-1 " :m-1~ (e) (1 m-1)( m 1)B p.+t-1 ['] 

- a L" ] e+t p. 
m j=1 p 

(16) 

(p, j)= 1 

If p,r j, and m' == m (q,(pe)) then r'-1 == r-1 (pe). Thus the right-hand 
side of (16) is unchanged modulo pe if m is replaced by m' with m' == m (q,(pe)). 
The proof now proceeds exact1y as in the case e = 1 and yields the fuIl 
result. O 

We make a short detour to indicate a modern interpretation of the 
Kummer congruences. 

RecaIl the Riemann zeta function (s) = I:'= 1 n-s. In Exercise 25 of 
Chapter 2 we mentioned that (s) can be extended to a function holomorphic 
on the entire complex plane except at s = 1 where it has a simple pole with 
residue 1. Moreover, it can be shown that (s) satisties the functional equation 

(1 - s) = 2(2n)-S cos(;)r(S)(S). 

The r-function is defined and discussed in Chapter 16, Section 6. AlI we 
require here is the fact that r(m) = (m - 1)! when m is a positive integer. 

Assume m ~ 2 is an even integer. Combining the above functional 
equation with Theorem 2 we tind 

Detine (*(s) = (1 - p-S)(s). Then (*(1 - m) = -(1 - pm-1)Bm/m and 
Theorem 5 states that if m' == m (q,(pe)) then 

(17) 

For a tixed prime p, the function d(n, m) = p-ordp(n-m) detines a metric 
on 7l., the p-adic metric. In this metric two integers are close if their difference 
is divisible by a high power of p. The congruence (17) may be stated informaIly 
as follows: if m' and mare close p-adicaIly, and m' == m (p - 1), then (*(1 - m') 
and (*(1 - m) are close p-adically. This suggests the possibility of extending 
(* to the metric completion of 7l., the ring of p-adic integers. These ideas 
were made precise by H. Leopoldt and T. Kubota who were the tirst to 
construct p-adic zeta functions and investigate their properties. Since then 
many other approaches have been devised. In the method due to B. Mazur 
the BernouIli numbers are expres sed as a certain p-adic integral of the 



§3 Herbrand's Theorem 241 

functions x m• The Kummer congruences have a very natural proof in this 
context. For details the reader is referred to Chapter 2 of [162]. The truly 
remarkable fact that properties of p-adic zeta functions (and p-adic L 
functions) are intimately related to the structure of class groups of cyclo
tomic fields is due to K. Iwasawa. Iwasawa gives a rather condensed and 
austere account of his theory in his monograph [155]. Another exposition 
of these matters is found in S. Lang [167]. 

We conclude this section with an application of Theorem 5. Namely 
we will prove that there exist infinitely many irregular primes. This proof 
is due to L. Carlitz [105]. 

Theorem 6. The set ofirregular primes is infinite. 

PROOF. Let {Pl' ... , p.} be a set of irregular primes. We will find an irregular 
prime not in this set. 

Let k ~ 2 be even and set n = k(pt - 1) ... (Ps - 1). If the set is empty 
choose n = k. By Proposition 15.1.1, part (c), choose k so large that I Bn/n I > 
1. Choose a prime p with ordp(Bn/n) > O. By Claussen-von Staudt p - 1,r n. 
Thus p # P;, i = 1, ... , s. AIso p # 2. We will show that p is irregular. 

Let n == m(p - 1) where O::; m < p - 1. TheJl m is even and moi O. 
Thus 2 ::; m ::; p - 3. By the Kummer congruence 

Bn == Bm(p). 
n m 

Since ordiBn/n) > O and ordiBn/n - Bmfm) > O it follows that 

ordp(~m) = ordp Bm > O 

which shows that p is irregu1ar. 

§3 Herbrand's Theorem 

D 

Let Dm be the ring of algebraic integers in the cyclotomic number field 
Q«(m) and let P be a prime ideal of Dm not containing m. Thus if p is the 
rational prime in P then p,r m. In Section 3 of Chapter 14 we associated 
to P a Gauss sum g(P) and showed g(pr = <'P(P) E Dm. The Stickelberger 
reIat ion proved in Theorem 2 ofthat section gave the prime ideai decomposi
tion of <'P(P) in Dm, namely 

(<'P(P)) = pl:.ta,- '. 

Here the exponent is an element of the integral group ring Z[G] of the 
Galois group G of Q«(m) and t ranges over the integers between 1 and m 
which are relatively prime to m. The automorphism (ft sends (m to (:,.. We 
remind the reader that the above exponential notation is a shorthand for 
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(<J>(P» = O(t,m);l (Ut-l(P»)'. If A is an ideal relatively prime to m then A 
l=:;t<m 

is a product of prime ideals not containing m. It follows that AIt<1,-t is prin-
cipal. The following proposition will be needed. We postpone the proof 
untillater. 

Proposition 15.3.1. Let K be an algebraic number field and let M be a fixed 
ideal in the ring ofintegers of K. Then every ideal class of K contains an ideal 
prime toM. 

If IX is in the group ring Z[ G] where G is the Galois group of O«m) then IX 

operates in the obvious way on the ideal class group of O«(m)' The above 
proposition implies that if IX = I tu t- 1 then IX sends every ideal class to the 
identity class. One says that IX annihilates the class group. It is natural to 
ask if there are other such elements of the group ring. Further annihilating 
elements are given below. First we need a definition. 

Definition.The element f) = I<tlm)u t- l , where t runs over a set of re
presentatives for the residue classes relatively prime to m, is called the 
Stickelberger element. Here <tim) denotes the fractional part of tim, which 
depends only on the residue of t modulo m. (} is an element of the rational 
group ring O[G]. If b is an integer prime to m let rb = (Ub - b)8. 

The following proposition, whose proof we will postpone, is very important. 

Proposition 15.3.2. The elements rb are in Z[G] and annihilate the class group. 

We will see later that this proposition follows without much difficulty 
from the Stickelberger relation. 

With these preliminaries and assumed propositions in mind we proceed 
to the principal goal of this section, the statement and proof of Herbrand's 
theorem. 

Let m = 1, an odd prime. Roughly speaking, Herbrand's theorem states 
that if 1 does not divide a certain Bernoulli number, then a piece of the class 
group of 0«(1) is missing. To make this statement precise we need a few 
definitions. 

Let .si be the subgroup of the ideal class group of 0«(1) con si sting of 
elements whose order divides 1. In other words, an ideal class is in .si if it 
contains an ideal whose lth power is principal. 

Definition. Let 1 ::;; i ::;; 1 - 1. Define 

.sIi = {AE.sIIA<1, = At \ 1::;; t < l}. 

It is easily seen that each .sIi is a subgroup of .si. AIso, since each element 
of .si has order dividing 1, the exponents can be computed modulo 1, i.e., 
.si is acted on by the group ring ZI1Z[G]. If t E Z we denote by t its residue 
class modulo 1. 
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Lemma 1 . .91 is the direct product ofthe d i • In other words, .91 = .911.912 ", 

.91/- 1 and d i n d j = e (the identity class) ifi #- j. 

PROOF. For each i with 1 ~ i ~ 1 - 1 we define elements 8 i E Z/IZ[G] by 
the formula 

/-1 

8i = - L (-i(Jt· 
t; 1 

Replacing t by ts in the formula leads to the reIat ion (Js8 i = Si8i provided 
that l,r s. It follows that d ei ~ d i . On the other hand, if A E d i then 

A'i = A-l:/- iu, = A-(l-l) = A. 

It follows that d 'i = .91 i' 
By Lemma 2 of Section 2 we see that 8 1 + 8 2 + ... + 8/-1 = (J 1, the 

identity automorphism. Thus 

= d e'd'2···de,-, = .91 1.912 ••• .91/- 1 , 

Suppose i #- j and A E d i n d j • Then AU, = Ati = AtJ. We can choose t 
to be a primitive root modulo l. Then ti t= t j (/). Since Ati - tJ = e and A has 
order dividing 1 it follows that A = e. O 

The following theorem of J. Herbrand [149] gives a Bernoulli ctiterion 
for the triviality of d i • The proof emerges rrom the interplay of the Stickel
berger reIat ion and the Voronoi congruences. 

Theorem 7 (1. Herbrand). Let i be an odd integer 1 ~ i < 1 and define j by 
i + j = 1. 

Then .91 1 = (e). Ifi ;;::: 3 and l,r Ej then d i = (e). 

PROOF. Let A E .91 l' Then, by Stickelberger's relation 

This shows .91 1 = (e) as asserted. 
Now suppose i is odd and 3 ~ i ~ 1 - 2. Let A E d i . By Proposition 

15.3.2 Arb = e where b is any integer prime to 1. We analyze this relation 
more carefully. 

By definit ion rb = «(Jb - b)O. Now, 

(Jb O = L <t/l)ab(Jt- 1 = L <t/I)(JbJ't = L <bt/I)(Jt- 1• 

Thus 
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Write bt = qtl + St with O ::;; St < l. Then <btjl) - b<tjl) = Stjl - btjl = 
- qt = - [btjl]. This shows rb = - L [btjl]O"t- 1 E Z[ G]. 

Suppose A E d i • Applying O"t- 1 to A has the effect of raising A to the 
power t' - 1 - i = t j - 1. Thus, applying rb to A has the effect of raising A to 
the power - L [btjl]t j - 1. 

Write Bj = U)~ with (Uj , ~) = 1. The Voronoi congruence, Pro
position 15.2.3, shows after some relabeling 

(bj - I)Uj == jbj-1 ~'~1 [btJtj-l (l). 
t= 1 1 

By the previous observations the right-hand side of this congruence 
annihilates any element A E d i • Thus, for such an element A(bi -l)Ui = e. 
Choosing b to be a primitive root modulo 1 we see 1 {~ - 1 and so AUi = e. 
If 1 { Bj, then 1 { Uj and so A = e. Thus 1 { Bj implies d i = (e) as asserted. 

D 

We remark that the con verse of Herbrand's theorem was established by 
K. Ribet in 1976 [208]. Namely, he showed that if j is even and 2 ::;; j ::;; 
1 - 3 then llBj implies d i #- (e) for i = 1 - j. This beautiful existence 
theorem depends on subtle arithmetic properties of modular forms and is, 
unfortunately, beyond the scope of this book. 

Write d = d+ d- where d+ = d 2 d 4 ••• d ,- 1 and d- = d 3 d 5 ••• 

d ,- 2 • Then d = d+ d- and d+ n d- = (e) (see Exercise 23). The 
theorem of Herbrand implies I d-I = 1 if 1 { Bj for j = 2, 4, ... , 1 - 3. 
This was already known to Kummer who also showed, in essence, that 
Id-I = 1 implies Id+ I = 1. Thus, as we mentioned earlier, Kummer 
showed that 1 { Bj for j = 2,4, ... , 1 - 3 implies the class number of 0«(,) is 
not divisible by l. 

One of the most famous open problems in algebraic number theory is 
the conjecture of H. S. Vandiver. This states that the group d+ of the 
previous paragraph is always trivial. It is not too hard to show this is equi
valent to the assertion that the class number of 0«(, + (,- 1) = 0(cos(2njl) 
is not divisible by l. Vandiver made this conjecture around 1920. See his 
article on Fermat's Last Theorem [231]. If true the conjecture has many 
important consequences. S. Wagstaff has shown Vandiver's conjecture 
is true for alI primes less than 125,000. This seems to be impressive evidence, 
but Larry Washington has shown on probabilistic grounds that 125,000 
is too small for the evidence to be convincing. 

We conclude this chapter by giving proof of Propositions 15.3.1 and 
15.3.2. 

We begin with Proposition 15.3.1. Let K be an algebraic number field 
and D its ring of integers. Let M c D be a fixed ideal. For any ideal A in D 
let A denote its ideal class. Given A we will construct an ideal C such that 
(C, M) = 1 and A-l = C. This shows the inverse of any class contains an 
ideal prime to M. Thus every class contains an ideal prime to M. To construct 
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C we proceed as follows. Let {P 1 , Pz , ... , Pt } be the set of primes divid ing 
M which do not divide A. This set may be empty. If P I A let, as usual, a(P) = 
ordp A denote the exponent of P in the prime decomposition of A. Choose 

n(P) E pa(P) _ pa(P)+ 1. 

By the Chinese Remainder Theorem we can find an a E D such that 

a == n(P)(pa(P) + 1) for PIA 

a == 1 (P;) for i = 1, 2, ... , t. 

One checks easily that (a) = AC with (C, M) = 1. Thus A-l = C and 
the proof is complete. O 

Finally, we turn to the proof of Proposition 15.3.2. We will need the 
following lemma which is proven in the same way as the special case m = 1 
done during the proof of Theorem 7. 

Lemma 2. Let G denote the Galois group of <IJ«(m)/<IJ. The element rb = 
(ab - b)() E Z[G]. lnfact, rb = - I [bt/m]a t-

1 where the sum is over 1 :::; t < 
m with (t, m) = 1. 

Let P be a prime ideal in Dm the ring of integers in <IJ«(m)' Assume m 1= P 
and let P Îl Z = (p). As in Section 3 of Chapter 14 we associate a Gauss 
sum g(P) to P. We know g(P) E <IJ«m, (p) = <IJ«(pm)' 

Lemma 3. Let b be an integer prime to m. Determine b' by the conditions 
b' == b (m) and b' == 1 (P). Let ab' be the corresponding automorphism of 
<IJ( (pm)' T hen 

g(p)""'-b E <IJ«(m)' 

PROOF. The automorphisms of <IJ«(pm) which leave (m fixed are of the form 
ac where (c, pm) = 1 and c == 1 (m). Let 

o'b(P) = g(P)"b,-b. 

We will show o'b(P)"c = o'b(P), This proves, by Galois theory, that o'b(P) E 

<IJ«(m)' 
Recall that g(P) = I Xp(t)ljJ(t) where the sum is over a reduced residue 

system modulo m. Since Xp(t) E <IJ«(m) and ljJ(t) E <IJ«(p) we have 

and 

Thus 

g(P)"b' = I Xit)bljJ(t) 

g(p)"b'''C = I Xit)bljJ(ty 

= I Xp(t)bljJ(ct). 

(1) 
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Similarly, we tind 

(2) 

Raising both sides of (2) to the bth power and dividing the result into 
Equation (1) give Qb(P)Uc = Qb(P) as asserted. O 

We are now in a position to complete the proof of Proposition 15.3.2. 
Let P c Dm be a prime ideal not containing m. Stickelberger's relation 
asserts that g(pr E 1(J)«(m) and (g(pr) = p mIJ. Applying (Jb - b to both 
sides shows that (Qb(pr) = pmrb. By Lemmas 2 and 3 above, this becomes, 
in Dm, the equation (Qb(p)r = (prb)m. It follows from unique factorization 
for ideals that prb = (Qb(P». Thus p'b is a principal ideal and therefore 
Arb is principal for any ideal A relatively prime to (m). By Proposition 
15.3.1 we conclude that rb annihilates the class group of Dm. This completes 
theproof. O 

NOTES 

In 1960 Vandiver published a survey article in which he remarks that some 
1500 papers on Bernoulli numbers had been published [232]. Clearly, 
this sequence of numbers has considerable fascination and importance. 
The most extensive treatise that has appeared on Bernoulli numbers is the 
classic by N. Nielsen [199]. A more accessible modern source is the tirst 
two chapters of the book on analytic number theory by H. Rademacher 
[204]. This book has an exposition of the Euler-MacLaurin summation 
formula, an important application of the Bernoulli numbers which we have 
not considered. 

The evaluation of (s) at the positive even integers by Euler was a major 
accomplishment. It is surprising that almost nothing is known about the 
values of (s) at positive odd integers. In 1978 the French mathematician 
R. Apery created a sensation by tinding an extraordinarily ingenious proof 
that (3) is irrational. See the entertaining article by A. van der Poorten 
[233]. 

The relation of Bernoulli numbers to Fermat's Last Theorem and the 
arithmetic of cyclotomic number tields is very close as is evident from the 
numerous references to them in the scholarly book by P. Ribenboim [206]; 
see, in particular, Section 2 of Lecture VI. The short expository article by 
Vandiver [231] is also worth consult ing. 

The paper [159] by Johnson has a very readible discussion ofregular and 
irregular primes and mentions a number of interesting open problems. 
We follow his brief history of the ca1culation of irregular primes. Kummer 
himself determined that 8 of the tirst 37 primes were irregular. In the 1930s 
Vandiver and others extended the calculation to ali primes less than 618. 
In 1955 Vandiver, D. H. Lehmer, Emma Lehmer, Selfridge, and Nicole 
worked up to 4001. In 1964 Selfridge and Pollack announced computations 



Exercises 247 

up to 25,000. These were not published. In 1970 Kobelev published tables up 
to 5500 and in 1973 Johnson attained 8000. In 1975 Johnson made it up 
to 30,000. As stated earlier, the current record is due to Wagstaff, 125,000. 
The art of computing has come a long way! 

The following result was discovered independently by T. Metsankyla 
[188J and H. Yokoi [247]. Let m > 2 be an integer and H a proper subgroup 
of U(7L/m7L). There exist infinitely many irregular primes p such that the 
congruence class of p modulo m is not in H. By contrast, there is not a single 
modulus m > 2 known for which there exist infinitely many irregular 
primes p == 1 (m). 

The main theorem of Section 3 was published by Herbrand in 1932 
[149]. A proof relying on p-adic numbers and congruences for generalized 
Bernoulli numbers can be found in Ribet's paper [208]. See also Chapter 1 
of Lang's book [167]. There are a number of important conjectures which 
concern the p-primary component of the class group of iQ(Cp ). The introduc
tion to the paper of A. Wiles [242J describes a conjecture which makes 
Herbrand's theorem more precise. 

EXERCISES 

1. Using the definition of the Bernoulli numbers show BIO = 5/66 and B12 = 
-691/2730. 

2. If a E 7L, show a(am - l)Bm E 7L for ali m > O. 

3. If a E 7L, show am(am - l)Bm/m E 7L for ali m > O. 

4. Ifm :2: 4 is even, show 2Bm == 1 (4). 

5. If p is an odd prime and p - 11 m show (Bm + p-l - l)/m is p-integral. This result 
is due to L. Carlitz.* 

6. For m :2: 3, show IB Zm +21 > I B2m l. (Hint: Use Theorem 2.) 

7. Let m :2: 2 be an even integer. Show there exist infinitely many n :2: m such that 
Bn - Bm E 7L. [Hint: Let q be a prime such that q == 1 «m + 1)!) and try n = qm. 
The existence of infinitely many such primes q is shown in Chapter 16. This result 
is due to R. Rado.] 

8. Consider the power series expansion of tan(x) about the origin; 

00 X2k-1 

I1k . 
k~l (2k - 1)! 

Show 1k = (-1)k-l(B2k/2k)(2k - 1)22k. Note that 1k E 7L for ali k by Exercise 3. 

9. Using Lemma 1 in Section 1 show the radius of convergence of I:~o Bn(tn/n!) is 
2n. As a consequence show that for any C, k > O there are infinitely many n such that 
I Bn I > Cnk• (This result is weaker than the estimate given by Equation (8) of 
Section 1. On the other hand, it is much easier to obtain.) 

* L. Carlitz. Some congruences for the Bernoulli numbers. Amer. J. Math., 75 (1953), 163-172. 
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10. Use the Vornoi congruences to obtain the following result of Kummer. 

± ( _l/(r) B2n +k(p-l) == O (P') 
k=O k 2n + k(p - 1) 

provided 2 ::; r + 1 ::; 2n and p - 1,r 2n. This is a bit tricky. With minor changes 
in notation the proof is contained in Section 8 of Chapter IX of the book by 
Uspensky and Heaslet [230]. 

11. Those familiar with the approach of B. Mazur to p-adic zeta and L-functions can 
try the following. Let /1. be the normalized "Mazur measure" on 7L p • Use the 
Voronoi congruences to prove Hp Xk- 1 d/1. = (IX- k - 1)(1 - pk-l)( - BJk). For 
the notation and the definition of the Mazur measure the reader can consult 
Koblitz [162]. 

12. Recall the definition of the Bernoulli polynomials; 

Bm(x) = Jo (~)Bkxm-k. 
Show that te,x/(e' - 1) = I:,=o Bm(x)(tm/n !). 

13. Show Bm(x + 1) - Bm(x) = mxm- 1. 

14. U se Exercise 13 to give a new proof of Theorem 1. 

15. Supposef(x) = I~=o akxk is a polynomial with complex coefficients. Use Exercise 
13 to find a polynomial F(x) such that F(x + 1) - F(x) = f(x). 

16. For n 2 1 show (d/dx)Bn(x) = nBn_1(x). 

17. Show Bn(l - x) = (-l)nBn(x). 

18. Use Exercises 13 and 17 to give a new proofthat Bn = O for n odd and n > 1. 

19. Suppose n and F are integers and n, F > o. Show that 

B.(Fx) = Fn- 1 I Bn x + ~ . F-l ( ) 

0=0 F 

(Hint: Use Exercise 12.) 

20. Suppose H(x) is a polynomial of degree n with complex coefficients. Suppose that 
for ali integers n, F > O we have H(Fx) = Fn- 1 I~:-J H(x + (a/F». Show that 
H(x) = CB.(x) for some constant C. (Hint: Use Exercise 16 and induction on n.) 

21. Show Bn{t) = (1 - 2n-l)Bn. 

22. More generally, show that (1 - Fn-1)Bn = I~:-f Bn(a/F). 

23. Prove the assertions; d = d+ d- and d+ 1\ d- = (e). 



Chapter 16 

Dirichlet L-functions 

The theory of analytic functions has many applications in 
number theory. A particularly spectacular application was 
discovered by Dirichlet who proved in 1837 that there are 
infinitely many primes in any arithmetic progression 
b, b + m, b + 2m, ... , where (m, b) = 1. To do this he 
introduced the L1unctions which bear his name. In this 
chapter we will define these functions, investigate their 
properties, and prove the theorem on arithmetic pro
gressions. The use of Dirichlet L-functions extends 
beyond the proof of this theorem. It turns out that their 
values at negative integers are especially important. We 
will derive these values and show how they relate to 
Bernoul/i numbers. 

For the most part we will use only basic calculus. How
ever, in Section 6 where we discuss the value of the L
functions at 1 we use complex function theory in an 
essential way. This can be avoided but to do so involves 
sacrificing both depth and elegance. AII the necessary 
background can be found in any standard treatise. The 
book of L. Ahlfors [85] is a convenient reference. In 
Sections 1-4 the letter s wi/l stand for a real variable, 
s>1. 

§1 The Zeta Function 

The Riemann zeta function '(s) is defined by '(s) = L:':l n-·. It converges 
for s > 1 and converges uniformly for s ~ 1 + () > 1, for each () > o. 

Proposition 16.1.1. For s > 1 

'(s) = n (1 - p-')-l, 
p 

where the product is over ali primes p > o. 
PROOF. For s > 1, p-' < 1, so we have (l - p-')-l = L:'=o p-m •. By the 
theorem of unique factorization 

n (l - p-')-l = L n-s + RN(s). 
pSN nsN 

249 
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Clearly, RN(s) ::;; L~N+ 1 n- s• Since (s) converges, RN(s) -+ O as N -+ 00. The 
result follows. D 

The behavior of (s) as s -+ 1 is very important. Since L:= 1 n -1 diverges 
we, of course, suspect (s) -+ 00 as s -+ 1. In fact, 

Proposition 16.1.2. Assume s > 1. Then 

Iim (s - 1)(s) = 1. 

PROOF. For fixed s, t- S is a monotone decreasing function of t. Thus, 

(n + 1)-s < f+\-s dt < n- s. 

Summing from n = 1 to 00, 

(s) - 1 < fX' t- S dt < (s). 

The value ofthe integral is (s - 1)-1. It follows that 1 < (s - 1)(s) < s. 
Taking the limit as s -+ 1 gives the result. D 

Corollary. As s -+ 1 we have 

In (s) 1 
ln(s - 1) 1 -+ . 

PROOF. Let (s - 1)(s) = p(s). Then ln(s - 1) + In (s) = In p(s) so we have 
In (s)/ln(s - 1)-1 = 1 + (In p(s)/ln(s - 1)-1). 

As s -+ 1, p(s) -+ 1 by the proposition. Therefore, In p(s) -+ O and the 
result follows. D 

Proposition 16.1.3. In (s) = Lp p-s + R(s) where R(s) remains bounded as 
s -+ 1. 

PROOF. We use the formula -ln(1 - x) = x + x 2/2 + x 3/3 + ... which is 
valid for - 1 < x < 1. 

By Proposition 16.1.1 we have 

(s) = n (1 - p-S)-l AN(S), 

where AN(S) -+ 1 as N -+ 00. Taking the logarithm of both sides yields 
In (s) = LpS:N L:=l m- 1p-ms + In AN(S). 

Taking the limit as N -+ 00 
(() 

In (s) = L L m- 1p-ms 
p m= 1 

(() 

=LP-S+L Lm- 1p-ms. 
p p m=2 
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The second sum is less than 
00 L L p-ms = L p-2s(1 - p-S)-1 

P m=2 P 

~ (1 - r S)-1 L p-2S ~ 2((2). 
P 

Throughout we have used the assumption that s > 1. D 

Definition. A set of positive primes !?J> is said to have Dirichlet density if 

1. LPE&' p-s 
lm 1 
s-1 ln(s - 1) 

exists. If the limit exists we set it equal to d(!?J» and call d(!?J» the Dirichlet 
density of !?J>. 

Proposition 16.1.4. Let !?J> be a set of positive prime numbers. Then 

(a) If!?J> is finite, then d(!?J» = O. 
(b) If!?J> consists of ali but finitely many positive primes, then d(!?J» = 1. 
(c) If!?J> = !?J>1 U !?J>2 where!?J>1 and!?J>2 are disjoint and d(!?J>1) and d(!?J>2) both 

exist, then d(!?J» = d(!?J>1) + d(!?J>2)' 

PROOF. Parts (a) and (c) are de ar from the definition of Dirichlet density. 
Part (b) follows quickly from the corollary to Proposition 16.1.2 and Proposi
tion 16.1.3. O 

We are now in a position to state the main theorem of this chapter. The 
proof will be spread out over the next three sections. 

Theorem 1 (L. Dirichlet). Suppose a, m E 7L, with (a, m) = 1. Let !?J>(a; m) be the 
set of positive primes p such that p = a (m). Then d(!?J>(a; m» = 1/4>(m). 

Note that Theorem 1 certainly implies !?J>(a; m) is infinite, since if it were 
finite its density would be zero. 

§2 A Special Case 

We will first prove Theorem 1 in the case where m = 4. The basic ideas of the 
proof are all present in this special case but the details are more transparent. 

Define a function X from 7L to {± 1} as follows; X( n) = O if n is even, 
x(n) = 1 ifn == 1 (4), and x(n) = -1 ifn == 3 (4). It is easily seen that x(mn) = 
x(m)x(n) for all m, nE 7L. 
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Define L(s, X) = Loo..1 x(n)n- S = 1 - r s + 5- s - T S + .... For all n 
we have Ix(n)n-SI ::;; n-s.1t follows that the terms of L(s, X) are dominated in 
absolute value by the terms of '(s). Thus L(s, X) converges and is continuous 
for s > 1. Since X is completely multiplicative the proof of Proposition 16.1.1. 
shows that 

L(s, X) = f1 (1 - X(p)p-S)-1. 
p 

It is useful to modify '(s) so as to suppress the even terms. Define '*(s) = 
Lnodd n-S. Since 

00 

'(s) = L n-s = L n-s + L n-s = '*(s) + 2-S,(s) 
n= 1 nodd neven 

we have '*(S) = (1 - rSK(s) and so 

'*(s) = f1 (1 - p-S)-1. 
podd 

Using the method of proof of Proposition 16.1.3 we find 

In L(s, X) = L X(P)p-S + R 1(s), (i) 
podd 

In '*(s) = L p-s + R 2(s), (ii) 
podd 

where R 1(s) and Ris) remain bounded as s -+ 1. 
Wehave 1 + X(P) = 2ifp == 1 (4)and 1 + X(P) = Oifp == 3 (4). Similarly, 

1 - X(P) = 2 if p == 3 (4) and 1 - X(P) = O if p == 1 (4). From (i) and (ii) we 
deduce 

In '*(s) + In L(s, X) = 2 L p-s + R 3(s), (iii) 
p=1 (4) 

In '*(s) - In L(s, X) = 2 L p-s + Ris), (iv) 
p=3(4) 

where R 3(s) and R4 (s) remain bounded as s -+ 1. 
The next step is to show that In L(s, x) remains bounded as s -+ 1. To see 

this write L(s, x) = 1 - 3- S + 5-$ - ... = (1 - 3-$) + (5-$ - T$) + ... 
= 1 - (3-$ - 5-") - (T$ - 9-$) - .... ltfollowsthatforalls > 1 wehave 
j- < L(s, X) < 1. Thus, for s > 1 we have In j- < In L(s, X) < In 1 = O. 

As a final preparatorystepwenotethat In '*(s) = In(1 - 2-$) + In '(s)so 
by the corollary to Proposition 16.1.2. we have In '*(s)jln(s - 1)-1 -+ 1 as 
s -+ 1. 

Now divide each term of Equations (iii) and (iv) by In(s - 1)-1 and take 
the !imit as s -+ 1. The result is 
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Proposition 16.2.1. d(&(1; 4)) = t and d(&(3; 4)) = t. 

To prove Theorem 1 in the general case we need to generalize X and 
L(s, X). This leads to the introduction of Dirichlet characters and Dirichlet 
L-functions. 

§3 Dirichlet Characters 

The function X considered in the last section can be obtained from the folIow
ing construction. Consider the group U(1'/41'). This group has two elements 
1 + 41' and 3 + 41'. Define X': U(1'/41') ~ {± 1} by X'(1 + 41') = 1 and 
X'(3 + 41') = -1. Then X' is a homomorphism from U(1'/41') to C*. For 
nE l' define x(n) = O if (n, 4) > 1 and x(n) = x'(n + 41') if (n, 4) = 1. This 
function x: l' ~ C* coincides with the function X of the last section. 

This construction is easy to generalize. Let m be a fixed positive integer. 
Let X': U(1'/m1') ~ C* be a homomorphism. Given X' define X: l' ~ C* as 
folIows; if (n, m) > 1 set x(n) = O, if (n, m) = 1 set x(n) = x'(n + m1'). The 
functions X defined in this manner are called Dirichlet characters modulo m. 
Another characterization is given by the folIowing three conditions on a 
function X: l' ~ C* 

(a) x(n + m) = x(n) for alI nE l' 
(b) x(kn) = x(k)x(n) for alI k, n E l' 
(c) x(n) =1 O if and only if (n, m) = 1. 

It is an easy exercise to see that these three conditions specify the set of 
Dirichlet characters modulo m. 

To investigate the properties of Dirichlet characters we begin by studying 
a more general problem. 

Let A be a finite abelian group (written multiplicatively). A character on A 
is a homomorphism from A to C*. The set of such characters will be denoted 
by Â. If X, I/J E Â define xl/J to be the function which takes a E A to x(a)l/J(a). 
Then xl/J is also a character. We show that this product makes Â into a group. 
Define Xo, the trivial character, by Xo(a) = 1 for alI a E A. If X E Â define [1 
byx-1(a) = x(a)-l foralIaEA. It iseasily seen thatx-l EÂandx[l = XO. 
With these definitions Â becomes an abelian group with Xo as the identity 
element. We omit the more or less obvious details. 

Let n be the order of A. If a E A, then an = e, the identity element of A. So, if 
X E Â we have x(at = 1, i.e., the values of X are nth roots of unity. It folIows 
that x(a) = x(a)-l = x-1(a), where bar denotes complex conjugation. Thus 
X- 1 is sometimes written X and called the conjugate character of X. 
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Two questions present themselves immediately. How big is Â? What is its 
structure? The questions are easy to answer when A is cyc1ic. In the general 
case we will use a theorem from group theory which asserts that a finite 
abelian group is a direct product of cyc1ic groups (see 1. Herstein [150]). 
When A = U(lL/mlL), the case of interest to us, this result follows from Theorem 
3 of Chapter 4. 

Suppose that A is cyc1ic and generated by an element g of order n. Let 
'n = e21ti/n.1f X E Â we have X(g) = ,= for some uniquely determined integer e 
such that O ::;; e < n. Since X(gm) = X(g)m, X is determined by its value at g. 
Conversely, if O ::;; e < n define X(gm) = ,::,e. It is easy to see X is well defined 
and is a character. Thus there are exactly n characters on A. Let Xl E Â be such 
that Xl(g) = 'n· If X E Â and X(g) = ,=, then X(g) = xi(g) which implies 
X = X~· This shows that Â is cyc1ic and generated by Xl. Thus A ~ Â. 

In general A is a direct product of cyc1ic groups. This means that there are 
elements gl' g2' ... , gt E A such that 

(i) The order of gi is ni. 
(ii) Every element a E Acan be uniquely written in the form a = gTlg'f2 ... g':" 

where O ::;; mi < ni for all i. 

If the order of A is n, then c1early n = nln2··· nt. 
Suppose X E Â. Then X is determined by the values X(gi) = ,=: where O ::;; 

ei < ni. Conversely, given a t-tuple (el' e2' ... , et) with O ::;; ei < ni for all i we 
can define a character X as follows. For a EA write a = gTlg'f2 ... g':'t as in (ii) 
and set x(a) = (::,/e 1 (::'22e2(:::,e,. It can easily be checked that X is a character. 
There are thus nl n2 ... nt = n characters on A. Moreover, let Xi be specified by 
the conditions Xi(gi) = (ni and Xlgi) = 1 for i "# j. Then Xi has order ni and Â is 
the direct product of the cyc1ic subgroups generated by the Xi. This shows 
A~Â. 

The next two results will be of importance in the next section. 

Proposition 16.3.1. Let A be afiniteabelian group. fIx, t/J E Â and a, bEA, then 

(i) LaeA x(a)t/J(a) = nc5(x, t/J) where c5(X, X) = 1 and c5(X, t/J) = O if X "# t/J. 
(ii) LxeÂ x(a)x(b) = nc5(a, b) where c5(a, a) = 1 and c5(a, b) = O if a "# b. 

PROOF. Since LaeA x(a)t/J(a) = LeA xt/J-l(a) it will be enough to show (i) 
that we can prove LaeA x(a) = n if X = Xo and LaeA x(a) = O if X "# Xo. The 
first assertion is c1ear by definition. Assume X "# Xo. Then there is a bEA such 
that X(b) "# 1. We have La x(a) = La x(ba) = x(b) La x(a) and so (x(b) - 1) 
L x(a) = O. Since X(b) - 1 "# O this implies La x(a) = o. 

To prove (ii) we first note that Lxx(a)x(b) = Lxx(ab- l ). It suffices to 
show Lx x(a) = n if a = e and Lx x(a) = O if a "# e. The first assertion is 
c1ear. Assume a "# e. We c1aim there is a character t/J such that t/J(a) "# 1. 
To see this write a = gTlg'f2 ... g':" with O ::;; mi < ni for all i. Since a "# e at 
least one mi"# O. Then Xi(a) = Xlgi)mi = (:;:i "# 1. Take t/J = Xi. Then, 
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Lx x(a) = Lx I/Ix(a) = I/I(a) Lx x(a) and so (I/I(a) - 1) Lx x(a) = O. Since 
I/I(a) - 1 -# O we have Lx x(a) = O. o 

The relations given by (i) and (ii) are called the orthogonality relations. 
We now interpret these for Dirichlet characters modulo m. Here we take 
A = U(ZlmZ). Dirichlet characters are defined on Z but induce and are 
induced by elements in the character group of U(ZlmZ). Hence there are 
exact1y cf>(m) Dirichlet characters modulo m. From the definition and the last 
proposition we deduce 

Proposition 16.3.2. Let X and 1/1 be Dirichlet characters modulo m, and a, b E Z. 
Then 

(i) L:',:-J x(a)l/I(a) = cf>(m)b(x,I/I), 
(ii) Lx x(a)x(b) = cf>(m)b(a, b). 

In part (ii) the sum is over ali Dirichlet characters modulo m, and b(a, b) = 1 
ifa == b (m) and b(a, b) = O ifa -ţ b (m). 

§4 Dirichlet L-functions 

Let X be a Dirichlet character modulo m. We define the Dirichlet L{unction 
associated to X by the formula 

00 

L(s, X) = L x(n)n- s. 
n=l 

Since Ix(n)n-SI :::;; n-S we see that the terms of L(s, X) are dominated in 
absolute value by the corresponding terms of (s). Thus L(s, X) converges 
and is continuous for s > 1. Moreover, since X is completely multiplicative we 
have a product formula for L(s, X) in exact1y the same way as for (s). Namely, 

L(s, X) = n (1 - X(P)p-S)-l. 
P 

Since X(P) = O for plm the above product is over positive primes not 
divid ing m. The formula is valid for s > 1. 

There is a close connection between L(s, Xo) and (s). In fact, 

L(s, Xo) = n (1 - p-s)-l 
p.j'm 

= n (1 - p-S) n (1 - p-S)-l 
plm p 

= n (l - p-S) (s). 
plm 
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From Proposition 16.1.2 we see Iims"' 1 (s - l)L(s, Xo) = nplm (1 _ p-1) = 
ljJ(m)/m. In particular L(s, Xo) ~ 00 as s ~ 1. 

To generalize the proof of Proposition 16.2.1 we will need to consider 
In L(s, X). Even if we restrict s to be real, the values of L(s, X) are in general 
complex so it is necessary to worry about the fact that In z is multivalued as a 
function of a complex variable z. One way around this is to detine In L(s, X) by 
an infinite series. 

Let X be a Dirichlet character and define G(s, X) = Lp L= 1 (l/k)X(pk)p-kS. 
Since I (1/k)X(Pk)p-ks I ~ p-ks and since (s) converges for s> 1 and con
verges uniformly for s ~ 1 + () > 1 we can conclude the same assertions are 
true for G(s, X). Consequently G(s, X) is continuous for s > 1. Moreover, for z 
a complex number with Izl < 1 we have exp(La;,,1 (l/k)~) = (1 - z)-l, 
where exp denotes the usual exponential function. Substituting z = X(P)p-S 
we tind exp(Lk=1 (l/k)X(Pk)p-kS) = (1 - X(P)p-s)-1 and a simple argument 
then shows exp G(s, X) = L(s, X) for all s > J. Thus the infinite series G(s, X) 
provides an unambiguous definition for In L(s, X). To avoid confusion we 
work directly with G(s, X). 

From the detinition and the argument used in the proof of Proposition 
16.1.3 we tind 

G(s, X) = L X(p)p-S + Ris), (i) 
p.j'm 

where Ris) remains bounded as s ~ 1. Multiply both sides of (i) by x(a) 
where a E 7L, (a, m) = 1. Then sum over all Dirichlet characters modulo m. 
The result is 

L x(a)G(x, s) = L p-s L x(a)x(p) + L x(a)Rx(s). 
x p.j'm X x 

Using Proposition 16.3.2, part (ii), we see 

L x(a)G(s, X) = ljJ(m) L p-s + Rx.is), (ii) 
x p=a(m) 

where Rx.a(s) remains bounded as s ~ 1. 
To conclude the proof of Theorem 1 we need the following proposition. 

Proposition 16.4.1. Ii Xo denotes the trivial character modulo m, then lims"'1 
G(s, Xo)/ln(s - 1) - 1 = 1. Ii X is a nontrivialDirichlet character modulo m, then 
G(s, X) remains bounded as s ~ 1. 

PROOF. The first assertion is easy. L(s, Xo) is a real valued function of 
positive real numbers. We have seen L(s, Xo) = nplm (1 - p-S)(s).1t follows 
that G(s, Xo) = Lplm In(l - p-S) + In (s). The assertion now follows from 
the corollary to Proposition 16.1.2. 

The second assertion is quite deep. It is the most difficult part of the proof 
of Dirichlet's theorem on arithmetic progressions. We postpone the proofto 
the next section. 

Now, assuming the above proposition, the proof of Dirichlet's theorem 
follows quickly from Equation (ii). We simply divide all the terms on both 



§5 The Key Step 257 

sides by ln(s - 1) - 1 and take the limit as s --+ 1. By the above proposition, the 
limit on the left-hand side is 1 whereas the limit on the right-hand side is 
cP(m)d(&(a; m». Thus d(&(a; m» = 1/cP(m) and we are done. D 

§5 The Key Step 

Up to now all our functions have been defined for s > 1. We will show how to 
extend the domain of definition to s > O. In particular, if X is nontrivial we will 
see that L(l, X) is a well defined complex number and prove that L(l, X) i= O. 
This is the key step. Once we know this it is a relatively simple matter to show 
G(s, X) remains bounded as s --+ 1. This was what was left unproved in 
Section 4. 

In what follows we will consider s as a complex variable. Write s = 
(J + it where (J and t are real. The symbol (J will be used throughout to denote 
the real part of s. 

If a > O is real then las I = aU. From this observation we see that the series 
defining ((s) and L(s, X) converge and define an analytic function of the 
complex variable s in the half plane {s E CI (J > 1}. 

Lemma 1. Suppose {an} and {bn} for n = 1,2,3, ... are sequences of complex 
numbers such that L~ 1 anbn converges. Let An = al + a2 + ... + an and 
suppose Anbn --+ O as n --+ 00. Then 

00 00 

L anbn = L An(bn - bn+ 1)· 
n=l n=l 

PROOF. Let SN = I~=l anbn. Set Ao = O. Then 
N N N 

SN = L (An - An- 1)bn = I Anbn - L An- 1bn 
n=l n=l n=l 

N N-1 
= L Anbn - L An bn+1 

n=l n=l 
N-1 

= ANbN + L Aibn - bn + 1)· 
n=l 

Taking the limit as N --+ 00 yields the result. D 

Proposition 16.5.1. ((s) - (s - 1)-1 can be continued to ananalyticfunction on 
the region {s E CI (J > O}. 

PRooF. Assume (J > 1. Then, by the lemma 

00 00 

((s) = L n-s = L n(n- S - (n + 1)-S). 
n=l n=l 
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For a real number x recall that [x] is the greatest integer less than or equal 
to x and (x) = x - [x]. From the above expression for '(s) we find 

00 fn+ 1 

'(s) = Sn~1 n n x-·- 1 dx 

00 fn+l 
= S L [x]x-·- 1 dx 

n= 1 n 

= S IlOO [X]X-'- 1 dx 

= s {OOX-'dX - s {00(X)X-.- 1 dx 

s fOO = --1 - s (X)X-'- 1 dx. 
s - 1 

Since I (x) I ~ 1 for all x the last integral converges and defines an analytic 
function for (1 > o. The result follows. D 

We will use the same technique to extend L(s, X) but fust we need another 
lemma. 

Lemma 2. Let X be a nontrivial character modulo m. For ali N > O we have 
1L:=o x(n) I ~ cjJ(m). 

PROOF. Write N = qm + r where O ~ r < m. Since x(n + m) = x(n) for aU n 
we see 

J/(n) = qCt>(n») + Jo x(n). 

By the Proposition 16.3.2, (part i), we have L::'':-6 x(n) = O. Thus, 

In~/(n) 1= I nt/(n) I ~ :t~lx(n)1 = cjJ(m). D 

Proposition 16.5.2. Let X be a nontrivial Dirichlet character modulo m. Then, 
L(s, X) can be continued to an analytic Junction in the region {s E CI (1 > O}. 

PROOF. Define S(x) = Lnsx x(n). 
By Lemma 1 we have for (1 > 1, 

00 

L(s, X) = L S(n)(n-' - (n + 1)-') 
n= 1 
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By Lemma 2, I S(x) I ::;; <jJ(m) for alI x. It folIows that the above integral 
converges and defines an analytic function for aU s such that (J > O. O 

Our goal is to show that for X non trivial L(1, X) #- O. The next proposition 
wilI enable us to give a simple proofin the case where X is a complex character, 
i.e., a character which takes on nonreal values. 

Proposition 16.5.3. Let F(s) = Dx L(s, X) where the product is over ali 
Dirichlet characters modulo m. Then,Jor s real and s > 1 we have F(s) ~ 1. 

PROOF. Assume s is real and s > 1. Recall that 

00 1 
G(s, X) = L L - X(pk)p-ks. 

p k= 1 k 

Summing over X and using Proposition 16.3.2, part (ii), we find 

1 L G(s, X) = <jJ(m) L k p-ks 
x 

where the sum is over alI primes p and integers k such that pk == 1 (m). 
The right-hand side of the above equation is nonnegative (in fact, it is 

positive). Taking the exponential of both sides shows Dx L(s, X) ~ 1 as 
asserted. O 

Proposition 16.5.4. lf X is a nontrivial complex character modulo m, then 
L(1, X) #- O. 

PROOF. From the series defining L(s, X) we see that for s real, s > 1, L(s, X) = 
L(s, X). Letting s tend towards 1 it folIows that L(1, X) = O implies L(1, X) = O. 

Assume L(1, X) = O where X is a complex character. The functions L(s, X) 
and L(s, X) are distinct and both have a zero at s = 1. In the product F(s) = 
Dx L(s, X) we know L(s, Xo) has a simple pole at s = 1 and alI the other factors 
are analytic about s = 1. It folIows that F(1) = O. However, Proposition 
16.5.3 shows F(s) ~ 1 for alI real s > 1. This is a contradiction. Therefore, 
L(1, X) #- O. O 

It remains to consider the case where X is a nontrivial real character, i.e., 
x(n) = O, 1, or -1 for aH nE 7L. Dirichlet was able to prove L(1, X) #- O by 
using his class number formula for quadratic number fields (to be more 
accurate, for equivalence classes of binary quadratic forms of fixed dis
criminant). We will use an elegant proof due to de la Vallee Poussin (1896), 
following the exposition of Davenport [119]. 

Lemma 3. Suppose fis a nonnegative, multiplicative function on 7L + , i.e.,jor ali 
m, n > O with (m, n) = 1, f(mn) = f(m)f(n). Assume there is a constant 
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e sueh that f(pk) < e for ali prime powers pk. Then I:'= 1 f(n)n -s eonverges 
for ali real s > 1. M oreover 

n~/(n)n-S = IJ (1 + k~/(pk)p-kS). 
PROOF.Fixs> 1. Leta(p) = Lk=1 f(pk)p-kS. Then a(p) < ep-sLk=Op-ks = 
ep-s(1- p-S)-I,andsoa(p) < 2ep-s.Forpositivexonehas1 + x < expx. 
Thus 

n (l + a(p» < n exp a(p) = exp I a(p). 

Now, Lp"N a(p) < 2e Lp p-s = M. From the definition of a(p) and the 
multiplicativity of fwe see L~= 1 f(n)n- S < np"N (1 + a(p». It folIows that 
L~=1 f(n)n- S < exp M for alI N. Since fis, by assumption, nonnegative we 
have L:'=1 f(n)n- S converges. 

The last assertion of the lemma folIows from the same reasoning used in 
the proof of Proposition 16.1.1. O 

Theorem 2. Let X be a non trivial Diriehlet eharaeter modulo m. Then L(1, X) -# O. 

PROOF. Having already proved that L(1, X) -# O if X is complex we assume X is 
real. 

Assume L(1, X) = O and consider the function 

tjJ(s) = L(s, x)L(s, xo) 
L(2s, xo) 

The zero of L(s, x) at s = 1 cancels the simple pole of L(s, Xo) so the 
numerator is analytic on (J > O. The denominator is nonzero and analytic for 
(J > t. Thus tjJ(s) is analytic on (J > t. Moreover, since L(2s, Xo) has a pole at 
s = t we have tjJ(s) -+ O as s -+ t. 

We assume temporarily that s is real and s > 1. Then tjJ(s) has an infinite 
product expansion 

tjJ(s) = n (1 - X(p)p-s)-I(l - Xo(P)p-S)-I(1 - XO(P)p-2s) 
p 

(l - p-2s) 

= LI (1 - p-S)(l - X(p)p S)' 

If X(p) = -1 the p-factor is equal to 1. Thus 

1 + p-s 
tjJ(s) = n 1 s' 

x(p) = 1 - P 

where the product is over alI p such that X(p) = 1. Now, 

+ p S = (1 + p-S) L p-ks = 1 + 2p-s + 2p-2s + ... +. 1 -s ( 00 ) 

1 - P k=O 
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Applying Lemma 3 we find that tjJ(s) = 2:::'= 1 ann- S where an ~ U and the 
series converges for s > L Note that al = L (It is possible, but unnecessary to 
give an explicit formula for an)' 

We once again consider tjJ(s) as a function of a complex variable and ex
pand it in a power series about s = 2, tjJ(s) = 2:::=0 bm(s - 2r. Since tjJ(s) is 
analytic for (J > 1 the radius of convergence of this power series is at least ~. 
To compute the bm we use Taylor's theorem, Le., bm = tjJ<m)(2)/m! where 
tjJ(m)(s) is the mth derivative of tjJ(s). Since tjJ(s) = 2:::'= 1 ann- S we find tjJ<m)(2) = 

2:::'=1 ai - In nrn- 2 = (_l)mcm with Cm ~ O. Thus tjJ(s) = 2:::'=0 cm(2 - s)m 
with Cm nonnegative and Co = tjJ(2) = 2:::'=1 ann- 2 ~ al = L It follows that 
for real s in the interval (1, 2) we have tjJ(s) ~ L This contradicts tjJ(s) --+ O as 
s --+ 1, and so L(l, x) -# O. D 

We are now in a position to prove Proposition 16.4.L Suppose X is a non
trivial Dirichlet character. We want to show G(s, X) remains bounded as 
s --+ 1 through real values s > L 

Since L(l, X) -# O there is a disc D about L(l, X) such O rţ D. Let In z be a 
single-valued branch of the logarithm defined on D. There is a <5 > O such that 
L(s, X) E D for SE (1, 1 + <5). Consider In L(s, X) and G(s, X) for s in this 
interval. The exponential of both functions is L(s, X). Thus there is an integer 
N such that G(s, X) = 2niN + In L(s, X) for SE (1, 1 + <5). This implies 
lims _1 G(s, X) exists and is equal to 2niN + In L(l, X). Sin ce G(s, X) has a limit 
as s --+ 1 it clearly remains bounded. 

§6 Evaluating L(s, X) at Negative Integers 

In the last section we showed how to analytically continue L(s, X) into the 
region {s E iCi (J > O}. Riemann showed how to analytically continue these 
functions to the whole complex plane. As noted earlier this fact has important 
consequences for number theory. For example, the values L(l - k, X), where k 
is a positive integer, are closely related to the Bernoulli numbers. A knowledge 
of these numbers has deep connections with the theory of cyclotomic fields. 
We will analytically continue L(s, X) and evaluate the numbers L(l - k, X) 
following a method due to D. Goss [141]. 

Before beginning we need to discuss some properties of the r -function. 
This is defined by 

(i) 

It is not hard to see that the integral converges and defines an analytic 
function on the region {s E iCi (J > O}. For (J > 1 we integrate by parts and 
find 
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It follows that r(S) = (S - 1)r(s - 1) for (J > 1. Since r(1) = Sa e- t dt 
= 1 we see ren + 1) = n! for positive integers n. 

The functional equation r(s) = (s - l)r(s - 1) enables us to analytically 
continue r(s) by a step by step process. 

If (J > -1 we define r leS) by 

1 
rl(s) = - r(s + 1). 

s 
(ii) 

For (J > 0, r leS) = r(s). Moreover, r leS) is analytic on (J > -1 except for 
a simple pole at s = O. 

Similarly, if k is a positive integer we define 

rk(s) = ( 1) ~ k 1) r(s + k). ss+ ···s+-

rk(s) is analytic on {s E CI (J > - k} except for simple poles at s = 0, 1, ... , 
1 - k and rk(s) = r(s) for (J > O. These functions fit together to give an 
analytic continuat ion of r(s) to the whole complex plane with poles at the 
nonpositive integers and nowhere else. From now on r(s) will denote this 
extended function. We remark, without proof, that r(S)-l is entire. 

We will now show how to analytically continue (s) by the same process. 
It is necessary to express (s) as an integral. In Equation (i) substitute nt for t. 
We find, for (J > 1 

(iii) 

Sum both sides of (iii) for n = 1, 2, 3, .... It is not hard to justify inter
changing the sum and the integral. The re suIt is 

r(s)(s) = (00 1 e- t 
t ts - 1 dt. 

Jo - e 
(iv) 

If we tried to integrate by parts at this stage we would be blocked by the 
fact that 1 - e- t is zero when t = O. To get around this we use a trick. In (iv) 
substitute 2t for t. We find 

fOO -2t 

21 - Sr(s)(s) = 2 1 e -21 ts - 1 dt. 
o - e 

(v) 

Define (*(s) = (1 - 21 - S )(s) and R(x) = x/(l - x) - 2(x2/(l - x 2». 
Subtracting (v) from (iv) yields 

r(s)(*(s) = Loo 
R(e- t )t'-l dt. (vi) 

What has been gained? A simple algebraic manipulation shows R(x) = 
x/el + x). Thus R(e- t ) = e-I/(l + e- /) has a denominator that does not 
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vanish at t = O. The integral in Equation (vi) thus converges for (J > O and 
this equation provides a continuation for (s) to the region {s E ICI (J > O}. 

Let Ro(t) = R(e- t) and for m ~ 1, Rm(t) = (dmldtm)R(e-t).1t is easy to see 
that Rm(t) = e-tp m(e- t)(1 + e- t)- 2~-1 where P m is a polynomial. It follows 
that Rm(O) is finite and Rm(t)le- t is bounded as t ~ 00. These facts enable us to 
repeatedly integrate by parts in Equation (vi). 

Take u = R(e- t) and dv = ts - 1 dt. Then du = R 1(t)dt and v = tSls. Thus 

1 lOC! 1 fOC! r(s)(*(s) = - tSRo(t) - - R 1(t)tS dt 
sos o 

and so 

r(s + 1)(*(s) = - LOC!R 1(t)tS dt. (vii) 

The integral in (vii) converges to an analytic function in {s E ICI(J > -1}, 
and provides an analytic continuation of (s) to this region. Continuing this 
process we find for k a positive integer 

r(s + k)(*(s) = (_l)k LOC! Rk(t)tS+k-l dt, (viii) 

where the integral converges to an analytic function of s for (J > - k. This 
procedure provides an analytic continuation of (s) to the whole complex 
plane. We continue to use the notation (s) for the extended function. 

Proposition 16.6.1. Let k be a positive integer. Then, (O) = -t and for 
k > 1, ((1 - k) = - Bklk where Bk is the kth Bernoul/i number. 

PROOF. In Equation (viii) substitute s = 1 - k. The result is (*(1 - k) = 
( _l)k Sa Rk(t)dt. Since Rk(t) = (dtldt)Rk_ 1 (t) we deduce (1 - 2k)(1 - k) = 
( - 1 t -1 Rk _ 1 (O). By definition Rk _ 1 (t) is the (k - 1 )st derivative of 

e- t _ 2 e- 2t 1 (t 2t) 
1 - e t 1 - e 2t = t et - 1 - e2t - 1 . 

By Taylor's theorem, R k - 1(0) is (k - 1)! times the coefficient of t k - 1 in the 
power series expansion of this function about t = O. Since tl(et - 1) = 
L:"=o Bklk! we find (1 - k) = (_1)k-1 Bklk. If k = 1, then (O) = Bl = -t
If k > 1 and odd, then Bk = O. Thus for k > 1, (1 - k) = -Bklk. D 

Assume now that X is a nontrivial character modulo m. To handle L(s, X) 
we proceed in exactly the same way as for (s). In Equation (iii) multiply both 
sides by x(n) and sum over n. The result is r(s)L(s, X) = Sa F/e- t)tS- 1 dt, 
where 

00 m 00 m e -at 

F/e- t) = L x(n)e- nt = L x(a) L e-(a+km)t = L x(a) -mt' 
n=l a=l k=O a=l 1 - e 
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Ifwe define L *(s, X) = (1 - 2 1 - s)L(s, X), then in the same way as we derived 
Equation (vi) we find 

(ix) 

where 

m (xa x2a ) 
a~l x(a) 1 _ xm - 2 1 _ x 2m 

~ () a( 1 + xm 
- 2xa 

L., X a x 2m 
a= 1 (1 - x)(l + x + ... + x 

For each value of a we see x = 1 is a root of 1 + xm - 2xa, and it follows 
that Rix) has the form 

R (x) _ xf(x) 
x - 1 + x + ... + x 2m l' 

where f(x) is a polynomial. Let Rx. o(t) = Rie-t) and Rx. n = (dn/dtn)Rie-t). 
By repeated integration by parts we find in the same way that we derived 
Equation (viii) that 

r(s + k)L *(s, X) = (_l)k Loo 
R x,k(t)ts +k- 1 dt. (x) 

The integral in (x) converges to an analytic function in {SEqu > -k}. 
These formulas provide an analytic continuat ion of L *(s, X) and thus L(s, X) 
to the whole complex plane. 

Before attempting to evaluate L(s, X) at the negative integers we need a 
definition. 

Definition. Let X be a non trivial Dirichlet character modulo m. The general
ized Bernoulli number Bn, x is defined by the following formula 

m teat 00 B 

a~l x(a) emt _ I = n~o ~i x tn
• 

(xi) 

In the literature it is usual to define Bn, x in this manner only if X is a primitive 
character modulo m. We will discuss this point later. 

Lemma 1. tFie-t) = 2:.%0 (-lt(Bnjn!)tn. 

PROOF. Simply substitute - t for t in Equation (xi). o 

Proposition 16.6.2. Let k be a positive integer. Then L(I - k, X) = -Bk,x/k. 
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PROOF. In Equation (x) substitute s = 1 - k. The result is (1 - 2k)L(1 - k, X) 
= (_1)k SO' Rx,k(t)dt. Since Rx,k(t) = (d/dt)Rx,k-l(t) it follows that 

(1 - 2k)L(1 - k, X) = ( -1t- l Rx,k-l (O). Since 
dk - l 

Rx,k-l(t) = dtk- l Rx<e- I) 

and Rx<e- I) = F x<e- I) - 2F x<e- 21) = (l/t) Lk= 1 (-1)k(1 - 2k)(Bk,x/k!)tk 
(by Lemma 1) we see that (-1)k- lR x,k_l(0) = -(1 - 2k)(Bk,x/k). Thus, 
L(l - k, X) = - Bk,x/k as asserted. O 

It follows from Equation (xi) that the numbers Bk,x are in the field generated 
over Q by the values of X. Thus, in particular, they are algebraic numbers. 

As mentioned earlier it is usual to define Bn,x by Equation (xi) only when X 
is a primitive character modulo m. This means that X when restricted to 
{n E ZI(n, m) = 1} does not have a smaller period than m. The trivial char
acter is primitive only for the modulus 1. From Equation (xi) we then have 

~ Bn, xo te' t 1 ~ Bn n 
L, -,-t"=-I--1=t+-,--1 =1+ 2t+ L, It. 

n=O n. e - e - n=2 n. 

Thus -Bl,xo = Bl and Bn,xo = Bn for n ~ 2. It is in this sense that the Bn,x 
are "generalized Bernoulli numbers." 

The Bn,x have many interesting arithmetic properties. The interested 
reader should consult Chapter 2 ofIwasawa's monograph [155]. This mono
graph is devoted to showing how the equation L(l - k, X) = -Bk,x/k leads 
to p-adic L-functions and to the remarkable connection between these 
functions and the theory of cyclotomic fields. Another approach to these 
topics are the books ofS. Lang [167] and [171]. More accessible to the novice 
than these works is the book of N. Koblitz [162]. 

NOTES 

Legendre attempted, without success, to prove the existence of infinitely 
many primes in an arithmetic progression a + bn, (a, b) = 1. Oirichlet 
states that, unable to overcome the difficulties in completing Legendre's 
argument, he was subsequently led to study a class of infinite series and 
products analogous to those considered by Euler (see [124]). The results of 
Oirichlet's investigation are far reaching for the development of algebraic 
and analytic number theory. In addition to proving the existence ofprimes in 
an arithmetic progression Oirichlet was able, using the analytic techniques he 
introduced, to derive explicit formulas, conjectured in part by Jacobi (see the 
Notes to Chapter 14), for the class numbers of quadratic number fields. For 
example, if p is prime, p> 3 then the class number of Q(~) is 

(n/.JP)L(l, X) where X is the Dirichlet character associated to the Legendre 
symbol. The well-known expression (-L XX(x»/p for the class number is 
then obtained by deriving a closed form for L(1, X) (see [9], p. 343). This in 
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turn is obtained using the value of the classical Gauss sum. Since class 
numbers are positive we see that this approach shows L(1, X) =1= o. 

If F is a Galois extension of O of degree n then one may show by an 
extension ofthe methods ofthis chapter, that the set of prime numbers p that 
split completely in F, i.e., that are the product of n distinct prime ideals in F, 
has Dirichlet density lin. As a corollary it can be shown that if f(x) is an 
irreducible polynomial with integer coeflicients then the set of primes p for 
whichf(x) is the product of linear factors modulo p has density lin where n is 
the degree of the splitting field of f(x). 

The generalized Bernoulli numbers for quadratic characters appear in 
A. Hurwitz [153]. In this paper Hurwitz derives the functional equation for 
L(s, X), X quadratic, through consideration of the partial zeta functions 
L,"';'o 1/(mt + a)s. The values at negative integers of these latter functions 
may be found by either the classical method or that of Goss, as done in this 
chapter. A suitable linear combination of these values then yields the ex
pression for L(1 - k, X) (Proposition 16.6.2). N. C. Ankeny, E. Artin, and 
S. Chowla also introduced generalized Bernoulli numbers for quadratic 
characters in connection with certain remarkable congruences relating the 
class number of a real quadratic field and the components of the fundamental 
unit [86]. The definition and basic properties of generalized Bernoulli 
numbers are given in H. Leopoldt [178] who employs them elsewhere to 
obtain a generalization, to arbitrary abelian extensions of O, of Kummer's 
criterion for the divisibility of the class number of O(ep) (see the comment 
following Theorem 4, Chapter 15). Leopoldt proves in this paper a theorem of 
the von Staudt-Claussen type of Bn.x" See also Carlitz [104] and the mono
graph on p-adic L-functions by K. Iwasawa [155]. 

EXERCISES 

1. Using the method ofSection 2 compute the density ofthe set ofprimes congruent to 
1 modulo 3. 

2. Letpl"'" P. beprimescongruentto 1 modulo 4. Ifpis a primedividing (2 D/=1 p;)2 
+ 1 show that p == 1 (4) and p =f. p;, j = 1, ... , n. 

3. Compute the set of Dirichlet characters modulo 8 and modulo 12. 

4. Let X be the non trivial Dirichlet character modulo 3. Show that 

'" 1 
L(1, X) = .~o (3n + 1)(3n + 2)' 

Can you find the exact value of L(1, X)? (See Exercise 8.) 

5. Use Theorem 2, Chapter 13 to determine the Dirichlet density ofthe set ofprimes p 
which factor into the product of 4 distinct prime ideals in the ring of integers in 0('), ,= e2n;/5. 

6. Generalize Exercise 5 to O('m) for general m. 
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7. By considering <I>m(x) modulo p give an algebraic proof that there are an infinite 
number of primes in the progression mk + 1, k = 1, 2, 3, .... 

8. Let g(X) be the classical Gauss sum L~;; 1 x(xW, X the Legendre symbol, , = 
e2ni/p , p prime. Define P = IT (1 - (n) IT (1 - (') - I where n, r run over respectively 
the nonsquares and squares modulo p. Show that 

P = exp(g(x)L(l, X)). 

9. Using Exercise 8 compute L(l, X) where X is the nontrivial quadratic character 
modulo 5. 

10. (Chowla) The notation being as in Exercise 8 show that P # 1 (and thus L(l, X) # 
O! !) as follows. Choose C a nonsquare modulo p. Prove that P = 1 implies 

1 + x + ... + xP- I I f1 CI -=- :.') - 1. 

Obtain a contradiction by specializing x! 

11. Use Dirichlet's theorem to show that Galois extensions of Q exist with any pre
scribed finite cyclic group as group of automorphisms. 

12. Derive the irreducibility over Q ofthe cyclotomic polynomial <I>.(x) from Dirichlet's 
theorem (Landau [166], VoI. 2). 

13. Let X be a Dirichlet character modulo m, X(2) # O. Show 

L(s, X) = (1 - r SX(2))-1 I x(2n + 1). 
n=O (2n + 1)S 

The following exercises adapted from Moser [193] give a short proofthat there are more 
squares thannonsquares on the interval [1, (p - 1)/2] for p == 3 (4), p prime. In Exercises 
14,15,16,17, p == 3 (4). 

14. Let p == 3 (4). Show that 

L - sin-= Jp. p-I (x) 2nx 
x=1 P P 

15. Show that, using Exercise 14, 

L (~) ~ = _1 Pi:, 1 (~) L sin(2ntm/p) 
nodd P n Jp ,=1 P modd m 

[Hint: replace x by nt and sum.] 

16. Using the elementary fact from Fourier series 

I sin(2n - l)x = {n/4, 
n=1 2n-1 -n/4, 

showthat 

ifO<x<n, 

ifn < x < 2n, 
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17. Since L~~11)12 (tip) '" O (why?) concI ude that Lnodd (n/p)(l/n) > O and thus 
D~11)12 (tip) > O. RecaJl p == 3 (4). 

18. Let m ::?: 2, (a, m) = 1. If a has order fin the groupofunits modulo m show that there 
are infinitely many primes p such that (p) = Pl'" Pt , t = </>(m)1f, Pi distinct prime 
ideals in Q('m)' What is the density ofthis set ofprimes? 



Chapter 17 

Diophantine Equations 

In Chapter 10 we discussed Diophantine equations over 
finite fields. In this chapter we consider special Diophantine 
equations with integral coefficients and seek integral or 
rational solutions. The techniques used vary from elemen
tary congruence considerations to the use of more sophisti
cated results in algebraic number theory. In addition to 
establishing the existence or nonexistence of solutions we 
also obtain results of a quantitative nature, as in the 
determination of the number of representations of an 
integer as the sum of four squares. AII of the equations 
considered in this chapter are classical, each playing an 
important role in the historical development of the subject. 

§1 Generalities and First Examples 

By a Diophantine equation will be understood a polynomial equation 

f(XI' X2' X3'···' xn) = 0, (1) 

whose coefficients are rational integers. If this equation has a solution in 
integers Xl' ..• , xn then we shall say that (Xl' .•. , X n) is an integral solution. 
If (1) is homogeneous then a solution distinct from (O, ... , O) is called non
trivial. A solution to (1) with rational Xl' •.• , Xn is called a rational solution. 
Clearly, in the homogeneous case the problem of finding a rational solution is 
equivalent to that of finding an integral solution. 

While the degree of f(XI' ... , xn) controls to some extent the difficulty of 
the problem the existence or nonexistence of a solution is often related to 
subtle invariants and even perhaps the complex differential geometry of (1) 
over the complex numbers. 

We begin by considering the linear Diophantine equation 

(2) 

Here al> ... , an' m are rational integers. Then by Chapter 1 (see Exercises 6, 
13,14 ofthat chapter) it follows that a solution in integers exists iffthe greatest 
common divisor of al' ... ' an divides m. 

If n = 2 and d = (al' a2) the Euclidean algorithm gives an explicit pro
cedure for constructing a solution to al Xl + a2x2 = d (Exercises 2 and 4, 
Chapter 1). Multiplying the solution by m/d gives a solution to (2). For 

269 
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n > 2 one may proceed by induction using the simple observation that 
«at, ... , an-t), an) = (at, ... , an)· 

If (1) has an integral solution then for each prime p the congruence 

f(x) == O (p) (3) 

has a solution. Iftherefore one can find a prime p for which (3) has no solution 
then (1) also has no solution. This method can be applied in many special 
cases to obtain nonexistence theorems. We will consider several examples of 
this technique. 

For example, consider the equation 

y2 = x 3 + 7. (4) 

If (4) has a solution then x is odd. For otherwise reduction modulo 4 would 
imply that 3 is a square modulo 4 which is not the case. Write (4) as 

y2 + 1 = (x + 2)(x2 - 2x + 4) (5) 
= (x + 2)(x - 1)2 + 3). 

Now since (x - 1)2 + 3 is of the form 4n + 3 there is a prime p of the form 
4n + 3 dividing it and reduction of (5) modulo p implies that -1 is a square 
modulo p. But this contradicts Proposition 5.1.2, Corollary 3. Of course this 
ingenious argument works only because one chose x 3 + 7. There are many 
results concerning the rational and integral solutions of the equation 

y2 = x 3 + k (6) 

for special values of k (see Section 10). The interested reader should consult 
Mordell [189J for an indication ofthe vast array oftechniques used to discuss 
(6). We mention in passing that it follows from deep theorems of Mordell and 
Siegel that (6) has only a finite number of integral solutions. The question of 
rational solutions leads to the famous conjectures of Birch and Swinnerton
Dyer. A statement of these conjectures will be given in the next chapter. 

Consider next the equation 

y3 = px + 2. (7) 

Here p is a prime p == 1 (3). We note that this Diophantine equation is 
equivalent to the congruence 

(8) 

By Proposition 9.6.2, Equation (7) has a solution iff p = e2 + 27 D2 for 
suitable integers e and D. Thus the Diophantine problem (7) is related to the 
question of the representability of p by the quadratic form x 2 + 27y2. 

In a similar manner quadratic reciprocity can be used to show that 

y2 = 41x + 3 (9) 

has no solution. For reduction modulo 41 shows that 3 is a square modulo 41. 
But since 41 == 1 (4) quadratic reciprocity implies 41 is a square modulo 3 
which is not the case. 



§2 The Method of Descent 

A well-known Diophantine equation is given by 

x 2 + y2 = Z2. 
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(10) 

The solutions in integers are known as Pythagorean trip1es. We solve this 
prob1em using Proposition 1.4.1 which states that Zei] is a unique factorization 
domain. A proof that does not use complex numbers can be found, for 
example, in Hardy and Wright [40], p. 190. Assume that (10) has a solution 
and that (x, y) = 1. Thus x and y are not both even and reduction of (10) 
modulo 4 shows that z is odd. Factor (10) in Zei] to obtain 

(x + iy)(x - iy) = Z2. (11) 

If n is an irreducib1e in Zei] that divides x + iy and x - iy then n divides 2x 
and 2y. Since z is odd (n) -1= (1 + i) for otherwise nn = 21z2. Thus nlx and 
ni y. Taking norms shows that N(n) = pix and p I y which contradicts the fact 
that (x, y) = 1. Thus x + iy and x - iy are relatively prime. If z = un~1 ... n~s, 
u a unit, is a factorization of z in Zei] then, by unique factorization, 

x + iy = u{J2. 

Writing f3 = a + bi and taking u = 1 gives the solutions 

x = a2 - b2 , 

y = 2ab, 

z = a2 + b2 • 

(12) 

The other choices ofthe unit give essentially (i.e., up to sign) the same solution. 
The identity (a 2 - b2)2 + (2ab)2 = (a 2 + b2)2 shows that (10) has in
finitely many solutions. The above argument shows that there are no others. 

We cond ude this section by giving a simple example of a homogeneous 
cubic equation with no nontrivial solution. For any prime p consider 

x 3 + py3 + p2Z3 = O. (13) 

Assume that (13) has an integer solution (x, y, z), x, y, z not all divisible by p. 
Then p I x 3 so pix. Putting x = px' and cancelling shows that p I y3 so that 
p I y. Substitut ing y = py' and cancelling shows that p I Z3 or p I z which is a 
contradiction. This elegant example is due to Euler (see Hurwitz [154], 
p.455). 

§2 The Method of Descent 

This method, first enunciated by P. Fermat may be used to hand le several 
important Diophantine equations. The technique is best illustrated by 
examples. Consider therefore the Diophantine equation 

(14) 
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We show that (14) has no integral solution with xyz "# 0, z > o. Assuming 
that (14) has such an integral solution we construct another solution with 
smaller positive z. This is clearly impossible as it leads to an infinite sequence 
of decreasing positive integers. The details are as folIows. 

We may assume that (x, y, z) = 1, z > O. Next x and y cannot both be odd 
since otherwise reduction modulo 4 would give Z2 == 2 (4) which is impossible. 
Let then x be odd, y even so that z is odd. Write y4 = (z - x 2)(z + x 2) and 
observe that, since any prime p divid ing the two factors on the right must also 
divide 2z and 2x2, one must have (z - x 2, z + x 2) = 2. But the product ofthe 
two factors is a fourth power. The possibilities are therefore 

z - x 2 = 2a4, a> 0, 

z + x2 = 8b4, (15) 

a odd, (a, b) = 1, 

or 

z - x2 = 8b4, 

z + x2 = 2a4, a>O (16) 

a odd, (a, b) = 1. 

The first case implies x2 = - a4 + 4b4 which is impossible since otherwise 
1 == -1 (4). Thus (16) holds and z = a4 + 4b4 . Note that ° < a < z. AIso 
eliminating z in (16) shows that 4b4 = (a2 - x)(a2 + x). Since (a, b) = 1 it 
folIows that (a, x) = 1 and arguing as earlier one sees that (a 2 - x, a2 + x) 
= 2. Writing a2 - x = 2c4 and a2 + x = 2d4 one obtains 

a2 = c4 + d4 . 

Thus we have found a solution to (14) with smaller positive value for z and 
the proof is complete. O 

In particular x4 + y4 = Z4 has no solution, xyz "# o. This is a special case 
of Fermat's Last Theorem. 

§3 Legendre's Theorem 

In this section we consider the Diophantine equation 

ax2 + by2 + cz2 = O, (17) 

where a, b, care square free, pairwise relatively prime integers. We would like 
to have necessary and sufficient conditions in order that (17) have a nontrivial 
integral solution. In order that a solution exist it is of course necessary to 
assume that a, b and care neither alI positive nor alI negative. 
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If m and n are nonzero integers let m R n denote the fact that m is a square 
modulo n. In other words there is an integer x with x 2 == m (n). Legendre 
discovered the folIowing beautiful theorem. 

Proposition 17.3.1. Let a, b, c be nonzero integers, square free, pairwise 
relatively prime and not aU positive nor aU negative. Then (17) has a nontrivial 
integral solution iff the following conditions are satisjied 

(i) -ab R c. 
(ii) -ac R b. 

(iii) - bc R a. 

It is convenient to prove this result in the folIowing equivalent form. 

Proposition 17.3.2. Let a and b be positive square free integers. Then 

ax2 + by2 = Z2 

has a non trivial solution iff the following three conditions are satisjied 

(i) aR b. 
(ii) b R a. 

(iii) -(ab/d2) R d, where d = (a, b). 

(18) 

In order to see that Proposition 17.3.2 implies Proposition 17.3.1 consider 
ax2 + by2 + cz2 = O as in Proposition 17.3.1 and assume that a and bare 
positive while c is negative. Then - acx2 - bcy2 - Z2 = O is easily seen to 
satisfy the conditions ofProposition 17.3.2. If(x, y, z) is a solution then since c 
is square free c I z. Putting z = cz' and cancelling we arrive at a solution to (17). 
That Proposition 17.3.1 implies Proposition 17.3.2 is Ieft as an exercise. 

We now proceed to the proof ofProposition 17.3.2. If a = 1 the proposition 
is obvious. Furthermore we may assume a > b. For if b > ajust interchange 
x and y. If a = b then by (iii) -1 is a square modulo b. By Exercise 25 at the 
end of this chapter one can tind integers r and s such that b = r2 + S2. A 
solution is then given by x = r, y = s, z = r2 + S2. 

With these preliminaries we proceed to construct a new form Ax2 + by2 
= Z2 satisfying the same hypotheses as (18), O < A < a, and such that if it has 
a nontrivial solution then so does (18). After a finite number of steps, inter
changing A and b in case A is less than b we arrive at one of the cases A = 1 
or A = b, each of which has been settled. Now for the details. 

By (ii) there exist, T and c such that 

c2 - b = aT = aAm2; A, me7L (19) 

where A is square-free, and Ici ~ a/2. First of alI we show that O < A < a. 
This folIows from (19) since first of alI one has O ~ c2 = aAm2 + b < 
a(Am2 + 1). Thus A ~ O. But since b is square-free A > O by (19). Further
more by (19) aAm2 < c2 ~ a2/4 so that A ~ Am2 < a/4 < a. 
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Next we verify that AR b. Put b = bld, a = ald with (al> bl ) = 1 and 
note that (al' d) = (b l , d) = 1 since a and bare square-free. Then (19) 
becomes 

e2 - bld = aldAm2 

and since d is square-free dle. Put e = eld and cancel to obtain 

dd - bl = al Am2 • 

(20) 

(21) 

Thus Aalm2 == -bl (d) or Aa~m2 == -albl (d). But (m, d) = 1 since by (21) 
a common factor would divide bl and d and thus b would not be square-free. 
Using (iii) and the fact that m is a unit modulo d we conclude that ARd. 
Furthermore e2 == aAm2 (b l ). Since aR b one has aR bl . AIso (a, bl ) = 1 
since a common divisor would divide d and bl contradicting the fact that 
b = bld is square-free. Similarly (m, b l ) = 1 which shows that AR bl. By 
Exercise 26, A R db l or A R b. 

NextwriteA = rAl,b = rb2,(Al ,b2) = 1. We must verifythat -Alb2 R r. 
From (19) we conclude that 

e2 - rb2 = arA lm2. 

But r is square-free so r I e. If e = re 1 then 

aA l m2 == -b2 (r). 

Since aR b we have aR r. Finally writing 

-aAl b2 m2 == -b~ (r) 

and observing that (a, r) = (m, r) = 1 we conclude -Alb2 R r. 
Assume now that AX2 + b y 2 = Z2 has a nontrivial solution. Then 

AX2 = Z2 _ by2. 

Multiplying (23) by (19) one has 

a(AXm)2 = (Z2 - by2)(e2 - b) 

= (Ze + by)2 - b(eY + Z)2. 

(22) 

(23) 

(Note the use of the multiplicativity of the norm map on Q(Jb) !). Thus (18) 
has a solution with 

x = AXm, 

y = eY + Z, 

z = Ze + bY. 

This completes the proof since X -# O; and m -# O as follows from the fact that 
b is square-free. O 

An important corollary of Proposition 17.3.1 is a special case of the so 
caUed "Hasse Principle." This principle states roughly that local solvability 
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implies global solvability. Here local solvability means that the equation 
under consideration has a non trivial solution modulo pm for alI primes p and 
all positive integers m, as well as a real solution while global solvability refers 
to a solution in integers. For quadratic forms this principle is true but it fails 
for equations of higher degree. For example, the equation x4 - 17y4 = 2Z4 

has a non trivial solution modulo pm for all p and m, and a real solution, but it 
has no non trivial solution in integers [205]. 

CoroIlary. Let a, b, c be positive square1ree, pairwise relatively prime integers 
not ali of the same sign. lf for each prime power pm the congruence 

ax2 + by2 + cz2 == O (pm) 

has a solution in integers (x, y, z) not ali divisible by p then ax2 + by2 + cz2 

= O has a nontrivial integral solution. 

PROOF. Let m = 2 and suppose p I a. Then if (x, y, z) is a solution as in the 
corollary we show that P'i yz. For if p I y, say, then p I cz2 which implies, since 
(a, c) = 1, that pl z. Thus p21ax2 and since p 'ix we obtain the contradiction 
p2la. Similarly pţz. Thus by2 + cz2 == O (p) and division (mod p) shows that 
- bc R p. This being the case for every p I a it follows that - bc R a (Exercise 
26). Similarly - ab R c and - ac R b and the corollary now follows by 
Proposition 17.3.1. O 

§4 Sophie Germain's Theorem 

In Chapter 14 we proved that if Fermat's equation for an odd prime p 

x p + yp + zp = O 

had a solution with p'ixyz then a very strong congruence held, namely 

2P- 1 == 1 (P2). 

(24) 

In 1823 Sophie Germain proved the following remarkable result by com
pletely elementary considerations. 

Proposition 17.4.1. lfp is an odd prime such that 2p + 1 = q is also prime then 
(24) has no integral solution with p 'ixyz, 

PROOF. Assume on the contrary that such a solution exists and suppose that 
(x, y, z) = 1. Write 

(25) 

The two factors on the right are relatively prime. For clearly pţy + z and if 
r -=F p is a prime divid ing both factors then since y == - z (r) one has 

0== Zp-l _ zp-2y + ... + yP-l == pyP-l (r), 
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which implies that r I y. This in turn implies that r I z (by (24» contradicting the 
assumption that (x, y, z) = 1. By unique factorization in 7L we conclude that 

y + z = AP 

Zp-l _ zp-2y + ... + yp-l = TP 

for suitable integers A and T. Similarly 

x+y=BP 

x + z = CP. 

Since p = (q - 1)/2 reducing (24) modulo q gives 

x(q- 1l/2 + y(q- 1l/2 + z(q- 1l/2 == O (q). 

(26) 

(27) 

(28) 

(29) 

If q'i-xyz then each ofthe terms on the left-hand side is ± 1 modulo q. This is 
impossible since q > 5. Thus, by symmetry, we may assume that q I x. From 
(26), (28) and (29) we conclude that 

BP + CP - AP = 2x 

so that 

B(q- 1l/2 + c<q- 1l/2 _ A(q- 1l/2 == O (q). (30) 

Once again it follows that q I ABC. However, since q Ix, (28) and (29) imply 
that q I BC is impossible. Thus q IA. By (26) and (27) we see that 

TP == pyP- 1 (q) 

By (28), y == BP (q); and since (A, T) = 1, q'i- T. Thus, since p = (q - 1)/2 we 
have ± 1 == ±p (q) which is impossible. Thus the proof is complete. O 

Unfortunately it is not known whether there are infinitely many" Germain " 
primes, i.e., primes p such that 2p + 1 is prime. The interested reader should 
consult Lecture IV in the book by Ribenboim [206]. 

§5 Pell's Equation 

Let d be a positive square-free integer. The Diophantine equation to be 
considered is 

(31) 

That this equation has an infinite number of solutions was conjectured by 
Fermat in 1657 and eventually solved by Lagrange. It seems that Pell had 
nothing to do with it, the error in attaching his name to it being due to Euler. 
For the whole story, and much more, the interested reader should consult the 
book by Edwards [128]. See also Davenport [22], and A. Weil [240]. 
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The solution to (30) depends upon the following proposition of Dirichlet 
and is an application of the pigeon hole principle. 

Proposition 17.5.1. lf ~ is irrational then there are infinitely many rational 
numbers x/y, (x, y) = 1 such that I x/y - ~ I < 1/y2. 

PROOF. Partition the half-open interval [O, 1) by 

If [IX] denotes, as usual, the largest integer less than or equal to IX then the 
fractional part of IX is defined by IX - [IX]. It lies in a unique member of the 
partition. Consider the fractional parts of O, ~,2~, ... , n( At least two ofthese 
must lie in the same subinterval. In other words there exist j, k with j > k, 
O ~ j, k ~ n such that 

1 IR - [j~] - (k~ - [k~])1 < -. (32) 
n 

Put Y = j - k, x = [k~] - [j~] so that (32) becomes Ix - y~ I < l/n. Here 
we may assume that (x, y) = 1 since division by (x, y) only strengthens the 
inequality. But O < y < n implies that I x/y - ~ I < l/ny < 1/y2. To obtain 
infinitely many solutions note that I x/y - ~ I =1 O and choose an integer 
m> l/lx/y - ~I. The above procedure gives the existence ofintegers Xl' YI 
suchthatlxtlYI - ~I < l/mYI < Ix/y - ~I andO < YI < m. Thisprocedure 
leads to an infinite number of solutions. D 

This proposition will be applied to show that I x 2 - d y21 assumes the same 
value infinitely often. 

Lemma 1. lf d is a positive square-free integer then there is a constant M such 
that I x2 - dy21 < M has injinitely many integral solutions. 

PROOF. Write x 2 - dy2 = (x + fly)(x - fly). By Proposition 17.5.1 
there exist infinitely many pairs of relatively prime integers (x, y), y > O 
satisfying Ix - Jd y I < l/y. It follows that 

Ix + flYI < Ix - flYI + 2fllyl < ~ + 2fly· 
y 

Hence I x2 - dy21 < 11/y + 2fl y 11/y ~ 2fl + 1 and the proof is com
plete. D 

The main re suIt of this section is as follows. 

Proposition 17.5.2. lf dis a positive squat:e-free integer then x2 - dy2 = 1 has 

injinitely many integral solutions. Furthermore there is a solution (Xl' YI) such 

thateverysolutionhastheform ±(xn,Yn)wherexn + flYn = (Xl + flYlt, 
n E7L. 
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PROOF. By Lemma 1 there is an m E 7L such that X2 - dy2 = m for intinitely 
many integral pairs (x, y), x > O, Y > O. We may assume that the x com
ponents are distinct. Furthermore since there are only tinitely many residue 
classes modu~ Imi one can tind (Xl' Yl), (X2,)'2), Xl =1= X2 such that Xl == 
X2 (Imi), Yl = Y2 (Imi)· Put a = Xl - Yl-.jd, [3 = X2 - Y2Jd. If y = 
X - yj{i let y' = X + yj{i denote the conjugate of y and N(y) = X2 - dy2 
denote the norm of y. Recall that N(a[3) = N(a)N([3). A short calculat ion 

shows that a[3' = A + Bj{i where miA, miE. Thus a[3' = m(u + vj{i) for 
integers u and v. Taking norms ofboth sides given m2 = m 2(u 2 - v2d). Thus 

(33) 

It remains to see that v =1= O. However if v = O then u = ± 1 and a[3' = ± m. 
Multiplyingby[3givesam = ±m[3ora = ±[3.Butthisimpliesthatxl = X2' 
Thus Pell's equation has a solution with xy =1= O. 

To prove the second assertion let us say that a solution (x, y) is greater than 
a solution (u, v) if X + yJd> U + vJd. Now consider the smallest solution 
a with X > O, Y > O. Such a solution clearly exists (why?) and is unique. It is 
called the fundamental solution. 

Consider any solution [3 = u + vj{i, u > O, v > O. We show that there is a 
positive integer n such that [3 = an. For otherwise chose n > O so that an < 
[3 < an+ 1. Then since a' = a-l, 1 < (a't[3 < a. But if (a,)n[3 = A + Bj{i, 
(A, B) is a solution to Pell's equation and 1 < A + Bj{i < a. Now A + 
Bj{i > O so A - Bj{i = (A + BJ"dr 1 > O. Thus A > O. Aiso A - Bj{i 
= (A + Bj{i)-l < 1 so Bj{i > A - 1 ~ O. Thus B > O. This contradicts 
the choice of a. If [3 = a + bj{i is a solution a > O, b < O then P- 1 = 

a - bj{i = an by the above so [3 = a- n• The cases a < O, b > O and a < O, 
b < O lead obviously to - an for nE 7L. The proof is now complete. D 

For a solution to special cases of Pell's equation using cyclotomy see 
Dirichlet [126] and Hartung [145]. 

§6 Sums of Two Squares 

If p is prime, p == 1 (4) then by Proposition 8.3.1 the Diophantine equation 
x2 + y2 = P has an integral solution which is essentially unique. There are 
many proofs of this result. It will be recalled that the proof in Chapter 8 made 
use of the ring of Gaussian integers. By further exploiting the arithmetic of this 
ring we will determine the number of representations of an arbitrary positive 
integer as the sum oftwo squares. The result is conveniently stated and in fact 
proved using the nontrivial Dirichlet character modulo 4 introduced in 
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Section 2 ofChapter 16. Recall that this character X is defined on 7l. by X(d) = 1 
if d == 1 (4), X(d) = -1 if d == 3 (4) and X(2k) = O. 

Proposition 17.6.1. The number ofintegral solutions (x, y), x > 0, y ~ ° to the 
equation x 2 + y2 = n is Ldln X(d). 

In other words the number of representations of n as the sum of two 
nonnegative squares the first ofwhich is positive is the excess ofthe number of 
divisors of the form 4n + 1 over the number of divisors of the form 4n + 3. 
The total number ofsolutions (x, y), x,y E 7l.is theneasilyseen to be4 Ldln X(d). 

Before proceeding to the proof we derive two corollaries. 

CoroIlary 1. The equation x 2 + y2 = n, n > ° has an integral solution iff ordp n 
is evenfor every prime p == 3 (4). When that is the case the number ofsolutions 
is IIp; 1 (4) (1 + ordp n). 

PROOF. Since x(n) is multiplicative it follows by Exercise 10, Chapter 2 that 
Ldln X(d) is multiplicative. If p == 1 (4) then Ldlpn X(d) = n + 1 while if 
p == 3 (4) then Ldlpn X(d) is ° or 1 according as n is odd or even. The result 
follows. O 

Corollary 2. Let m be a positive odd integer. The number of integral solutions 
(x, y), x > 0, y > ° to x 2 + y2 = 2m is Ldlm X(d). 

PROOF. Since 2m == 2 (4), y is positive. On the other hand X(2d) = ° for any 
divisor 2d of 2m. O 

We now proceed to the proof ofthe proposition. Consider the ring 7l.[i] of 
Gaussian integers. By Exercise 33, Chapter 1 the units are ± 1, ± i. Thus each 
nonzero rx E 7l.[i] has a unique associate x + iy, x > 0, y ~ O. If N(x + iy) = 

x 2 + y2 is the norm mapping then clearly the number of solutions to x 2 + y2 
= n, x > 0, y ~ ° is the number of ideals (rx) with N(rx) = n. Denote this 
number by an. Recall further that every ideal (rx) # ° may be uniquely written 
(up to order) as (nd 1 ••• (nsYs where ni is irreducible. Finally according to 
Section 7 of Chapter 9 the irreducibles are given, up to a unit, by 1 + i, n 
with nit = p == 1 (4), and q, a rational prime, q == 3 (4). Also n and it are not 
associates. 

We now introduce the formal Dirichlet series L~ 1 an/nS • This series is 
known as the zeta function ofthe ring 7l.[i]. We view this expres sion formally 
and shall not need any analytic properties of the associated function of a 
complex variable. Using the unique factorization of ideals in 7l.[i] proved in 
Section 4 of Chapter 1 one sees, using the same argument as in Exercise 25, 
Chapter 2, that 

L an = Il ( 1 ) 
n=l nS (x) 1 - l/N(n)' , 

(34) 
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the product being over the set of (unassociated) irreducibles in ZEi]. The 
right-hand side of (34) becomes, by the above c1assification of irreducibles 

(1 _\/2S) P[I(4) (1 -\/PSYJJ(4) (1 _ 11/q2.). (35) 

Next recall that 

1 00 1 
(s) = n 1 _ 1/ S = L s· 

P P n=1 n 

Noting that 1/(1 - q-2") = (l/(l - q-S»(l/(l + q-"» we see by rearrange
ment of terms that (35) becomes 

1 1 
(s) n 1 1/ S n 1 1/ S 

p=1(4) - P q=3(4) + q 
(36) 

This may be written as 

1 
(s) Q 1 _ X(P)/ps (37) 

Finally, using the fact that X is multiplicative we see that (37) may be written as 

(s) f x(~). 
n= 1 n 

(38) 

Recall that the second factor in (38) is the Dirichlet L-series introduced in 
Chapter 16, Section 2 in order to compute the density of primes p := 1 (4). 
We have shown 

f an = (f ~) (f x(n») 
n=1 nS n=1 nS n=1 nS . 

(39) 

Proposition 17.6.1 follows immediately from (39) for the coefficient in the 
right-hand side of (39) is, by the very definition of Dirichlet multiplication 
L.tln X(d). This completes the proof. D 

It should be noted that the rearrangement step in the above proof is 
purely formal and does not require any analytic properties of the infinite 
products. 

§7 Sums of F our Squares 

In 1621 Bachet stated without proofthat every positive integer is the sum of 
four squares. This assertion was proved in 1770 by Lagrange. In 1834 Jacobi 
was able to give a remarkably simple formula for the total number of repre-
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sentations of an integer as the sum of four squares from which the result of 
Lagrange follows immediately. 

We begin this section by giving the standard proof of Lagrange's theorem. 
The technique is that of descent. Having established the result for primes the 
general result follows from a formal identity due to Euler expressing the 
fact that the norm of a quaternion is a multiplicative function. In the last, and 
somewhat lengthier part ofthis section we prove Jacobi's theorem. The proof 
is based upon a letter (1856) from Dirichlet to Liouville ([122], pp. 201-208) 
simplifying Jacobi's proof. See also Weil [237]. 

We begin with a diophantine problem modulo p. 

Lemma 1. lf P is prime the congruence X2 + y2 + 1 == O (P) has a solution in 
integers x, y. 

PROOF. Denote by S the set of squares modulo p. Then S and {-1 - x I x E S} 
= S' each have (p + 1)/2 elements. Thus S and S' are not disjoint and the 
result follows. 

By the above lemma there is an integer m such that mp = 1 + X2 + y2 has 
an integral solution and furthermore by adjusting the residues one may assume 
Ixi < p/2, lyl < p/2. Thus mp < 1 + p2/4 + p2/4 so that m < p. 

Lemma 2. Suppose for a prime p there is an integer m, 1 < m < p such that mp 
is the sum of four squares. Then there is an n, O < n < m such that np is the sum 
of four squares. 

PROOF. Write 

~=~+~+~+~. ~~ 

Let Xi == Yi (m) with -m/2 < Yi :::;; m/2. Then Y~ + Y~ + Y~ + Y~ == O (m) so 
that there is an integer r ~ O such that 

rm = Y~ + Y~ + Y~ + y~. (41) 

Now rm :::;; m2/4 + m2/4 + m2/4 + m2/4 = m2 so that r :::;; m. First of alI 
r =1= O for otherwise Yi = O, i = 1, ... , 4 which would imply by (40) that mi p, 
a contradiction. Aiso r =1= m, since otherwise Yi = m/2; then xf == m2/4 (m2) 
and (40) implies that mp == m2 (m2) or mlp. Multiplying (40) and (41) gives, 
by Exercise 28, the identity 

m2rp = (XIYl + X2Y2 + X3Y3 + X4Y4)2 + (XIY2 - X2Yl + X3Y4 - X4Y3)2 

+ (XIY3 - X3Yl + X2Y4 - X4Y2)2 + (XIY4 - X4Yl + X2Y3 - X3Y2)2 
(42) 

Using Xi == Yi (m) one sees that each term on the right-hand side of (42) is 
divisible by m2• Cancelling m2 shows that rp is the sum of four squares and the 
proof is complete. O 
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Proposition 17.7.1. Any positive integer is the sum offour squares. 

PROOF. This follows immediately from Lemmas 1 and 2 and Exercise 28. O 

Let us now turn to the statement and proof of Jacobi's theorem. The 
result that we will establish is the following. 

Proposition 17.7.2. Let n be a positive integer n == 4 (8). The number ofintegral 
solutions (x, y, z, w), x, y, z, w positive and odd to the equation 

x2 + y2 + Z2 + w2 = n 

is the sum of the positive odd divisors of n. 

We leave to the Exercises the following corollary. 

(43) 

Corollary. Let n be a positive integer. The number of integral solutions (x, y, 
z, w) to x 2 + y2 + Z2 + w2 = n is 8 Ldln d, ifn odd and 24 Ldln d, d odd, ifn is 
even. 

The proof of the proposition is divided into severallemmas. Let N denote 
the number of integral solutions (x, y, z, w) to (43) with x, y, z, w positive and 
odd. Since n == 4 (8) we may write n = 2m, m == 2 (4). 

Lemma 3. N is the number of solutions (x, y, z, u, v) to thesystem of Diophantine 
equations 

x 2 + y2 = 2u, 

Z2 + w2 = 2v, 

u+v=m, 

with x, y, z, u, v odd and positive. 

PROOF. This is left as a simple exercise. 

(44) 

o 

As in Section 5 let X denote the nontrivial Dirichlet character modulo 4. 

Lemma 4. N = L x(de) = L (_1)(de-l)/2 = L (_1)(d-e)/2 the sum over ali 
solutions (d, e, t, s) in positive odd integers to ds + et = m. 

PROOF. By Lemma 3 and Corollary 2 of Proposition 17.6.1 we see easily that 

N = 2: (2: X(d)x(e)). 
U,v d\u 

u+v= ni d\v 

(45) 

Write u = ds, v = et so thatthe terms in (45) are in one-to-one correspondence 
with solutions (d, e, t, s), d, e, t, s positive, odd and satisfying ds + et = m 
This proves the first equality in the lemma. The second follows from the 
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definition of X and the fact that (d - 1)/2 + (e - 1)/2 == (de - 1)/2 (2) when 
d and e are odd. D 

Consider now the terms in L X( de), the sum being as in Lemma 3, for which 
d = e. For each odd d I m, s + t = m/d has m/2d solutions in positive odd, s, t. 
The total number of solutions is therefore Ldlm m/2d = Ldlm d. Each solution 
of ds + et = m, d = e contributes X(d 2 ) = 1 to N by Lemma 4. The proof of 
Proposition 17.7.2 will follow if one shows L x(de) = ° the sum as in Lemma 
4 and d #- e. Pai ring (d, e, t, s) with (e, d, s, t) shows that is enough to prove 
L x(de) = 0, d > e. 

Denote by S the set of all (d, e, t, s), d > e, ds + et = m, d, e, t, s positive 
and odd. The idea behind the remainder of the proof is to construct a bi
jection of S that sends Ls x(de) to its negative. This, of course, will imply that 
Ls x(de) = O. 

For a positive integer n put 

An = (n : 1 ::~) 
and detine (d', e', ti, Si) by 

(46) 

Since 

A; 1 = (n + 1 n + 2) 
n n + 1 

one checks quickly that 

An(t d) = (d' t:). 
s -e e'-s 

Taking determinants one sees that 

ds + et = dis' + e' ti. (47) 

Thus for each n we have a mapping from 714 to 7L\ which we denote by I/In. 

Lemma 5. Given (d, e, t, s) E S there is a unique nE 7L + such that I/In(d, e, t, s) E S. 

PROOF. One sees immediately using (46) that d', e', ti, Si are odd, d' > e', d' > 0, 
e' > O. Furthermore the conditions Si > 0, t' > Oare equivalent to, by (46), 
e/(d - e) - 1 < n < e/(d - e). But d - e is positive and even and e is odd 
from which it follows that this inequality is satistied for a unique n > O. This 
concludes the proof. O 
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Denote the mapping from S to S defined by Lemma 5 by <1>. 

Lemma 6. <1> is a bijection. 

PROOF. We will show that <1>2 is the identity map. For if (d, e, t, s) E S then 

<l>2(d, e, t, s) = <1>( (An(:) r, (A; 1 (~) r) 
= (( Ak A; 1 (~) r, (Ak 1 An(:) r). (48) 

where the asterisk denotes transpose. Here k and n are deflned by Lemma 5. 
But the integer k is uniquely defined by the condition that the right-hand side 
of (48) is in S and that is true if k = n. Thus <l>2(d, e, t, s) = (d, e, t, s) and the 
proof of the lemma is complete. O 

In order to complete the proof observe from (46) that d' - e' = s + t. But 
x(de) = (_1)(d-e)/2. Since ds + et == 2 (4) one sees that (d - e)/2 is even 
iff (s + t)l2 is odd. Thus x(de) = - x(d'e'). Finally M = Ls x(de) = 
- Ls x(d'e') = -M from which it follows that M = O and the proof is 
complete. O 

§8 The Fermat Equation: Exponent 3 

The Fermat equation 

(49) 

has been discussed in special cases in Sections 2 and 4 and in Chapter 14 
(Theorem 5). In this section using the arithmetic of Z[w] where w3 = 1, 
w =F 1 we give a complete solution to the equation 

(50) 

That this equation has no integral solution, xyz =F O, was first proved 
essentially by Euler. See, however, G. Bergmann [91]. 

Instead of (50) we shall study the more general equation 

x 3 + y3 = uz3, (51) 

where u is a fixed unit in Z[ w] and prove the following result. 

Proposition 17.8.1. The equation x 3 + y3 = uz3, where u afixed unit in Z[w] 
has no integral solution (x, y, z), xyz =F O where x, y, z E Z[w]. 

This implies, of course, that a nonzero cube in Z is not the sum of two 
nonzero cubes in Z. 
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Proposition 17.8.1 will be proved in a sequence of lemmas. First we recaII 
the basic facts concern ing the arithmetic of Z[w], proved in Chapter 9. The 
ringZ[w] is a principal ideal ringwith units ±1, ±w. ±w2.WriteA = 1 - w 
and recaII that (..1.)2 = (3), and that A is irreducible. Each element IY. E Z[w] is 
congruent modulo A to + 1, - 1 or O. This fact will be used repeatedly in the 
foIIowing. If IY. = uAnfJ where u is a unit and A ifJ then we write n = ord;. IY.. 

First of aII we establish the weaker result, the so-caIIed first case, that (51) 
has no solution with A ixyz. 

Lemma 1. The equation x3 + y3 = uz3, u a unit in Z[w] has no solution with 
x, y, z E Z[w], A 1.xyz. 

PROOF. Note that since A is irreducible the condition A 1.xyz is equivalent to 
A 1.x, A 1.y, A 1.z. If x E Z[w], X == 1 (A) then x 3 == 1 (..1.4). For if x = 1 + At 
then 

x 3 - 1 = (x - l)(x - w)(x - w2 ) 

= At(l - w + At)(l - w2 + At) 

= At(A + At)«(l + w)A + At) 
= A3t(l + t)(t - w2). 

Since w2 == 1 (A) and t is congruent modulo A to + 1, -lor O the congruence 
foIIows. 

Now assume a solution to (51) exists with A .t xyz and reduce modulo A. 
Then 

(52) 

But it is easy to check that (52) is impossible for any choice of signs and unit. 
This completes the proof. D 

We pass now to the more difficult situation in which we assume a solution 
exists with AI z and (x, y) = 1. Thus A 1.xy. Under these conditions the follow
ing lemma shows that in fact ..1.2 1 z. 

Lemma 2. Ifx3 + y3 = uz3 for x, y, z E Z[w], A 1.xy, Alz then ..1.2 Iz. 

PROOF. Reduction of(51) modulo ..1.4 gives 

± 1 ± 1 == uz3 (..1.4). 

If 0== uz3 (..1.4) then 3 ord;. z ~ 4 so that ord;. z ~ 2. If ±2 == uz3 (..1.4) then 
..1.12 which is not true. D 

The following lemma constitutes the "descent" step. 

Lemma 3. Ii x3 + l = uz3, (x, y) = 1, A 1.xy, ord;. z ~ 2 then there exist 
ul , Xl' Yb ZI E Z[w], Ul a unit, Ai. XlYl, ord;. ZI = ord;. z - 1 and such that 

xi + yi = ulzi· 
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PROOF. Recall that if ordA rx #- ordA 13 then ord..(rx ± 13) = min(ordA rx, 
ordA 13). Next 

(53) 

Since ord..(uz3 ) ~ 6 at least one factor on the left-hand si de of (53) is divisible 
by A2. Replacing ifnecessary y by wy or w2y we may as sume that ord..(x + y) 
~ 2. Since ord..(l - w)y = ord). AY = 1 we see that 

ord..(x + wy) = ord..(x + y + (1 - w)y) 

=1. 

Similarly ord).(x + w2y) = 1. Thus 

ord..(x + y) = 3 ordA z - 2. 

If n is an irreducible (n) #- (A) then n cannot divide x + y and x + wy. For 
otherwisenl(l- w)y = Ay,sothat nly,nlx. Itfollows that (x + y,x + wy) 
= (A). Similarly the other pairs of factors of (53) have greatest common 
divisor A. Since unique factorization in Z[w] holds one can write 

x + y = U1rx3At, 

x + wy = U2f33A, 

t = 3 ordA z - 2, A 1rx, 

A 113, 
x + w2y = U3 y3 A, Al y. 

(54) 

In (54) u1, U2' U3 are units and (rx, 13) = (rx, y) = (13, y) = 1. Multiplying the 
second equation in (54) by w, the third by w2 and adding one obtains 

0= U1rx3At + WU2f33A + w2U3y3A. (55) 

Cancelling A(! !) gives 

0= U1rx3A3(ordz-1) + wu2f33 + W2U3y 3. (56) 

Finally putting rxAordz-1 = Zl' 13 = Xl> Y = Y1' (56) becomes, with units 

xi + e1yi = e2zi· (57) 

Reducing (57) modulo A2 and noting that ord..(zi) > 2 we find 

± 1 ± el == O (A 2). (58) 

An examination of cases leads immediately to el = ± 1. Thus, replacing if 
necessary Y1 by - Y1 we arrive at a new relation 

xi + yi = ezi, 

with A t X1Y1, ordAz1 = ordAz - 1, e a unit. This completes the proof. D 

To prove Proposition 17.8.1 we proceed as follows. If A t xyz we invoke 
Lemma 1. If A t xy but AI z then Lemmas 2 and 3 lead to a contradiction. 
Finally, if Alx but A t yz, then ± 1 == U (A4 ) which implies ± 1 = u. But 
then (±Z)3 + (- y)3 = x3 and we are in a situation already disposed of. 
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In the previous section it was shown that the equation x 3 + y3 = Z3 has no 
solution in integers x, y, Z with xyz "# O. Division by Z3 shows that the cubic 
curve x 3 + y3 = 1 has no rational points (x, y), xy "# O. Similarly from the 
fact established in Section 2 that X4 + y4 = Z2 has no integral solution with 
xyz "# O one concludes that the curve defined by y2 = X4 + 1 has (O, ± 1) as 
its only rational points (see Exercise 31). 

In this section we give examples of cubic curves with an infinite number of 
rational points. The proof is based upon the simple observat ion that the 
tangent line to a cubic curve at a rational point intersects the curve in a unique, 
not necessarily new, point which is again rational. We say that an integer a 
is cube-free if ordp a ~ 2 for alI primes p that is, no cube "# 1, -1 divides a. 

Proposition 17.9.1. lf a > 2 is a cubelree integer such that the cubic curve with 
equation 

X 3 + y3 = a (59) 

has a rational point then it has infinitely many rational points. 

PROOF. Let (rx, 13) be a rational point on (59). If rx = Xt/Zl' 13 = yt/Z2' (Xl' ZI) 

= (Yl' Z2) = 1 with Xl> YI' ZI' Z2 integers then it is easy to see that ZI = Z2' 
Since a> 2 is cube-free XlYl "# O and Xl "# Yl' The tangent line to (59) at 
(rx, 13) is rx2x + f32y = a. Solving for y and substituting in (59) gives 

x3 + (a ~:2xr _ a = O. (60) 

The left-hand side of (6) is a cubic polynomial with rx as a double root (at 
least). If the third root is y then since the sum of the roots is the negative of 
the coefficient of X2, we obtain after a simple calculat ion, 

Thus 

3rx4 

2rx + y = 3 133 • rx -

Xl (xi + 2yD 
- (3 3) . 
ZI Xl - Yl 

The corresponding value for y = (a - rx2X)/f32 is 

-Yl (2xi + yD 
p = - (3 3) 

ZI Xl - Yl 

(61) 

(62) 

(63) 
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and by (60) (y, p) is a rational point on the cubic. The reader may verify 
direct1y, of course, that (y, p) satisfies y3 + p3 = a. It remains to show that 
(y, p) is distinct from (oc, f3) and moreover that one obtains by this process an 
infinite number of points on the curve. Define the integer A by 

AX2 = xt(xi + 2yD, 

Ah = - Yt(2xI + yD, (64) 

AZ2 = Zt(xi - yD, 

with(X2' Y2, Z2) = 1. ThusAisthegreatestcommondivisoroftheintegerson 
the right-hand side of (64). Clearly one has 

X~ + Y~ = azt (65) 

Since a is cube-free and (X2' h, Z2) = 1 we see that (X2' Y2) = (X2' Z2) = 
(Y2' Z2) = 1. We c1aim that A is equal to 1 or 3. For if p is prime and p IA then 
it follows without difficulty from (64) that p t XtYtZt. Thus p divides each of 
the second factors on the right-hand side of (64) and consequent1y pl3yI. 
Thus p is 1 or 3. Notice, also, that (A, Zt) = 1 implies A IXI - yI. 

The proof will be completed by showing that 1 Z 21 > 1 Z t 1. To this end one 
has 

(66) 

One sees, 41xî + XtYt + Yîl = 1(2xt + Yt? + 3yîl > 4 and consequent1y 
one has the inequality IZ21 > IZtllxt - Ytl/A. If A = 1 then (66) shows 
that 1 Z 21 > 1 Z 1 1. On the other hand, if A = 3, then since A 1 xi - YI one has 
xi == YI (3) which implies that Xt == Yt (3) and once again (66) implies 
that IZ21 > 1 ztl. Continuing in this manner one obtains a succession ofpoints 
(xn/zn, Yn/zn), XnYn =1 O, (xn, zn) = (Yn, zn) = 1 and IZnl > IZn-tl, and the 
proof is complete. D 

§10 The Equation y2 

The Diophantine equation 

(67) 

has been studied extensive1y since its consideration in the seventeenth century 
by Fermat and Bachet in the special case k = - 2. The integral values of k for 
which (67) has a rational solution have not been determined thus far. It was 
asserted, though not demonstrated, by Bachet and others that given a rational 
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solution (x, y), xy =1= O the tangent method, used in Section 9, produces an 
infinite number of solutions. Thus, in modern language, the elliptic curve (67) 
then has positive rank (see Chapter 18). This result was established with 
several exceptional cases by Fueter in 1930. 

In 1966 Mordell gave a remarkably short proof of Fueter's result [191]. 
More precisely he proved 

Proposition 17.10.1. Ify2 = x 3 + k, k a sixth power1ree integer, has a rational 
solution (x, y), xy =1= O then there are an infinite number of rational solutions 
provided k =1= 1, -432. 

It is shown in the Exercises that the case k = - 432 is equivalent to 
Fermat's equation x 3 + y3 = 1, which by the main result of Section 8 can 
easily be shown to have only the rational solutions (1, O), (0,1). We will not 
give the details to Proposition 17.10.1, but rather refer the interested reader 
to Mordell's paper. The proof consists in showing that the tangent method 
used in the preceding section leads to an infinite number of solutions. 

Thus y2 = x 3 - 2 has an infinite number of rational points since it has one, 
namely (3, 5). However, we point out that there are only a finite number of 
integral solutions. This is a difficult theorem for general k but in the case 
k = - 2 a very short proof can be given using Exercise 36 of Chapter 1. For 

(68) 

If n is an irreducible in Z[ j=2] dividing both factors on the left-hand side of 
(68) then nl2j=2. Thus (n) = (j=2), and j=2lx which implies, taking 
norms, that 21x. But this implies that y2 == 2 (4) which is impossible. Since 
Z[j=2] is a unique factorization ring with units ± 1, (68) shows that 

Thus 
y + .j=2 = (a + b.j=2)3. 

y = a3 - 6ab2, 

1 = 3a2b - 4b3 

= b(3a2 - 4b2), 

Hence b = -1 and one obtains as the only solutions (3, ± 5). 

(69) 

(70) 

If d is a positive square free integer then one can find the integer solutions 
to y2 = x 3 - din certain cases using the arithmetic of the imaginary quad
ratie field Q!(J=d). As in the case of Fermat's Last Theorem (see Section 11) 
it is necessary in this approach to impose a divisibility condition on the class 

number h of Q!( J=d), namely we require that 3ţh. If, furthermore, we restrict 
d by assuming d =1= + 1, +3 and -d == 2 or 3 (4) then by Chapter 13 the ring 
of integers of Q!(J=d) is Z[J=d] and ± 1 are the only units. Under these 
conditions assume that (x, y) is an integral solution to y2 = x 3 - d. Then 
(Exercise 32) x is odd and (x, d) = 1. Now 

x 3 = (y + J=d)(y - J=d). 
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If Pc Z[.J=d] is a prime ideal containing y ± .J=d then 2.J=d E P 
and x E P. Thus N(P) 14d and N(P) I x2 which is impossible. It follows that 

(y + .J=d) and (y - .J=d) have no common ideal factors. Since Z[.J=dJ 
is a Dedekind ring we have 

(y + .J=d) = m:3 

for some ideal m:. Since 3ţh the ideal class group ofZ[.J=dJ has no element 
of order 3 and therefore m: is principal. Thus, since ± 1 are the only units one 
has 

This implies 

1 = ± b(3a2 - db2), 

y = ± a(a2 - 3db2), 

from which one derives easily b = ± 1 and 

d = 3a2 ± 1. 

(71) 

(72) 

(73) 

Thus y2 = x 3 - d has a solution precisely when d lies in one of the quadratic 
progressions 3a2 ± 1. When this is so one finds easily the value of x to be 
a2 + d. Thus we have the following proposition. 

Proposition 17.10.2. Let d > 1, square-free and d == 20r 1 (4). Assume that the 
class number ofO(J=d) is not divisible by 3. Then y2 = x 3 - d has an integral 
solution iff dis oftheform 3t2 ± 1. The solutions are then (t2 + d, ± t(t2 - 3d». 

For a discussion ofthe real quadratic case, see W. Adams and L. Goldstein 
[84], Chapter 10, and Mordell [189], Chapter 26. 

§11 The First Case of Fermat's Conjecture for 
Regular Exponent 

In this last section we use results from Chapters 12 and 13 on the arithmetic of 
cyclotomic number fields to prove a special case of Fermat's conjecture. If C 
denotes an lth root ofunity different from 1, where lis an odd prime then 0(0 
is an algebraic number field of degree I - 1 whose ring of integers is, by Pro
position 13.2.10, Z[C]. Thus by Theorem 2, Chapter 12 every nonzero ideal in 
Z[C] can be factored uniquely as a product ofpowers of distinct prime ideals. 
Recall that lis called regular if li-h where h denotes the class number of Om. 
Thus if m: is an ideal such that m:' is principal then m: itself is principal, a fact of 
central importance in the following. 

We need one additional result concerning the arithmetic of Z[C]. 

Lemma 1. lfu is a unit in Z[n then C'u is realfor some rational integer s. 
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PROOF. Observe first of all that complex conjugation is an automorphism of 
10(0 since ţ = ,p-l. Thus if u is a unit then u is a unit and r = u/u E Zen 
Furthermore if p is any automorphism of 10(0 then per) = p(u)/p(a) = 
p(u)/p(u) so that Ip(r)1 = 1. By Lemmas 1 and 2, Section 5, Chapter 14, 
r = ± '1 for some integer t. If A = 1 - , then ,i == 1 (A) for all j, so that 
writing u = ao + al' + ... + al_2,1-2 and using the fact that p(O = 'k for 
some k we see that u == p(u) (A). In particular u == u(A). If r = - '1 then u = 
- Ca so that u == - a(A). Thus 2u == o (A) which is impossible. Therefore 
u = Ca = C 2sa where - 2s == t (1). Finally ,su = Cu showing that ,su is real. 

O 

The main result of this section is the following. 

Proposition 17.11.1. II lis a regular prime then the diophantine equation 

Xl + yl = ZI (74) 

has no solution in rational integers x, y, z with 1 t xyz. 

The proof of this proposition will be presented in several lemmas. We 
begin by factoring the left-hand side of (74) 

Xl + i = (X + y)(x + ,y) ... (X + ,l-ly ). (75) 

Recall that two ideals m and mare relatively prime in Z['J ifm + m = 1'[0. 
When this is the case m and m have no common prime ideal divisors. Assume 
for the remainder of this section that (73) has a solution in integers x, y, z, 
It xyz and that I t h. Suppose, as we may, that x, y, zare pairwise relatively 
prime. 

Lemma 2. The ideals (x + ,iy) and (x + ,iy) are relatively prime if i -ţ j (1). 

This lemma has already been proven in Section 6, Chapter 14. 

Lemma 3. There exist u, j3 E Z['J, u is a real unit such that x + 'y = ,suj3, 
where SE l' and j3 == n (1)lor some nE Z. 

PROOF. Using Lemma 2, Proposition 13.3.3, and the fact that the right-hand 
side of (74) is an Ith power we see that (x + 'y) = mI for some ideal m. Since 
Ith it follows that m is principal. Thus x + 'y = eal where a E Z['J and e is a 
unit. The result follows from Lemma 1 and the observation that if a = 
2}:5 ai,i then al == 2:l:5 ai (1). O 

Taking conjugates one has x+C ly=csuf3 so that CS(x+'y)
C(x + C 1 y) = u(j3 - /3). However /3 == j3 == n (1) and so we have shown that 
CS(x + 'y) - C(x + C ly) E 11'[']. We state this as 
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By Proposition 6.4.1. 1, " ,2, ... , ,'- 2 are linearly independent over Q. 
Furthermore we may assume 1 > 3 (by Section 8) and O ::;; s ::;; 1 - 1. The 
proof of Proposition 17.11.1 will be completed by deriving a contradiction 
from the relation of Lemma 4. By the above comment we need only to examine 
the cases when two ofthe powers of' are the same. Thus we must examine the 
cases 

(a) ,2s = 1. 
(b) (2s-1 = 1, 
(c) ,2s-1 = ,. 

In case (a), Lemma 4 implies - y + ,2y E l1'[G so that lly. In case (c), we 
find x - ex E l1'[G so that llx, a contradiction. Finally in case (b) we find 
(x - y) + (y - x)( E l1'[(]. Thus x == y (1). Write Fermat's equation as 
x' + (-z)' = (- y)'. Then, arguing as earlier, we obtain Lemma 4 with a 
possibly different s. However cases (a) and (c) lead to contradictions and case 
(b) gives, as above, x == -z (1). But O = x' + y' - ZI == X + Y - z (1). Thus 
3x == O (1) which implies 11 x a contradiction ! This completes the proof of the 
first case of Fermat's Last Theorem for regular exponent. D 

The above proof is essentially that given in Borevich and Shafarevich [9]. 

§12 Diophantine Equations and Diophantine 
Approximation 

In this final section we give a brief discussion of the relationship between 
diophantine equations and the approximation of algebraic numbers by 
rational numbers. The technqiues required to prove the results mentioned 
below are different from those developed in the preceding chapters. Here we 
can only give an indication ofthe results and refer the interested reader to the 
literature. 

If 1)( is an irrational number then by Proposition 17.5.1 there are infinitely 
many rational numbers p/q such that 

I I)(-!!.I<~· q q2 

It is natural to ask whether the exponent 2 in this inequality can be increased. 
A deep result of Roth in 1955 [118], for which he was awarded the Fields 
Medal in 1958, asserts that if 1)( is algebraic of degree ~ 2 then for each fixed 
il > O there are at most finitely many rational numbers p/q, q > O with 

II)( - ~ I < q21+e. 
(76) 
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It follows that there is a constant c > O such that for all rationals p/q one has 

la - ~ I > q2
C
+ •. 

The theorem of Roth was preceded by deep results of A. Thue (1909) and 
C. L. Siegel (1921) each of which improved an elementary estimate of 
J. Liouville (1844). This simple result is the following. 

Proposition 17.12.1. lfa is a real algebraic number of degree n, n ~ 2 then there 
is a constant c > O such that for any rational number p/q, q > O 

la - EI> -=-. q qn 

PROOF. It is c1early enough to assume la - p/ql :s;; 1. By the mean value 
theorem I f(p/q) I = I f(a) - f(p/q) I :s;; la - p/q IA where f(x) E Z[x] is irre
ducible, f(a) = O, and A = suplf'(x)l, Ix - al :s;; 1. But since a is not 
rational f(p/q) =1= O and I f(P/q) I ~ 1/qn. This completes the proof. O 

The Thue and Siegel results replaced n by n/2 + 1 and 2Jn respectively. 
Roth's result is, in a certain sense, the best possible, by Dirichlet's theorem 
(Proposition 17.5.1). However we shall see that any improvement in the 
Liouville estimate, i.e., any lowering of the exponent n (but greater than 2!) 
has profound consequences in the study of certain diophantine equations. In 
fact, let anxn + an_1XR-1 + ... + ao be a polynomial with integral coef
ficients, irreducible over Q and of degree at least 3. For a nonzero integer m 
consider the diophantine equation 

(77) 

We will show that if one has an inequality of the form 

n-e>2, (78) 

valid for some O < e < n, and all rational numbers p/q then (77) has at most a 
finite number of integral solutions. This remarkable result follows quite 
easily from (78). For write (71) in the form 

(~ - a(ll) (~- a(2l) ... (~- a(Rl) = a~Y"' 
Put A = min I a(i) - aU>l, i =1= j. Then if (x, y) is an integral solution y =1= O 
c1early at most one aU> satisfies I x/y - aU>I < A/2. For such an aU> apply (78) 
and for the remaining terms use I x/y - a(i) I ~ A/2. Then 

m T 
->-
lylR lyIR-' 
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for a suitable T depending only on ac(1), ••• , ac(n). Thus 

m> Tlyl", B > O, 

from which it follows that lyl is bounded. But for any y the number of x 
satisfying (77) is bounded and we are through. Thus while x 2 - 2y2 = 1 has 
infinitely many integral solutions, x 3 - 2y3 = 1 has only finitely many 
integral solutions. 

Among the texts treating in detail this vast area of number theory we 
recommend K. B. Stolarsky [225], A. Baker [89], and W. M. Schmidt [217]. 

NOTES 

The literature on diophantine equations is vast. We will cite only a few articles 
and essays that have a relationship with the equations discussed in this 
chapter. For a good general survey article we recommend W. J. LeVeque, 
"A Brief Survey of Diophantine Equations" [180], as well as the early essay 
by G. H. Hardy [39]. The supplement of Heath's edition of Diophantus [146], 
provides a technical study ofthe equations considered by Fermat and Euler in 
the seventeenth and eighteenth centuries. See also the scholarly work by J. E. 
Hoffman [152], where a detailed analysis is made ofthe results of Fermat and 
Euler and their relationship to the tangent method for finding rational points 
on cubic curves described in Sections 9 and 10. Relationships between this 
process and the corresponding diophantine equations modulo p will be 
indicated in the following chapter. 

Excellent chapters on diophantine problems can be found in various 
introductory texts on number theory. We mention in particular Adams and 
Goldstein [84], Hardy and Wright [40], Uspensky and Heaslet [230] 
Davenport [22], and Niven and Zuckerman [61]. 

For a broad perspective on the formative period of this branch of mathe
matics and number theory in general, see the informallecture by A. Weil 
[235]. 

An extensive coverage of diophantine equations by a modern master is 
given in the text by L. J. Mordell, [189]. A much more sophisticated and 
abstract approach is taken by S. Lang in his book Diophantine Geometry 
[170]. For a spirited discussion of the relative merits of these books the 
interested reader should consult the reviews of Lang's book by Mordell, 
[190] and the subsequent review of Mordell's book by Lang [172]. See also 
the advanced surveys by S. Lang [53], [173]. 

EXERCISES 

1. Show that 165x2 - 21y2 = 19 has no integral solution. 

2. Find the integral solutions to y2 + 31 = x 3• 

3. Show that x3 + l = 3z3 has no solution x, y, Z E l[w], z # O. 
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4. (In memoriam Ramanujan) Show that 1729 is the smallest positive integer expressible 
as the sum of two different integral eubes in two ways. 

5. Whieh of the following have nontrivial solutions? 
(a) 3X2 - 5y2 + 7z2 = O. 
(b) 7X2 + lly2 - 19z2 = O. 
(e) 8X2 - 5y2 - 3z2 = O. 
(d) 11x2 - 3i - 41z2 = O. 

6. Find the fundamental solutions to X2 - 3y2 = 1, X2 - 6y2 = 1, X2 - 624i = 1. 

7. Reduce the problem ofthe integral solutions of 3X2 + 1 = 4y 3 to Proposition 17.8.1 
as follows: 
(a) Put t = (3x - 1)/2; t =1= 1, -2, so that t2 + t + 1 = 3y3, Y =1= O. 
(b) (t + 2)3 + (1 - t)3 = (3y)3. 

8. Find the integral solutions to y2 = x 3 - 4. 

9. Find four rational points on x 3 + l = 9 using the method of Proposition 17.9.1. 

10. Find the integral solutions to i = x 3 - 1. 

11. Show that if x 2 - di = -1 has an integral solution then so does x 2 - dy2 = 1. 

12. List the integral solutions of x 2 + y2 + Z2 + w 2 = 15 and eheek with Proposition 
17.7.2. 

13. Let t be an integral eube. Show that i = x 2 - t has an integral solution. 

14. Show that if x 2 - di = n, d > O square-free has an integral solution xy =1= O it has 
infinitely many. 

15. Let a + bJP be the fundamental solution to x 2 - py2 = 1, where p is prime p == 1 
(4). The following steps show that x 2 - pi = -1 has an integral solution x, y, 

x· y =1= O. 
(a) a is odd. 
(b) a ± 1 = 2u2,a 1= 1 = 2pv2 ,2uv = b. 
(e) u2 - pv2 = ± 1. 
(d) In (e) the negative sign holds. 

The following seven exereises establish the eorollary to Proposition 17.7.2. Let A(n) de
note the number of integral solutions to xi + x~ + x~ + x~ = n. See [52]. 

16. Show that A(4n) = A(2n). 

17. Ifn is odd show that 16 Ldln d + A(n) = A(4n). 

18. If n is odd let S be the number of solutions to xi + x~ + x~ + x~ = 2n with Xl == 
x 2 == 1 (2) and X3 == X4 == 0(2). Show that the number of elements of S is iA(2n). 

19. Ifn == 1 (4) and S is as in Exereise 18 show that the number ofelements in S idA(n). 
Conci ude that A(2n) = 3A(n). 

20. If n == 3 (4) then A(2n) = 3A(n). 

21. If n is odd show that A(n) = 8 Ldln d, A(2n) = 24 Ldln d. 

22. If n is even n = 2sm, s ;;::: 1, m odd show that A(n) = 24 Ldlm d. 
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23. Thediscriminantoft3 + pt + qis _(4p3 + 27q2).Reducetheproblemofdetermin
ing the cubics with discriminant 1 and p, q rational to Fermat's equation x 3 + y3 = 1 
by putting x = (3q + 1)/(3q - 1), y = 2p/(3q - 1), q of- j-. Show that the resulting 
cubics are t3 - t ± ţ. 

24. Show that Proposition 17.3.1 implies Proposition 17.3.2. 

25. Show that if b is a positive integer and -1 is a square modulo b then x 2 + y2 = b has 
an integral solution. 

26. If (n, m) = 1 show that aR m, aR n implies aR mn. 

27. Justify the rearrangement steps in Proposition 17.6.1. 

28. Let A be the set of complex matrices of the form 

Show that Euler's identity, which states that (xi + x~ + x~ + xi)(yi + y~ + 
y~ + yi) equals the right-hand side of Equation (42), is equivalent to det(MN) = 
(det M)(det N) for M, NEA. 

29. The following argument shows that Proposition 17.8.1 implies that y2 = x 3 - 432 
has (12, ± 36) as its only rational solutions. FiU in the details. Assume a solution 
(x, y) exists distinct from (± 36, 12), x > O. 
(a) Write y/36 = ale, x/12 = bie, with a == e == 0(2). 
(b) Put, = (a + e)/2, s = (e - a)/2, t = b > O. 
(c) Show that,3 + S3 = t3 , ,st of- O. 

30. The converse to Exercise 29 is also true; Show that if x 3 + y3 = Z3, XYZ =P 0, 
x, y, Z E 7L then putting , = 36(x - y)/(x + y), s = 12z{x + y) leads to ,2 = S3 
- 432. 

31. Using the fact that x4 + y4 = Z2 has no integral solution xyz of- O show that (O, ± 1) 
are the only rational solutions to y2 = x 4 + 1. 

32. Let d be a square-free integer d == 1 or 2 modulo 4. Show that if x and y are integers 
such that y2 = x 3 - d then (x, 2d) = 1. 



Chapter 18 

Elliptic Curves 

Many of the thernes studied throughout this book corne 
together in the arithmetic theory of elliptic curves. This is a 
branch of number theory whose roots go back a long way, 
but which is, nevertheless, the subject of intense investiga
tion at the present time. 

In this chapter we will give a brief overview of some of 
the relevant definitions, problems, and conjectures about 
elliptic curves. In particular, it is our purpose to describe a 
subtle and in.fluential conjecture due to B. J. Birch and 
H. P. F. Swinnerton-Dyer. For the most part we will 
omit proofs and be content to give a rough guide to the 
ideas involved. For curves of the form y2 = x 3 + D and 
y2 = x 3 - Dx we will give a more detailed analysis and 
show how the global zeta functions of these curves are 
related to Hecke L-functions. This will yield a special case 
of an important theorem due to M. Deuring. Our expo
sition is based on the seminal papers of H. Davenport and 
H. Hasse [23] and A. Weil [81]. 

The techniques that are currently being used to study 
elliptic curves are among the most sophisticated in ali of 
mathematics. We hope that the elementary approach of 
this chapter will inspire the reader to further study in this 
fascinating and lively branch of number theory. There is 
much to be learned and much work yet to be done. 

§1 Generalities 

We begin with some general observations about curves in projective space. 
For the terminology the reader may wish to review Chapter 10, Section 1. 

Let K be a field and F(xo, Xl' X2) E K[xo, Xl' X2] a homogeneous poly
nomial of degree d. A very general problem is to determine whether 
F(xo, Xl' X2) = O has a solution in p 2(K). 

It is useful to introduce geometric terminology. The equation 

F(xo, Xl> X2) = O 

is said to define a curve of degree d over K. The field K is called a field of 
definition. If L is a field containing K one can consider the zeros of F in 

297 



298 18 Elliptic Curves 

p2(L). In our previous terminology this is the hypersurface HF(L). A hyper
surface in projective 2-space is appropriately called a curve. Notice F sets 
up a map from fields containing K to sets; L -+ HiL). 

A point a E H F(L) is said to be a nonsingular point if it is not a simul
taneous solution to the equations 

In this case, the line 

aF _ O 
axa - , 

aF aF aF 
O = -a (a)xo + -a (a)x I + -a (a)x2 

Xo Xl X2 

iscalled thetangent lineto Fata. ThecurveF(xo,xl,X2) = Oissaid to benon
singular if alI the points in H iL) are nonsingular for alI extensions L of 
K. It can be shown that it is enough to check this for algebraic extensions 
of K. (In Chapter 11 we called this notion absolutely nonsingular). 

If two curves intersect at a point, one can define an integer called the 
intersection multiplicity of the two curves at the point. This is a somewhat 
delicate notion and we will not go into detail about it (see W. Fulton [135], 
Chapter 3). In general, if Lis algebraically closed, a line in p2(L) intersects 
a curve of degree d in d points if multiplicity is taken into account. To get an 
idea ofwhy this is true, write X = XI/XO' y = X2/XO' andJ(x, y) = F(l, x, y). 
We work for the moment in affine 2-space A 2(L). To find the intersection 
points ofJ(x, y) = O with the line y = mx + b one simply substitutes for y 
and finds the roots ofJ(x, mx + b) = o. If F has degree d this latter equation 
will, in general, have degree d, and since L is algebraicalIy closed there will 
be d roots if multiplicity is taken into account. The only exceptions will be 
intersections at infinity, in which case J(x, mx + b) will have degree less 
thand. 

As an example, consider F(xo, Xl' X2) = -xg - xi + xox~. Then 
J(x, y) = -1 - x 3 + y2 so the affine part of the curve is given by y2 = 
x 3 + 1. The intersection with the line y = X + 1 is determined by (x + 1)2 = 
x 3 + 1leading to the three points ( -1, O), (O, 1), and (2, 3). On the other hand 
the line y = 1 leads to the equation x 3 = O. This is interpreted as saying 
that y = 1 intersects y2 = x 3 + 1 at the point (O, 1) with multiplicity 3. 

The intersections with verticallines X = e are determined by J(e, y) = O. 
In our example, y2 = e3 + 1 so there are two finite points of intersection 

(e, JC3+1) and (e, -JC3+1) provided e3 + 1 =1= o. The third point of 
intersection is at infinity. If e3 + 1 = O, then (e, O) is an intersection point 
of multiplicity 2. 

Finally, the intersections with the line at infinity Xo = O can be obtained 
from the equation F(O, Xl' X2) = -xi, so the point (O, O, 1) E p2(L) is an 
intersection point of multiplicity 3. 
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If a e HP(L) then the tangent line to F at acan be shown to be an inter
section point of multiplicity two or greater. If the multiplicity is greater 
than 2 then a is said to be a flex point. 

If F is defined over K then a zero of F in p 2(K) is said to be a rational 
point over K. 

We will say that a nonsingular homogeneous cubic polynomial 

F(xo, Xl' X2) e K[xo, Xl' X2] 

defines an elliptic curve over K provided there is at least one rational point. 
The problem of determining alI rational points on an elliptic curve has given 
rise to a vast body of theory. 

One of the things which make elliptic curves so interesting is the fact 
that the set of rational points can be made into an abelian group in a natural 
way. 

Let F(xo, Xl' X2) = Odefine an elliptic curve over K. If Lis a field extension 
of K we will write E(L) instead of Hp(L). 

Let O be an element of E(K). If P l> P 2 e E(L) then the line connecting 
P l and P 2 intersects the curve in a uniquely determined third point P 3 

which is easily seen to be in E(L). If P I = P2 then the tangent line at PI 

gives rise to a third point P 3. It is tempting to take P 3 as the "sum" of P l 
and P 2. However, this would not define a group structure since there would 
be no identity. What we do instead is to find the third point of intersection 
with E of the line connecting O with P 3 and call this new point P l + P 2. 

With this definition E(L) becomes an abelian group having O as the identity 
element. The proof is not hard except for showing associativity, i.e., 

For a rigorous treatment ofthis construction see [135J, Chapter 5, especialIy 
pp. 124 and 125. 

If the characteristic of K is not 2 or 3 it can be shown that every elliptic 
curve over K can be transformed into one of the form 

A,BeK. 

This curve has exactly one point at infinity, namely (O, O, 1) e jp>2(K). We 
call this point 00 and take it as the zero element of opr group. 

The line at infinity Xo = O intersects the curve at the point 00 with multi
plicity 3. If Xo #- O set X = xtfxo and y = X2/XO. Then, in affine coordinates 
the defining equation of the curve is 

y2 = x 3 - Ax - B. 

The point at infinity is thought of as lying infinitely far off in the direction 
of the y axis. 

A calculation shows that the nonsingularity of 

F(xo, xl> X2) = xox~ - x~ + AX~XI + Bx~ 
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is equivalent to the nonvanishing of 

This number is -16 times the discriminant of the polynomial 

x 3 - Ax - B. 

Conversely if ~ 1= O then F defines an elliptic curve. 
The fact that 00 is a flex point can be used to show that P l + P 2 + P 3 = 00 

iff P I , P2 , and P 3 lie on a straight line. In particular, -P is the third point 
of intersection of the line connecting P and 00. In affine coordinates this 
shows -(a, b) = (a, -b) since the line connecting (a, b) and 00 is the vertical 
line x = a. The points of order 2 are those for which b = o. If x 3 - Ax - B = 
(x - al)(x - a2)(x - a3) E L[x] then the points of order dividing 2 on 
E(L) are 00, (ab O), (a2' O), (a3' O). 

As an example ofhow to add points consider P l = (2,3) and P 2 = ( -1, O) 
on y2 = x 3 + 1. The line connecting P l and P 2 is given by y = x + 1. The 
equation (x + 1)2 = x 3 + 1 has three roots 2, -1, and O corresponding 
to P I , P2 and (0,1). Thus P I + P2 = (O, -1). 

Now suppose K = iQ), the rational numbers. In 1922 L. 1. Mordell 
proved the following remarkable theorem, conjectured by H. Poincare 
in 1901 [203]. 

Theorem 1. Let E be an elliptic curve defined over iQ). Then E(Q) is a finitely 
generated abelian group. 

In 1928 A. Weil extended this result to the case where iQ) is replaced by an 
arbitrary algebraic number field. The resulting theorem is referred to as the 
Mordell-Weil theorem. 

The subgroup E(iQ)t C;; E(iQ), con si sting of points of finite order, is finite. 
It turns out that there is an effective method for computing E(iQ)t in any 
given case. 

It was conjectured for some time that there is a uniform upper bound for 
I E( iQ)t I as E varies over all elliptic curves defined over iQ). It was noticed 
by G. Shimura and others that the theory of elliptic modular curves could 
be used to attack this problem. This point of view was extensively developed 
by A. Ogg who proved a number of partial results and made some rather 
precise conjectures. Finally, in 1976 B. Mazur proved the following very 
deep result which had been conjectured by Ogg. 

Theorem 2. Let E be an elliptic curve defined over iQ). Then E(iQ)t is isomorphic 
ta one of the following groups: 7L/m7L for m ~ 10 ar m = 12, ar 7L/27L fB 
7L/2m7L for m ~ 4. 
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It is also believed that there is a uniform upper bound for IE(K)tl where E 
varies over elliptic curves defined over a fixed algebraic number field K. 
This is not known to be true for a single such K =F- 10, but partial results 
have been obtained by V. A. Demjanenko, D. Kubert, and Y. Manin, among 
others. 

Another important integer associated to E(iQ) has proved to be even 
more intractible, namely the rank. The rank of an abelian group is the 
maximal number of independent elements. If A is an abelian group we say 
a set of elements al' a2, ... , at E A is independent if mlal + m2a2 + ... 
+ mta, = O with mi> m2, ... , mt E7L implies ml = m2 = ... = m, = O. 
We denote the rank of E(iQ) by rE' 

The rank rE has been computed for a large number of elliptic curves 
over 10. In most examples it is quite small; 0,1, or 2. A. Neron has shown the 
existence of an elliptic curve over 10 with rank 11. His method is not con
structive. In 1977 A. Brumer and K. Kramer produced an explicit example 
with rE 2:: 9. Here it is 

y2 + 525xy = x 3 + 228x2 - 14972955x + (856475)2. 

It is not known if there is an upper bound on the numbers rE, where E 
is defined over 10. Cassels considers this to be unlikely ([109], Section 20). 

One of the most celebrated conjectures in modern number theory con
nects the number rE with the order at s = 1 of an analytic function associated 
with E. This conjecture was formulated by the English mathematicians 
B. J. Birch and H. P. F. Swinnerton-Dyer. The formulation oftheir conjecture 
will be the task of the next section. 

§2 Local and Global Zeta Functions of an Elliptic 
Curve 

Let E be the elliptic curve defined over 10 by the equation 

A,BE 10 

The affine equation is obtained by setting x = xtfxo and y = X2/XO' 

y2 = x 3 - Ax - B. 

The transformation (x, y) -+ (c2x, c3y) transforms this equation into 

(i) 

(ii) 

(iii) 

Thus, we may assume to begin with that A, B E 7L and we make this 
assumption from now on. The number !l. = 16(4A3 - 27B2) is called the 
discriminant of E. As we have seen !l. i= O. 
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Let p E lL be a prime and consider the congruence 

y2=:x 3 -Ax-B(p), 

or equivalently the equation, 

.4, li E lLjplL = IFp • (iv) 

This equation defines an elliptic curve Ep over IFp provided that p,r .1. 
In what follows only such· primes will be considered unless explicitly stated 
otherwise. The curve Ep is called the reduction of E modulo p. 

Let Npm be the number of points in Ep(lFpm). Then, as in Chapter 11, 
we may consider the zeta function 

By use of the Riemann-Roch theorem it can be shown that 

1 - apu + pu2 

Z(Ep, u) = (1 _ u)(1 - pu)' 

(v) 

(vi) 

In special cases this can be proved using the methods of Chapter Il. 
H. Hasse was able to prove that a~ :::; 4p. It follows that 

1 - apu + pu2 = (1 - nu)(1 - nu), (vii) 

where ii is the complex conjugate of n. Clearly, nii = p, ap = n + ii. AIso, 
In I = In I =.JP. This is the "Riemann Hypothesis" for elliptic curves 
over IFp • 

By logarithmically differentiating (v), (vi), and (vii) and comparing 
coefficients one finds 

(viii) 

In particular, N p = p + 1 - ap • Thus, if one calculates N p this deter
mines ap. Since n and n are the roots of T 2 - apT + p = O, Equation (viii) 
yields N pm for all m ~ l. 

A very special case which will be useful later is the following. If N p = 

p + 1 then 

1 + pu2 
Z(Ep, u) = (1 _ u)(1 _ pu) 

It is useful to change the variable from u to p-s. We define 

1 - a p-s + pl-2s 
(Ep , s) = (1 _ ; ")(1 _ pl-")· 

The function (Ep , s) is called the local zeta function of E at p. 

(ix) 
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It is illuminating to see that (E p , s) can be obtained from another point 
of view which makes the connection with the Riemann zeta function much 
clearer. 

The ring IFp[xJ and its quotient field !Fix) is analogous to 7L and its 
quotient field (1). Let K = lF"/x)(Jx 3 - Ax - B) and let D be the integral 
closure of IF p[xJin K, Le., D consists of all the elements in K which satisfy 
monic polynomials with coefficients in IFp[x]. D is a Dedekind domain and 
every nonzero ideal is of finite index in D. If 1 c D is a nonzero ideal let 
NI = ID/II, and define (D(S) = LNr', where the sum is over all nonzero 
ideals in D. It is not hard to show that (D(S) converges for Re s > 1. More
over, one can prove that (D(S) = (1 - p-'K(Ep , s). See also Section 1 of 
Chapter 11. 

The point of view outlined here is that taken by E. Artin in his thesis [2J. 
We have defined (Ep, s) for those primes p such that p..r L\. If p I L\ we 

define 

1 
(Ep, s) = (1 _ p ')(1 _ p1 ')' 

This is not the best definition but it will suffice for our purposes. 
Now that we have defined a local zeta function for an primes p, we define 

a global zeta function by simply taking the product ofthe local zeta functions. 

(E, s) = n (Ep , s). 
p 

From the definitions we see that (E, s) = (sK(s - 1)L(E, S)-l where 

L(E, s) = n (1 - app-' + p1-Z')-1. 
p-rA 

(x) 

(xi) 

The function L(E, s) is called the L-function of E. Recalling Hasse's 
result that (1 - app-' + p1-Z") = (1 - np-')(1 - iip-') with Inl = liil = 

fi one can show fairly easily that the product for L(E, s) converges for 
Res > l 

It was conjectured by Hasse that (E, s) can be analytically continued 
to an of C. This was fust shown to be true in special cases by Weil [81J. 
After that M. Deuring proved the result for an important class of elliptic 
curves which are said to possess "complex multiplication." 

Lang [169J, Chapter 10, has an exposition of Deuring's results. Y. 
Taniyama, and later A. Weil, conjectured that every elliptic curve over (1) 

can be parameterized by elliptic modular forms. See the article by Swinnerton
Dyer in [226J for a precise statement of this conjecture. For such curves 
Hasse's conjecture is true. Thus, the evidence for the truth of Hasse's con
jecture seems overwhelming. 

Assuming L(E, s) can be continued to an of Cit makes sense to speak of 
the analytic behavior of L(E, s) about s = 1. 
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On the ba sis of extensive empiric al work on curves of the form y2 = 
x3 - Dx, Birch and Swinnerton-Dyer were led to the folIowing remarkable 
conjecture. 

Conjecture. Suppose E is an elliptic curve defined over O. Then the rank of E, 
rE, is equal ta the order of the zero of L(E, s) at s = 1. 

This conjecture can be supplemented. Assuming the conjecture we can 
define a nonzero constant BE = lims --+ 1 (s - l)-rEL(E, s). Birch and Swinner
ton-Dyer give an expression for BE which depends on subtle arithmetic 
invariants of E. It would take us too far afield to discuss these here. See 
Cassels [109] or J. Tate [227]. 

In an important paper [114] published in 1977, J. Coates and A. Wiles 
made significant progress on the above conjecture. Their main result was 
subsequently generalized by N. Arthaud [87]. We would need to enter 
into the theory of complex multiplication to even state this result in full 
generality so we will be content with a special case. 

Theorem 3. Let E be an elliptic curve defined over O and suppose that E has 
complex multiplication. If L(E, 1) of. 0, then E(O) is finite. 

Most of the work we have been discussing is of a very advanced nature 
and is beyond the scope of this book. In the folIowing sections we will 
discuss elliptic curves of two types; y2 = x3 + D and y2 = x3 - Dx. 
For these curves we will analyze the local and global zeta functions and show 
on the basis of a fundamental result of E. Hecke that the global zeta function 
of these curves can be analyticalIy continued to alI of C. This will give the 
reader a sample, at least, of the extensive arithmetic theory of elliptic curves. 

§3 y2 = X 3 + D, the Local Case 

Let D be a nonzero integer. We wilI consider the elliptic curve E defined by 
xo x~ - xi - DX6 = 0, or in affine coordinates y2 = x3 + D. The dis
criminant Ll of E is - 24 33 D2 so we will only consider primes p of. 2 or 3 
and p,.f' D. 

The curve y2 = x3 + 15 over IF p has one point at infinity. Thus, N p = 
1 + N(y2 = x3 + 15) where we use the notation introduced in Chapter 8. 
By means of Jacobi sums we will derive an explicit formula for N p' From 
now on we will write D instead of 15 so by" abuse of notation" D will represent 
the coset of D modulo p. 

If p == 2 (3) then x -+ x3 is an automorphism of IF;. It folIows easily (see 
Exercise 1) tha t N p = p + 1 in this case. 
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If p == 1 (3) let X be a character of order 3 and p a character of order 2 
ofIF;, Then 

N(y2 = x 3 + D) = L N(y2 = u)N(x 3 = -v) 
u+v=D 

I (1 + p(u»(1 + x( -v) + x2( -v» 
u+v=D 

= p + I p(u)x(v) + I p(u)x2(v), 
u+v=D u+v=D 

We have used the fact that X( -1) = 1. Making the substitutions u = Du' 
and v = Dv' we tind 

N p = p + 1 + PX(D)J(p, X) + PX(D) J(p, X), (i) 

where bar denotes complex conjugation. 
In order to analyze Equation (i) still further the following lemma will 

be useful. 

Lemma. Let p be an odd prime, p a character of order 2 and ~ any nontrivial 
character oflF;. Then J(p,~) = ~(4)J(~, ~). 

PROOF. 

u+v= 1 

u+v=l u+v=l 

Using the lemma, Equation (i) can be transformed into 

N p = p + 1 + PX(4D)J(X, X) ± PX(4D)J(X,X)· (ii) 

We want to specify p and x. Since p == 1 (3), p = nn in Z[w] (recall that 
w = e2"i/3) where we can take n and li to be primary, i.e., n == n == 2 (3). 
Let (a/n)6 be the sixth power residue symbol and take p(a) = (a/n)~ and 
x(a) = (a/n)~ = (a/nh. Then px(a) = p(a)x(a) = (a/n)~ = (a/n)6' Finally, 
ifwe setxia) = (a/nh then Lemma 1 ofSection4, Chapter9 showsJ(X",X,,) = 
n. Substituting this informat ion into Equation (ii) we tind 

Theorem 4. Suppose p "1= 2 or 3 and p,( D. Consider the elliptic curve y2 = 
x 3 + D over IFp . If p == 2 (3) then N p = p + 1. If p == 1 (3) let p = nn with 
nE Z[w] and n == 2 (3). Then 

N p = p + 1 + (4~)6n + (4~tn. 
Theorem 4 completely determines the local zeta function of y2 = x 3 + D. 
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As an example consider the curve y2 = x3 + 1 over IF 13. We find 13 = 
(-1 + 3w)( -1 + 3w2 ) and -1 + 3w == 2 (3). To apply the formula in the 
theorem we must know (4/ -1 + 3W)6 = (2/ -1 + 3W)3. Since 2(13-1)/3 = 

24 == 3 == w 2 (-1 + 3w) it follows that (2/ -1 + 3wh = w 2 • The formula 
in the theorem gives 

N 13 = 13 + 1 + w( - 1 + 3w) + w2( - 1 + 3w2 ) 

= 14 + 2(w2 + w) = +4 - 2 = 12. 

One checks that the points on y2 = x3 + 1 with coefficients in 1F13 are 
00, (4, O), (10, O), (12, O), (O, ± 1), (2, ± 3), (5, ± 3), and (6, ± 3). 

§4 y~ = X 3 - Dx, the Local Case 

Let D be a nonzero integer and consider the elliptic curve E defined by 
xox~ - xi + DX1X6 = ° or, in affine coordinates, y2 = x3 - Dx. The 
discriminant of E is ~ = 26D3• We will only consider primes p such that 
p #- 2andp,.f' D. 

The curve y2 = x3 - Dx over IFp (we continue to write D instead of 15) 
has one point at infinity so that N p = 1 + N(y2 = x3 - Dx). The methods 
of Chapter 8 are not immediately applicable in this case. We will first trans
form the curve y2 = x3 - Dx into the curve u2 = v4 + 4D. The number of 
solutions to u 2 = v4 + 4D can then be handled by our previous methods. 

For the moment let C denote the curve y2 = x3 - Dx and C' denote the 
curve u2 = v4 + 4D. Define a transformation T as follows 

T(u, v) = (i(u + v2), iv(u + v2». 
A simple calculation shows that T maps C to C. The point (O, O) on C 

is not in the image since 4D = u2 - v4 = (u - v2)(u + v2) shows u + v2 #- O. 
Define a transformat ion S by 

( y2 y) 
Sex, y) = 2x - x 2 ' ~ • 

It is easily shown that S maps C - {(O, O)} to C and moreover TS is the 
identity on C - {(O, O)} and ST is the identity on C. Let N' = N(u 2 = 
v4 + 4D) and N = N(y2 = x3 - Dx). We have shown that N - 1 = N'. 

If p == 3 (4) then -1 is a quadratic nonresidue so every element of IF p 

is of the form ± w2 • Thus every square is automatically a fourth power. 
Consequently, 

N' = N(u 2 = v4 + 4D) = N(u2 = v2 + 4D) = P - 1. 

Thus we find that if p == 3 (4), N p = 1 + N = 2 + N' = 2 + P - 1 = 
p + 1. 
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Suppose now that p == 1 (4). Let A be a character of order 4 of IF p and set 
p = ,1,2 • Then, by the now familiar process, we find 

N(u 2 = v4 + 4D) = L N(u 2 = r)N(v4 = -s) 
r+s=4D 

= p - 1 + ,1,( -4D)J(p, A) + ,1,( -4D)J(p, A). (i) 

We have used the fact that for p == 1 (4), J(p, p) = -1 (see Chapter 8, 
Section 3, Theorem 1). By the lemma ofthe previous section we have J(p, A) = 

A(4)J(A, A). Thus, ,1,( -4D)J(p, A) = A(D)A( -1)J(A, A). 
We now specify A. Since p == 1 (4), p = nit in Zei] with n primary, i.e., 

n == 1 (2 + 2i). Identify IF p with Z[i]/nZ[i] and chose A to be the biquadratic 
residue symbol, A(a) = (a/n)4. Then, by Proposition 9.9.4 we have 

-,1,( -1)J(A, A) = n. 

Starting from Equation (i) and substituting all this information we arrive at 

Theorem 5. Suppose p =f. 2 and p ,(' D. Consider the elliptic curve y2 = x3 - Dx 
over IFp • lfp == 3(4) then N p = p + 1. lfp == 1(4) let p = nit with nEZ[i] 
and n == 1 (2 + 2i). Then 

As an example, consider i = x 3 - x over IF 13. One sees 

13 = (3 + 2i)(3 - 2i) 

and 3 + 2i == 1 (2 + 2i). The formula of the theorem tells us that N 13 = 
13 + 1 - (3 + 2i) - (3 - 2i) = 14 - 6 = 8. In fact, a short calculation 
shows the points on y2 = x 3 - x with coefficients in IF 13 are 00, (O, O), 
(1,0),(-1,0),(5, ±4), and (-5, ±6). 

§5 Hecke L-functions 

In two important papers published in 1918 and 1920 the German mathe
matician E. Hecke introduced a new class of characters and L-functions. 
These can be defined over arbitrary algebraic number fields. We shall 
confine our attention to algebraic Hecke characters over CM fields of a 
certain type (the terminology will be explained below). For the applications 
we have in mind this will suffice. 

Let K/fJ. be an algebraic number field. An isomorphism (J of K into IC 
is called real if (J(K) c IR, otherwise it is called complex. K is said to be totally 
real if every isomorphism of K into IC is real. K is said to be totally complex 
if every isomorphism of K into IC is complex. K is called a CM field if it is 
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a totally complex quadratic extension of a totally real subfield Ko. For 
example, if d E iQ with d > O then iQ(J=d) is a CM field. Other examples 
are provided by cyclotomic fields iQ((m). The totally real subfield of iQ((m) 
is iQ((m + (,;; 1). 

Let K c C be a CM field such that KjiQ is a Galois extension. Let j 
be the restriction of complex conjugation to K. Then it is easily seen (Ex
ercise 2) that j is in the center of G, the Galois group of KjiQ. Moreover, 
Ko is the fixed field ofj. From now on we as sume K satisfies these conditions. 

Let (J) c K be the ring of integers and M S; (J) an ideal. An algebraic 
Hecke character modulo M is a function X from the ideals of (J) to C subject 
to the following conditions. 

(i) X({J) = 1. 
(ii) X(A) =F O if and only if A is relatively prime to M. 

(iii) X(AB) = X(A)X(B). 
(iv) There is an element () = L n(a)a E Z[G] such that if rx E (J), rx == 1 (M), 

then X((rx» = rxe. 
(v) There is an integer m > O such that n(a) + n(ja) = m for all a E G. 

The last condition is easily seen to be equivalent to (1 + j)() = mN, 
where N = Lais the norm element in Z[G]. 

The number m in condition (v) is called the weight of x. 
Another thing to note is that by condition (iii) X is completely determined 

by its values on prime ideals not divid ing M. 

Proposition 18.5.1. Let X be an algebraic Hecke character ofweight m. Then 
if(A, M) = (1), IX(A)I = NAm/2. 

PROOF. Let IM be the set of ideals in (J) which are relatively prime to M. 
We put an equivalence relation on IM as follows; if A, B E IM we say A '" B 
ifthere exist rx, f3 E (J) such that rx, f3 == 1 (M) and (rx)A = (f3)B. It can be shown 
that the equivalence classes are finite in number and form a group CM • 

The product in this group takes the equivalence class of A and the equivalence 
class of B to the equivalence class of AB. If M = (J), this construction yields 
the ideal class group of (J) (see Chapter 12, Section 1). Let h be the number of 
elements in CM • 

If AEI M there exist rx, f3 E (J), rx, f3 == 1 (M), such that (rx)Ah = (f3). Thus, 

rxeX(A)h = f3e. 

Take complex conjugates of both sides and multiply. This yields 

(rxO)1 + j I X(A) 12h = (f3e) 1 + j, 

or, by (v) 
(Nrx)ml x(A)1 2h = (Nf3)m. 

Since (rx)Ah = (f3) we also have 

NrxNAh = Nf3. 
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Comparing these last two equations we tind I X(A) 12h = N Amh and 
I X(A)) I = NA";/2. D 

It should be noted that the proof shows that the values X(A) are algebraic 
numbers (in fact, hth roots of elements of K). This is a partial explanation 
of why X is called an "algebraic" Hecke character. 

We now proceed to attach an L-function to an algebraic Hecke character 
X. Namely, detine 

L(s, X) = Il (1 - X(P)NP-S)-t 
p 

The product is over all prime ideals in (!), and the sum over all ideals in (!). 

Simple estimates show that the product converges absolutely for Re s > 
1 + m/2 and uniformly for Re s z 1 + m/2 + b for any b > O. Indeed, the 
product converges absolutely if and only if Lp I X(P)N P- S I converges. 
By Proposition 18.5.1, if sis real 

IX(P)NP-SI = NP(m/2)-s :::;; p-(s-(m/2)) 

where p is the rational prime below P. Since every rational prime has at 
most [K: iQ] primes above it in (!) we see 

L IX(P)NP-SI :::;; [K: iQ] LP-(s-(m/2», 
p 

which converges for s > 1 + m/2. 
Using the fact that the product for L(s, X) converges absolutely for 

Re s > 1 + m/2 it can be shown the sum also converges in this region and 
that the two are equal. 

The crucial fact which we need about Hecke L-functions is given by the 
following theorem. We will not give the proof which is long and difficult. 

Theorem 6. Let X be an algebraic H ecke character and L(s, X) the corresponding 
Llunction. Ifx(A) is not equal to O or 1 for some A, then L(s, X) can be analyti
cally continued to an entirefunction on ali ofe. 

It should be pointed out that this theorem is true for all number tields 
and all Hecke L-functions, not only those which come from algebraic Hecke 
characters. Moreover, Hecke established a very important functional 
equation for his L-functions. When X is an algebraic Hecke character of 
weight m the functional equation relates L(s, X) with L(m + 1 - s, X). 

Some authors normalize by detining x(A) = x(A)/NAm/2. Then L(s, X) = 
IIp(1 - X(P)NP-S)-t converges for Re s> 1 using the same reasoning 
as for L(s, X) together with the fact that for (A, M) = (1) one has IX(A) I = 1. 
We will work directly with the Hecke character x. 
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In the next two sections we will show the L-function, L(E, s), for elliptic 
curves of the form y2 = x3 + D and y2 = x3 - Dx are Hecke L-functions. 
In the first case we will construct an algebraic Hecke character on Q( w) and 
in the second case on Q(i). 

One final comment. In Chapter 14 we defined by means of Gauss sums a 
function <D(A) on the ideals of Q«(m) which are prime to m. It can be shown 
that <D(A) extends to an algebraic Hecke character for the modulus (m2 ) 

of weight m. This was first shown by A. Weil in [81]. In a later paper [236] 
he points out that the case where m is an odd prime goes back to Eisenstein. 

§6 y2 = X 3 - Dx, the Global Case 

We will now analyze the global zeta function of the elliptic curve E defined 
by y2 = x 3 - Dx, D E Z. It is enough to consider the associated L-function 
L(E, s). Since d = 26D3 in this case we have (see Equation (x) ofSection 2) 

L(E,s) = n (1 - app-s + pl-2s)-1. 
p-1-2D 

The numbers ap are determined by N p = p + 1 - ap and N p has been 
determined in Theorem 5, Section 4. 

We are going to construct an algebraic Hecke character X on Zei] with 
respect to the modulus (8D) such that L(E, s) = L(s, X). 

To construct X it is enough to specify X(P) for prime ideals P in Zei]. 
If P divides 2D detine X(P) = o. Suppose P does not divide 2D. If NP = p, 

then p == 1 (4) and P = (n) with n == 1 (2 + 2i). Define X(P) = (D/n)4n. 
If NP = p2, then p == 3 (4) and P = (P). Define X(P) = - p. 

Lemma. Suppose p == 3 (4). Then (D/P)4 = 1. 

PROOF. Let P be the prime ideal in Zei] generated by p. Then (D/P)4 = 
(D/P)4 == D(NP-l)/4(p). SinceNP = p2 we have(NP - 1)/4 = {p2 - 1)/4 = 
(p - l)(p + 1)/4. By Fermat's Little Theorem DP-l == 1 (p) which implies 
(D/P)4 == 1 (P) and so (D/P)4 = 1. D 

As a consequence of the lemma we can define x(P) uniformly for prime 

ideals P not dividing 2D. If P = (n) where n == 1 (2 + 2i) then X(P) = 
(D/n)4 n. 

Theorem 7. Let E be the elliptic curve dejined by y2 = x 3 - Dx with D E Z. 
The character X dejined above is an algebraic Hecke character of weight 1 
for the modulus (8D). Moreover, L(E, s) = L(s, X). 

PROOF. Assume to begin with that p == 3 (4) and p,r 2D. By Theorem 5, 
N p = p + 1 so that ap = O. Let P = (p). Then NP = p2 and X(P) = -p. 
Thus 
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Now suppose p == 1 (4) and p,r 2D. Write pZ[i] = PF, P = (n) and 
n == 1 (2 + 2i). Then, NP = p and, by Theorem 5, ap = (D/n)4n + (D/nkif. 
Thus 

We have used (D/ii)4 = (D/nk Putting these facts together yields 

L(E,s) = n(1- X(P)NP-S)-l = LX(A)NA- S = L(s,X)· 
P A 

It remains to show that X is an algebraic Hecke character of weight 1 
for the modulus (8D). 

It is clear for A relatively prime to 2D that X(A) = (D/a)4a where a is 
the unique generator of A such that a == 1 (2 + 2i). The theorem will be 
proved if we can show a == 1 (8D) implies (D/a)4 = 1. To do this we will 
have to separate the cases D == 1 (4), D == 3 (4), and D even. 

If D == 1 (4), then by Proposition 9.9.8 we have (D/a)4 = (a/D)4' Since 
a == 1 (D), (a/D)4 = 1 and we are done in this case. 

Before going further we need a remark about (i/a)4' If a == 1 (8) we 
claim (i/a)4 = 1. To see this note first that (i/a)4 = i(N~-1)/4. If a == a + bi == 
1 (8), then a-l == O (8) and b == 0(8). Thus, N a-l = a2 + b2 - 1 = 
(a 2 - 1) + b2 == 0(16). This proves the assertion. 

Now suppose D == 3 (4). Assume a == 1 (8D). Using Proposition 9.9.8 
and the above remark we have (D/a)4 = (i 2D/a)4 = (-D/a)4 = (a/D)4 = 1. 

It remains to treat the case where D is even. Write D = 21Do where Do 
is odd. Assume a == 1 (8D). By what has been proved to this point (D O/a)4 = 1. 
It thus suffices to show (2/a)4 = 1. For this we need a supplement to the 
law of biquadratic reciprocity. Namely, as sume a = a + bi is primary. 
Then 

A proof of this in the case when a is a prime element has been outlined in 
the Exercises to Chapter 9. It is not difficult to go from the case of a a prime 
to that of a primary. 

If a == 1 (8D) and D is even then a == 1 (16). It follows that a-l == 0(16) 
and b == 0(16) and so (1 + i/a)4 = 1. Thus 

The proof is now complete. D 
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§7 y2 = X 3 + D, the Global Case 

In order to analyze the L-function of the elliptic curve defined by y2 = 
x 3 + D, DE 71., we proceed as in the last section. Since the discriminant in 
this case is A = _2433D2 we have 

L(E, s) = n (1 - app-s + pl-2s)-1. 
p -r 6D 

The numbers ap are determined by N p = p + 1 - ap and N p has been 
determined by Theorem 4, Section 3. 

We will construct an algebraic Hecke character X on 71.[w] of weight 1 
with respect to the modulus (12D), and show that L(E, s) = L(s, X). 

Let Pc 71.[w] be a prime ideal. If P divides 6D define X(P) = O. Assume 
now that P -t' 6D. If NP = p, then p == 1 (3) and P = (n) with n primary, 
i.e., n == 2(3). Define X(P) = -(4D/n)6n. If NP = p2, then p == 2(3) and 
P = (p).Definex(P) = -p. 

Lemma 1. Suppose p is an odd prime and p == 2 (3). Then (4D/p)6 = 1. 

PROOF.1t follows from the hypotheses that p + 1 is divisible by 6. We know 
(4D)P-l == 1 (P). Raising both sides of this congruence to the «P + 1)/6)th 
power gives the result. D 

Lemma 1 permits us to give a uniform definition of X(P). If P -t' 6D write 

P = (n) with n == 2(3). Then X(P) = -(4D/n)6n. 

Lemma 2. Suppose O( E 71.[w] and (O(, 2D) = (1). Define (D/O(h to be (D/O()~. 
Then (D/0()2 = (D/NO(), where this last symbol is the Jacobi symbol (see 
Chapter 5, Section 2). 

PROOF. Both (D/O(h and (D/NO() are multiplicative in 0(. Thus it is enough to 
check that they are equal when O( = n, a prime element. 

Suppose n = p"# 2, a rational prime with p == 2 (3). Then Np = p2 and 
so (D/Np) = (D/p)2 = 1.0n the other hand 

(~)2 = (~): == D(p2-1l/2 == (DP-l)<P+ll/2 == 1 (p). 

Thus, (D/Np) = 1 = (D/ph. 
Assume now that n is a complex prime and so Nn = p == 1 (3). Then 

Sincep = Nn,itfollowsthat(D/n)2 = (D/Nn)andtheproofiscomplete. D 



§7 y2 = X 3 + D, the Global Case 313 

Theorem 8. Let E be the elliptic curve over Q dejined by y2 = x 3 + D, D E 7l.. 
The character X defined above is an algebraic Hecke character of weight 1 
for the modulus (12D). Moreover, L(E, s) = L(s, X). 

PROOF. Assume tirst that p == 2 (3) and p ,(' 6D. By Theorem 4, N p = p + 1 
so that ap = O. Let P = (P). P is a prime ideal in 7l.[ w] and X(P) = - p. 
Thus 

1 - app-s + pl-2s = 1 + pl-2s = 1 - X(P)NP- s. 

Now suppose p == 1 (3) and p,/'6D. Write p71.[w] = PP where P = (n) 
with n== 2(3). Then NP = p and by Theorem 4, ap = -(4D/n)6n
(4D/n)6n. Thus 

1 - app-s + pl-2s = (1 + (4:t np- S)(1 + e:tnp- s) 

= (l - X(P)NP-S)(1 - X(P)NP-S). 

We have used the fact that (4D/n)6 = (4D/nk Putting these facts together, 

L(E,s) = O(l- X(P)NP- s)-l = LX(A)NA- S = L(s,X)· 
P A 

It remains to show that X is an algebraic Hecke character of weight 1 
for the modulus 12D. 

It is clear that for A relatively prime to 12D we have X(A) = (4D/ac)6ac, 
where ac is the unique generator of A such that ac == 1 (3). We will be done if 
we can show ac == 1 (12D) implies (4D/ac)6 = 1. 

Since 1 = (4D/acM4D/ac)~(4D/ac)~ it is enough to show ac == 1 (12D) 
implies (4D/ach = 1 and, by Lemma 2, that (4D/Nac) = 1. We do both 
implications in turn. 

Assume 3,{' D. Since ac == 1 (3) and ac is relatively prime to 4D, we have 
by cubic reciprocity (Theorem 1, Chapter 9), (4D/ach = (-ac/4Dh = 

(ac/4Dh = 1. The last equality follows from ac == 1 (4D). 
If 31D, write D = 3tDo with 3,{' Do. Then (4D/ac)3 = (3/ac)~(4Do/ac)3 = 

(3/ac)~. We must show ac == 1 (l2D) and 31D implies (3/ac)3 = 1. The hypo
theses imply ac == 1 (9). We need the supplements to the law of cubic reci
procity. These can be stated as follows. If y E 7l.[w] is primary, then y = 

a + bw == 2 (3). Write a = 3m - 1 and b = 3n. Then 

(~)3 = wm + n and C ~ W)3 = w2m• 

A proof is outlined in the Exercises to Chapter 9. Now, 3 = -w2(1 - W)2 

so ac == 1 (9) implies (3/ach = 1 as desired. 
It remains to show ac == 1 (12D) implies (4D/Nac) = 1. Now, a == 1 (12D) 

implies Na == 1 (4) and Na == 1 (D). If Dis odd we have 

(:) = (:a) = (:a) = 1. 
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We have used the 1aw of quadratic reciprocity. If Dis even, write D = 2tDo 
with Do odd. Then 

The final thing to prove is that D even and oe == 1 (12D) implies (2/Noe) = 1. 
The hypotheses imply oe == 1 (8) so that Noe == 1 (8) and so (2/Noe) = 1. O 

We conclude by observing that Theorems 6, 7, and 8 show that for 
elliptic curves E of the form y2 = x3 - Dx or y2 = x3 + D, the L-function, 
L(E, s), can be analytically continued to alI of C. This proves Hasse's con
jecture for these curves! 

§8 Final Remar ks 

In this chapter we have considered special types of elIiptic curves defined 
over ([) and investigated their local and global zeta functions. It is possible 
to generalize these considerations to algebraic varieties defined over algebraic 
number fields. We will go a short way along this path by considering curves 
defined by a single polynomial with coefficients in an algebraic number 
field. After giving the relevant definitions we will investigate the Fermat 
curves x~ + Xli + x~ = O, 1 an odd prime. In this connection we will en
counter a class of algebraic Hecke characters defined by Jacobi sums. 

Let K be an algebraic number field and (!J c K its ring of integers. Let 
f(xo, Xl' X2)E(!J[Xo, Xl' X2] be a non singular homogeneous polynomial 
of positive degree, and let C denote the algebraic curve defined by the 
equationf(xo, Xl' X2) = O. If P is a prime ideal of (!J we may reduce the 
coefficients of f modulo P to obtain a polynomial J E (!J/P[xo, Xl' x 2]. It 
may be shown that there is a finite set of primes !/' such that for P fţ !/' the 
reduced polynomial J is nonsingular. Let Cp be the curve defined over 
(!J/P by the equationJ(xo, Xl> X2) = O. In Section 1, Chapter 11, we showed 
how to attach a zeta function to Cp • Namely, 

00 Nm(p)um 
Z(Cp , u) = exp L ' 

m=l m 

where Nm(P) is the number of (projective) solutions to J(xo, Xl' X2) = O 
in the extension of (!J/P of degree m. Recall that this extension is unique up 
to isomorphism so that N m(P) is well defined. 

Using the Riemann-Roch theorem one may show there is a polynomia1 
H(Cp , u) E ZEu] with constant term equal to one such that 

H(Cp , u) 
Z(Cp , u) = (1 _ u)(l _ NPu) (i) 
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If PE!/ it is not easy to decide on the appropriate definition. For our 
purposes we simp1y define H(Cp, u) = 1 if P E!/. 

The local zeta function of C at P is obtained by setting u = NP-' in 
Equation (i). Namely, 

H(Cp,NP-') 
(Cp, s~ = (1 _ NP ')(1 _ NPl "). 

This generalizes Equation (ix) of Section 2. 
The global zeta function of C is defined by 

(C, s) = n (Cp , s) 
p 

The product is over ali nonzero prime ideals in (!). 

(ii) 

(iii) 

The product np(1 - NP-')-l is called the zeta function of K and is 
denoted by (K(S). This function was fust investigated by Dedekind. It con
verges for Re(s) > 1 and it was shown by Hecke that it can be continued to 
a meromorphic function on ali of C and satisfies a functional equation. 
The only pole is a simple pole at s = 1. 

Define L(Cp, s) = H(Cp, NP-')-l and L(C, s) = np L(Cp, s). Then 
from Equations (ii) and (iii) 

r(c ) = (K(S)CK(S - 1) 
.. ,s L(C,s). (iv) 

It follows that ifwe wish to investigate whether (C, s) can be analytically 
continued to ali of Cit is enough to concentrate on the function L(C, s). 

Fix an odd prime 1. From now on we will consider the curve C defined by 
x~ + x~ + x~ = o. It will be convenient to consider C as being defined 
over K = 0«(1) rather than over O. We set (!) = Z[(zJ, the ring of integers 
inK. 

It is easy to see that the exceptional set !/ consists, in this case, ofthe single 
prime ideal 2 = (1 - (1). If P #- 2 we know 1 divides N P - 1. It is this 
fact which makes K a more convenient field of definition. 

Assume P #- 2 and apply Theorem 2 of Section 3, Chapter 11 to the curve 
Cp over (!)/P. We find 

H(Cp , u) = n (1 + NP- 1g(Xo)g(Xl)g(X2)U), (v) 
10, Xl, X2 

where the product is over 3-tuples of characters of «(!)/P)* of order 1 such that 
XOX1X2 = Il, the trivial character. 

Since g(Xl)g(X2) = J(Xl, X2)g(X1X2) and XOX1X2 = Il we find that 
g(XO)g(Xl)g(X2) = xlxi -l)NP J(Xl, X2). Since -1 = (-lY, xlxi -1) = 1. 
Substituting this information into Equation (v) we find 

H(Cp, u) = n (1 + J(Xl, X2)U), (vi) 
;O,X2 

where the product is over pairs of characters of order 1 such that X1X2 #- Il. 
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Let Xp(rx) = (rx/P)I- 1 for rx E (!). This is the inverse of the lth power residue 
symbol (see Chapter 14, Section 2). If 1 :::; a, b :::; 1 - 1 and a + boii 
define Aa.b(P) = -J(Xp, Xţ). With this notation we have 

andso 

1-1 

H(Cp , u) = n (1 - Aa,b(P)U) 

1-1 

a,b=1 
a+b*1 

L(Cp , s) = n (1 - Aa b(P)NP- S)-I. 
a,b=l 
a+b*1 

(vii) 

(viii) 

Let us define Aa,b(.P) = O and L(s, Aa,b) = np(l - Aa,b(P)NP-S)-I. 
We have shown 

1-1 

L(C, s) = n L(s, Aa,b)' 
a,b= 1 
a+b*1 

At this point it is certainly reasonable to hope that Aa, b extends to an alge
braic Hecke character. This is indeed the case! Aa. b is an algebraic Hecke 
character of weight 1 for the modulus (n. The corresponding group ring 
element is 

The proof of these facts will be outlined in the Exercises. Here we simply 
remark that since L(C, s) is a product of Hecke L-functions, the fundamental 
result of Hecke, Theorem 6, shows that L( C, s) can be analytically continued 
to an entire function on all of C and, moreover, satisfies a functional equation 
connecting L(C, s) with L(C, 2 - s). 

NOTES 

The notion of local and global zeta functions attached to an algebraic 
curve defined over an algebraic number field goes back to Hasse. In the 
late 1930's, Hasse proposed to one of his students the problem of showing 
that the global zeta function can be analytically continued to all of C and 
satisfies a functional equation. Weil was asked by G. DeRham for his opinion 
of this problem. At the time Weil could see no reason why the global zeta 
function should have the properties ascribed to it by Hasse. Moreover, 
he thought the problem too difficult for a beginner (" ... trop difficile pour un 
debutant. .. "). For this and other enlightening comments see Weil's Complete 
Works [241], VoI. II, pp. 529-530. 

In spite of his initial pessimism Weillater gained confidence in Hasse's 
conjecture through working out special cases, initially y2 = x4 + 1 (this is 
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equivalent to the curve y2 = x3 - !x). His work along these lines cul
minated in his famous paper "Jacobi Sums as Grossencharaktere" [81]. 
In this paper Weil treats curves of the form ye = yxf + o where 2::::;; e ::::;; f 
and yo =1= O. At the end of the paper he notes the cases e = 2 andf = 3 or 4 
correspond to elliptic curves with complex multiplication. These are, in 
essence, the curves we have treated in this chapter. He goes on to say " ... it 
would be of considera bIe interest to investigate more general elliptic curves 
with complex multiplication from the same point of view." This suggestion 
was taken up by M. Deuring with complete success. 

In passing it is worth noting that what we ha ve called Hecke characters were 
called by Hecke "grossencharktere." In the older literature algebraic Hecke 
characters are referred to as characters of type Ao. 

In his 1954 paper "Abstract versus Classica1 Algebraic Geometry" 
[241] (VoI. II, pp. 550-558) Weil defines local and global zeta functions for 
a nonsingular algebraic variety defined over an algebraic number field. 
He raises the question of whether these functions can be analytically con
tinued to all of C and satisfy a functional equation of an appropriate type. 
Having verified that these properties hold in many examples, he writes, 
"It is tempting to surmise that this is always so, but 1 have little hope that a 
general proof may soon be found." This conjecture is now known as the 
Hasse-Weil conjecture. Although there has been much progress due to 
Weil himself, Taniyama, Shimura, and others, the Hasse-Weil conjecture 
remains very much an open problem. 

For a comprehensive survey ofthe various zeta and L-functions that have 
been defined and studied since the nineteenth century see the artic1e on zeta 
functions in the Encyclopedic Dictionary of Mathematics, VoI. II, Section 436 
(M.I.T. Press, 1977). 

EXERCISES 

1. Let p be prime p == 2 (3) and consider the curve Ep defined over F p by y2 = x3 + a, 
aEFp • Show that N(y2 = x 3 + a) = p + 1 (projective points). 

2. Let K c C be a CM field which is Galois and letj be the restriction to K of complex 
conjugation. Show that the fixed field of j is the unique totalIy real subfield of K of 
degree t[K: Q] and thatjO" = O"j for alI O" in the Galois group of K over Q. 

3. Let A, B E Z, ~ = 16 (4A 3 - 27B2 ) #- O, and E be the elliptic curve defined by 
y2 = x3 - Ax - B. If p is prime, pi-~ let N p denote the number of projective points 
on the reduced curve Ep over F p. The prime p is said to be anomolous for 'E if 
L~;;ă «x3 - Ax - B)/p) == -1 (P). Put fp = - D;;ă «x3 - Ax - B)/p). Show 
(a) p is anomolous for E iff pIN p. 

(b) Assume the Riemann hypothesis for E p (see Chapter 11, Section 3).1f p > 5 then 
fp = 1-P is anomolous for E. 

(c) Let B = O, P == 1 (4), pi-~. Then fp is even. If p > 5 p is not anomolous. 
(d) If B = O then 5 is anomolous - A == 2 (5). 
This exercise is taken from Olson [202]. 
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4. Consider the underlying abelian group of rational points on the elliptic curve E, 
defined by y2 = x 3 + e. If p't-6e then it is known that the torsion subgroup (i.e., the 
points of finite order) of E is isomorphic to a subgroup ofthe torsion subgroup ofthe 
reduced curve modulo p. Use Exercise 1 and Dirichlet's theorem on the density of 
primes in an arithmetic progression to show that the torsion subgroup ofthe above 
curve can have only 1,2,3,4 or 6 elements. This exercise is taken from Olson [201]. 

In the folIowing exercises the notation is as in Chapterl4, Section 3. Furthermore G = 
71./m71. Ei:) 71./m7L, and T denotes the subset of G consisting of (a, b) with a #- 0, b #- 0, 
a + b #- O. 

5. Generalize Exercise 13, Chapter 6, as folIows. If x = (Xl' X2), Y = (yl' Y2) E G define 
(X, y) = x1Yt + X2Y2' For a IC valued map f defined on G define !(x) = (l/m2) 
Ly f(yK;;.(x,y), Y E G. Show 
(a) f(x) = L !(Y)C'y). 
(b) Lx 1!(x)12 = (l/m2 ) Lx I f(x) 12• 

(c) Assumefmaps G to the unit circle and!is integer valued. Show thatf(x, y) = 
f(O, OK::,x+by for a suitable (a, b).Concludethatiff(O, O) = f(1, O) = f(O, 1) = 1 
then f is identically 1. 

6. For (a, b) E G define, for P c Dm, P a prime ideal, m f/: P, A.,b(P) as folIows: 
(i) If(a, b)E T,A.,b(P) = -J(X~,X~). 

(ii) If (a, b) #- (O, O), a + b = ° put A.,b(P) = + X~( -1). 
(iii) If a + b #- ° and a or b is ° put A.,b(P) = 1. 
(iv) Ao,o(P) = - (N(P) - 2). 
Show that if one modifies the convention in Chapter 8 concerning the trivial char
acter by putting e(O) = ° then A.,b(P) = -J(~, X~) for alI (a, b) E G. 

7. For (e, d) E G define N C• d as the number ofsolution (x, y), X, Y E IFq (q = N(P)) to the 
equations X + Y = 1, Xp(y) = c~, ~nd xix) = c~. Show that J(x~, x~) = Lc,d 
Nc,dC,:::+bd. Conclude that -Nc,d = Ac,iP). 

8. Extend A., b(P) to alI ideals ~ c Dm, m f/:~, by multiplicativity. Show 
(a) Ao,o(~)N(~) == 1 (m2). 

(b) If IXEDm, IX #-0, (a,b)ET then A.,l(IX)) = u(a,b)lXy(·,b), where u(a,b)EDm , 

lu(a, b)1 = 1 and 

y(a, b) = L (lat) + I~) _ I(a + b)t))U;I. 
(t,m)=l \m \m \ m 

(c) ~.,b(~)E71.. 

9. Assume IX == 1 (m2). Define u(a, b), for fixed IX, by Exercise 8 if (a, b) E T. If (a, b) f/: T, 
(a, b) #- (O, O) put u(a, b) = A.,b«IX)), and u(O, O) = 1. Show 
(a) u(a, b) == A.,b«IX)) (m2) for alI (a, b) E G. 
(b) u(a, b) E Dm, alI (a, b) E G. 
(e) u(a, b) E 71., alI (a, b) E G. 
(d) Apply (e) of Exereise 5 to show that u(a, b) = 1 for alI (a, b) E G, and eonclude 

that A.,b is an algebraie Hecke eharacter for Dm with a defining modulus m2 • 

Exereises 5-9 are adapted from Lang [171], Chapter 1, Seetion 4. 

10. Give an example of a nonabelian CM field. 
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Chapter 1 
6. Use Exercise 4. 
8. Do it for the case d = 1 and then use Exercise 7 to do it in general. 
9. Use Exercise 4. 

15. Here is a generalization; a is an nth power iff n I ordp a for alI primes p. 
16. Use Exercise 15. 
17. Use Exercise 15 to show that a2 = 2b 2 implies that 2 is the square of 

an integer. 
23. Begin by writing 4(a/2)2 = (c - b)(c + b). 
28. Show that n 5 - n is divisible by 2, 3, and 5. Then use Exercise 9. 
30. Let s be the largest integer such that 2s ~ n, and consider Lk= 1 2s - 1/k. 

Show that this sum can be written in the form alb + t with b odd. Then 
use Exercise 29. 

31. 2 = (1 + i)(l - i) = - i(l + i)2. 
34. Since w 2 = -1 - w we have (1 - W)2 = 1 - 2w + w 2 = -3w, so 

3 = -w2(1 - w? 

Chapter 2 
1. Imitate the c1assical proof of Euc1id. 
2. Use ordia + b) 2 min(ordp a, ordp b). 
3. If P1' P2"'" Pt were alI the primes, then <P(P1P2'" Pt) = 1. Now use the 

formula for <p and derive a contradiction. 
5. Consider 22 + 1, 24 + 1, 28 + 1, .... No prime that divides one of 

these numbers can divide any other, by the previous exercise. 
6. Count! Consider the set of pairs (s, t) with p't ~ n. 

12. In each case the summand is multiplicative. Hence evaluate first at 
prime powers and then use multiplicavity. 

319 
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17. Use the formula for lT(n). 
20. If din, then n/d also divides n. 
22. If (t, n) = 1, then (n - t, n) = 1, so you can pair those numbers relatively 

prime to n in such a way that the sum of each pair is n. 

Chapter 3 
1. Suppose that Pl' P2"'" Pr are aU congruent to -1 modulo 6. Consider 

N = 6PlP2 ..• Pr - 1. 
3. 10k is congruent to 1 modulo 3 and 9 and congruent to ( _l)k modulo 11. 
5. If a solution exists, then x 3 == 2 (7) has a solution. Show that it does not. 

10. If n is not a prime power, write n = ab with (a, b) = 1. If n = p' with 
s > 1, then (n - 1)! is divisible by p. p'- l = p' = n. If n = p2 and 
P #- 2; then (n - 1)! is divisible by p. 2p = 2n. 

13. Show that nP == n (P) for aU n by induction. If (n, p) = 1, then one can 
cancel n and get Fermat's formula. 

17. Let Xi be a solution to f (x) == O (p(t) and solve the system X == Xi (pfi). 
23. Since i == -1 (1 + i), we have a + bi == a - b (1 + i). Write a - b = 

2e + d, where d = O or 1. Then a + ib == d (1 + i). 
25. Write CI. = 1 + f3).., cube both sides and take congruence modulo )..4 to 

get Cl. 3 == 1 + (f33 - ro2 f3»).. 3 ()..4). Then show that the term in parentheses 
is divisible by )... 

Chapter 4 
4. If ( - a t == 1, and n is even, then p - 11 n. If n is odd, then p - 112n, 

which implies that 21 n is a contradiction. 
6. This is a bit tricky. If 3 is not a primitive element, show that 3 is con

gruent to a square. Use Exercise 4 to show there is an integer a such that 
- 3 == a2 (p). Now solve 2u == -1 + a(p) and show that u has order 3. 
This would imply that p = 1 (3), which cannot be true. 

7. Use the fact that 2 is not a square modulo p. 
9. See Exercise 22 of Chapter 2 and use the fact that g(P-l)/2 == -1 (P) 

for a primitive root g. 
11. Express the numbers between 1 and p - 1 as the powers of a primitive 

root and use the formula for the sum of a geometric progression. 
14. If (ab)" = e, then an. = 1, implying that mlns. Thus mls. Similarly, 

nls. Thus mnls. 
18. Choose a primitive element (e.g., 2) and construct the elements of order 7. 
22. Show first that 1 + a + a2 == O (p). 
23. Use Proposition 4.2.1. 

Chapter 5 
3. Use the identity 4(ax2 + bx + e) = (2ax + b)2 - (b2 - 4ae). 
9. Using k == -(p - k) (P), show first that 2·4· ... · (p - 1) == 

( _1)<p-l)/21 .3·5· ... ' p - 2 (p). 
10. Use Exercise 9. 
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13. If x4 - x2 + 1 == O (p), then (2x 2 - 1)2 == -3 (p) and (x 2 - 1)2 == 
_x2 (p). Conclude that P = 1 (3) and P = 1 (4) by using quadratic 
reciprocity. 

18. Let D = PlP2 ... Pm and suppose that n is a nonresidue modulo Pl' 
Find a number b such that b == 1 (pJ and b == n (Pl) for 1 < i ::; m. 
Then use the definition of the Jacobi symbol to show that (b/D) = -1. 

23. Since S2 + 1 = (s + i)(s - i), if P is prime in Zei], then either pis + i 
P I s - i, but neither alternative is true. 

26. To prove (b) notice that a + b is odd, so from 2p = (a + b)2 + (a - b)2 
we see that (2p/a + b) = 1. Now use the properties ofthe Jacobi symbol. 

29. It is useful to consider the cases P == 1 (4) and p == 3 (4) separately. 
30. To evaluate the sum notice that (n(n + l)/p) = «2n + 1? - l/p). 

Chapter 6 
1. Find an equation of degree 4. 
2. If ao aS + al aS - l + ... + as = O, with ai E Z, multiply both sides with 

a~-l and conclude that ao a is an algebraic integer. 
3. Suppose that a and f3 satisfy monic equations with integer coefficients of 

degree m and n, respectively. Let y be a root of x 2 + ax + f3 and show 
that the Z module generated by aif3iy\ where O ::; i < m, O ::; j < n, and 
k = O or 1, is mapped into itself by y. 

10. Use ga = (a/p)g and the fact that La (a/p) = O. 
11. Remember that 1 + (t/p) is the number of solutions to x 2 == t (P) and 

that Lt (t = O. 
13. Use Exercise 12. 
16. Show that otherwisef'(a) = O and apply Proposition 6.1.7. 
23. Use Exercise 4 to show that it is enough to show thatf(x) is irreducible 

in Z[x]. Then writef(x) = g(x)h(x), reduce modulo p, and use the fact 
that F p[x] is a unique factorization domain. 

Chapter 7 
3. Since q == 1 (n), there are n solutions to x" = 1. If f3" = a, then the other 

solutions to x" = a are given by yf3, where y runs through the solutions 
of x" = 1. 

5. q" - 1 = (q - l)(q"-l + ... + q + 1). Sin ce q == 1 (n), we have q"-l + 
... + q + 1 == n == O (n). Thus n(q - 1) divides q" - 1. 

7. Let m = [K: F]. a is a square in K iff a(qm- l )/2 = 1. If a is not a square in 
F, then a(q-l)/2 = -1. Show that a(qm- l )/2 = ( _1)m. This formula yields 
the re suit. 

9. Use the method of Exercise 7. 
14. One can prove this by exact1y the same method as for F p' Alternatively, 

suppose that q = pm. Let f(x) E Fp[x] be an irreducible of degree mn 
and let g(x) be an irreducible factor off(x) in Fix]. Let a be a root of 
g(x) and show that Fq c Fia). Conclude that Fia) = Fia) and that 
[Fia): Fq] = n. It follows that g(x) has degree n. 
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15. If x" - 1 splits into linear factors in E, where [E: F] = f, then E has qf 
elements and ni qf - 1 since the roots of x" - 1 form a subgroup of E* 
oforder n. 

23. If f3 is a root of x P - x-O(, then so are f3 + 1, f3 + 2, ... , f3 + (p - 1). 
Using this, one can show the statement about irreducibility. To prove 
the final assertion, notice that f3P = f3 + O( implies that f3p2 = f3P + O(P = 
f3 + O( + O(P, etc. Thus f3Pn = f3 + tr(O() and so f3 E F iff tr(O() = O. 

Chapter 8 
1. Use the CorolIary to Proposition 8.1.3 and Proposition 8.1.4. 
4. Make the substitution t = (k/2)(u + 1) and use Exercise 3. 
6. It folIows from Exercise 5 together with part (d) of Theorem 1, or 

directly from Exercise 4 by substituting k = 1. 
8. Use Proposition 8.1.5 and imitate the proof of Exercise 3. 

14. Use Proposition 8.3.3. 
19. First show that the number of solutions is given by p,-1 + J o(X, X,· .. ,X), 

where X is a character of order 2 and there are r components in J o. 
Then use Proposition 8.5.1 and Theorem 3. Notice in particular that if 
r is odd, the answer is simply p' - 1. 

28. For (a): Write 
p-1 (p-l)/2 (p-1)/2 

L XX(x) = L XX(x) + L (p - x)X(P - x). 
x=1 x=1 x=1 

For (b): Write 
p-1 (p-1)/2 (p-1)/2 

L xX(x) = L 2xX(2x) + L (P - 2x)X(P - 2x). 
x=1 x= 1 x= 1 

For (c) and (d): Equate (a) and (b). 

Chapter 9 
3. Use the fact that Ny = a2 - ab + b2 == 3(m + n) + 1 (9). 
4. Rewrite y as 3(m + n) - 1 - 3n)... Thus y == 3(m + n) - 1(3),,). 
5. Remember that 3 = _W2)..2. 

7. 2 + 3w, - 7 - 3w, and - 4 - 3w. 
10. D/5D has 25 elements. Thus X 24 - 1 factors completely into linear 

factors in D. 
13. Use Exercise 9 to show that the elements listed represent alI the cubes 

inD/5D. 
15. Remember that every element in D/nD is represented by a rational 

integer. 
19. Use Exercise 18, the law of cubic reciprocity, and induction on the 

number of primary primes dividing y. 
23. Let p = n1i, where n is primary. By Exercise 15 x 3 == 3 (P) is solvable 

iff X,,(3) = 1. By Exercise 5 X,,(3) = w2", where n = a + bw and b = 3n. 
It folIows that x 3 == 3 (P) is solvable iff 91 b. 
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24. (c) Use cubic reciprocity with n == bw (a). 
(d) Write (a + b) = (a + b)w· w- l and note that a + bw == 

a(1 - w) (n). 
25. (a) Use Exercise 18 and the corollary to Proposition 9.3.4 to show that 

Xa+b(b) = 1. Note that n == -b(1 - w) (a + b). 
(b) Xa+b(1 - w) = (Xa+b(1 - W)2)2 

= (Xa + b( - 3w )? etc. 
39. Combine Exercises 6 and 27 of Chapter 8 with Proposition 9.6.1. 
40. See the hint to the previous exercise. 
43. Use Exercise 23, Chapter 6. 

Chapter 10 
2. Map [xo, Xl' ... ' Xn - l ] to [O, X O, Xl'·.·' Xn - l ]. 

3. Since the number of points in An(F) is qn, the decomposition of pn(F) 
shows that the number of points in pn(F) is qn plus the number of points 
in pn-l(F). One now proceeds by induction. 

4. It is no loss of generality to assume that ao of- O. If [xo, Xl' ... , X n] is a 
solution, map it to the point [x l' X2' ... , xn] of pn-l(F). Show this map 
is well defined, one to one, and onto. 

5. Substitute, "dehomogenize," and use the fact that a polynomial of 
degree n has at most n roots. 

9. The kth partial derivative is makx;:,-l. Since each ak of- ° and m is prime 
to the characteristic, the only common zero of all the partial derivatives 
has all its components zero. This, however, does not correspond to a 
point of projective space. 

12. The "homogenized" equation is t2x2 + t2y2 + x2y2 = O. Setting t = O 
we see that the points at infinity are (O, 0, 1) and (O, 1, O). Calculating 
partial derivatives and substituting shows that both these points are 
singular. 

14. Consider the associated homogeneous equation and calculate the three 
partial derivatives. Assuming that a common solution exists, show that 
4a 3 + 27b2 = O. 

19. The trace is identically zero on F p iff pin. 
20. Consider the mapping h(x) = xP - X from Fq to Fq. Prove that it is a 

homomorphism and that its image has q/p elements. Prove also that the 
image of h is contained in the kernel of the trace mapping. Show that the 
latter map has less than or equal to q/p elements in its kernel. The result 
follows. 

21. Count the number of such maps. 
23. Substitute and calculate. 

Chapter 11 
4. In Fq there are 2q + 1 points at infinity and q2 finite points. Thus N s = 

3p2S _ pS - 1. 
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7. The number of lines in pn(F) is equal to the number of planes An+ l(F) 
which pass through the origin. The answer is (qn+ 1 _ 1)(q"+ 1 _ q)(q2 _ 
1)-1(q2 _ q)-l. 

9. There is one point at infinity. For x = O there is only one point (O, O) 
on the curve. If x '* O, let t = y/x and consider t2 = x + 1. This has 
p - 2 solutions with x '* O. Altogether there are p solutions in F p. 

Similarly, there are q solutions in Fq. Thus the answer is (1 - pU)-l. 
12. To begin with, calculate the number of solutions to u2 - v4 = 4D. 
16. The important facts are that N F./F is a homomorphism which is onto, 

and that the group of multiplicative characters of a finite field is cyclic. 
18. Use the relation between Gauss sums and Jacobi sums and the Hasse

Davenport relation. 
19. After expanding the terms ofthe product into geometric series, the result 

reduces to the fact that every monic polynomial is the product of monic 
irreducible polynomials in a unique way. 

20. Use the identity 1 - T" = nk':~ (1 - 'kT), where' = e27ti/s• 

Chapter 12 

7. 21 = (1 + 2}"=5)(1 + 2}"=5). 
8. Write det(w!il) as P - N, where P is the sum of terms corresponding to 

the even permutations and N is the corresponding sum for odd permtrta
tions. Then notice that (P - N)2 = (P + N)2 - 4PN. A standard 
argument shows that P + N and P N are integers. 

9. Use Proposition 12.1.4 and elementary symmetric functions. 
14. Consider' + el where , is a primitive seventh root of unity. 
21-23. See Part 2, Section 5. 
26. Choose a primitive g for the residue field. Lift it to D and consider the 

corresponding minimal polynomial over the fixed field of the decom
position group (see [207J, p. 223). 

Chapter 13 
1. Show that cfJ(n) is even if n > 2. 
2. Use Proposition 13.1.3. 

3. Q(JP) c Q('p). 
24. The discriminant of a quadratic field is O or 1 modulo 4. 
27. The order of (J p cannot be 4. See Theorem 2. 

Chapter 14 
1. (a) Use the definition of J(X, 1/1), the binomial theorem and Exercise 11, 

Chapter 4. See also Lemma 1, Chapter 9. 
12. See Exercise 17(e). 
14. Let P be a prime ideal dividing p. Show (a./P)(a./P) = 1. See [166J, 

Satz 1034. 
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17. (b) Examine the ramification of 1 in the diagram 

O«(pl) 

/ ~ 
O«(p) 0«(1) 

~/ 
(c) Note that (t' = (1 = (1 - (1 - (1))'· 
(e) Use Theorem 1, Chapter 8 and the fact that g(X~) = g(Xp)'lt. 

Chapter 15 
2. Use Theorem 3. 
3. Use Theorem 3 and Proposition 15.2.4. 
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9. As a function of a complex variable (e t - 1) - 1 is analytic for Iti < 21t. 
13. Use Exercise 12. 
21. Set F = 2 in Exercise 19. 

Chapter 16 
4. For another evaluation note that J5 t3k(1 - t) dt = 1/[(3k + 1)(3k + 2)]. 
7. Show that if p 1 m and pl<l>m(N) for an integer N then p == 1 (m). 

11. For an integer m choose a prime p == 1 (m) and consider subfields of 
O«(p). 

12. If p == t (m) then plf«(P) = f«(t) where (is a primitive mth root of unity 
andf(x) E Z[x],f(O = o. 

14. Use Theorem 1, Chapter 6. 

Chapter 17 
2. y2 + 4 = x 3 - 27. 
3. Imitate the proof of Proposition 17.8.1 ([60], Theorem 121). 
8. (y + 2i)(y - 2i) = x 3 • 

12. Consider (Xl + Y1Jd)2 for a solution (Xl' Yl) of X2 - dy2 = -1. 
13. 13 + 23 + ... + n3 = (n(n + 1)/2)2. 
16. Consider the map 

18. (i) = 6. 
19. Consider the hint for Problem 16. 

Chapter 18 
4. If t is the order of the torsion subgroup of E then for p == 2 (3), p == 

- 1 (t). The density of the set of primes == - 1 (t) is 1/4>( t) w hile the density 
of primes p == 2 (3) is t. 
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8. (a) Prove first for 2I = P using (N(P) - 2)(N(P» = (N(P) - 1)2 - 1. 
(b) See Exereise 4, Chapter14. For I u(a, b) I = 1, apply a _ dcf. Lemma 4, 

Seetion 5, Chapter 14). 
(e) Show that Il is invariant under the aetion of the appropriate Galois 

group. 
12. (a) See Chapter 11. 

(b) See Exereise 4. 
(e) See Exereise 17. 
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